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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
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ON THE G-SPACES HAVING AN ¢ -G-CW-APPROXIMATION
BY A G-CW-COMPLEX OF FINITE G-TYPE
M. MARKL

Abstract: Let G be a compact Lie group and y a set
of G-Isotropy types, i. e. a set of conjugacy classes of
closed subgroups of the group G

In the paper the notion of an Y-G-CW-approximation
of a G-space is given gnd the existence theorem is proved.

W : Compact lie Group, G-CWecomplex, ¥-G-n-
equivalence, Jf-G=CW-approximation, G—Vlhitehead ’fheom,
Finite G-type, Isotropy Type.

assifikatiopn: 57199

§ 1. Introduction. Let G be a compact Lie graup
in the paper.The terminology and notations,used in the paper,

follow closely [4].By a G-CW-complex we mean a G-CW-complex
in the sense of [7].The special case of G-CW-complexes with
a finite group G is studied in [1], [3] ana [9].

Let & be a set of G-isotropy types ( a set of conjugacy
classes of closed subgroups of the group G ).Results of [7,§ 5]
suggest the following definition.

Definition 1,1. A G-space X is said to have a G-isotropy
type JF,if the conjugacy class (@) of the isotropy group G
belongs to ¥ for each xé€ X.

Now,let us denote & = i(nln eeenH) | (B)EFD = 1,2,00.5.
The aystem ¥ s s'avid to be closed with respect to finite
intersections,if \sz.
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lsmne 1.2. 1ot ¥ be a se®of G-isotropy types.
Then:

1) If the set ¥ is finite,the set & ia finite,too.

11)  If the set ¥ 1s closed with respect to finite inter-
sections,then it is closed with respect to arbitrary intersectiens.

Proof: let H be a closed subgroup of the group G.The maximal
torus T of the group G acts locally smoothly on the compact manifold
G/H ( see (4] ,chapter IV ).,So the set {! ~lIne lgea} =
= {E°N7T [(8°) = (B)} 1s finite by nmm IV.1.2 in [4] det M be

a finite system M = {Hl,...,ﬂk} ycontaining ome group from each class

“The system { oo NN seo NEFN...ORE N7 | (8)) = &b}
must be finite by the previous note.By the Mestow Theorem [2,page 94]
the aysten {(H}N...NEN eee NEFN..NRY) | (B)) = (1] 10 finite,
too.This proves the part 1) of our lemma.

let (H,)E %€ A, Then there 1s a sequence & peeey k€ A such
that aim( ﬂn,c) = an(ﬁ Hot, ).Denote L = r\nuc «Then for €A
the nubor of components ot th‘<tbo number of colponnu of L.

So um-. 1s a sequence P,se++sB € A such that nn*
= LMY n np ).

qe0.de

Definition 1.3. Ilet n be a positive integer.An equivariant
map £:X—>Y of G-spaces is called an -G-n-equivalence,if the indu-
ced map A8 orf 46 an n-equivalence in the sense of [11,pege 404]
for each Hwith (H)€ ¥ .An equivariant map of G-spaces is called
an y-ﬂ-nak homotopy equivalence,if it is an P—G—n—oqutulmo
for each n.

If the system jf’ contains conjugacy clesses of all closed
subgroups,an y-G-voak equivalence will be called simply a G-weak
homotopy equivalsnce.

lemma 1.4. Let X and Y be G-spaces having a G-isotropy type J.
Let an equivariant mep £:X—Y be a ?-G-uak homo topy equivalence.
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Then it is a G-weak homotopy equivalence.
Proof: Let us denote L =(HE€¥IES H} .Then L¢P and we have
the following commutative diagram:

O i 32
N S h
X fl‘ >

qg':dc
Analysing proofs in (7] ,we obtain the following twe theorems.

Theorem 1,5. Let f:X—=Y be an equivariant map of Ge-spaces.

‘

Then f is an Y -G-n-equivalence if and only if the induced map
£y: [(Kx]g—> K11

is bijective for every G-CW-complex K of the G-isotropy type ¥
with dim;(K) <n and surjective for every G-CW-complex K of the
G-isotropy type ¥ with dim;(K)<n,

Theorem 1,6, Let £:1X—>Y be an equivariant map of G-spaces,
where both X and Y have G-homotopy type of a G-CW-complex
of the G-isotropy type J.

Then f is a G-homotopy equivalence if and only if it is
an F-G-weak homotopy equivalence.

Theorem 1.6 and Lemma 1.4 give rise the following equivarisst
version of J.H.,C. Whitehead Theorem.

Theorea 1,7. Let X and Y be G-spaces having a G-isotrepy
type Y .let X and Y have G-homotopy type of a G-CW-complex.

Then an equiveriant map £:X—>Y is an ?—G—wuk homo topy
equivalence if and only if it is a G-homotopy equivalence.

§ 2. Main Theoremp. In the view of the previous note
it seems to be naturel to introduce the following notions.
Definitien 2,1. Let Y be a G-space.An ¥-G-CW-epproximatieR
of the space Y is a G-CW-complex X of the G-ieotrepy type J
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together with an f-G-weak homotopy equivalence f:X— Y,

If % consists of all conjugacy classes of closed subgroups
of the group G,an ¥-G-CW-approximation will be called simply
& G-CW-approximation.The following proposition follows from the defi-
nition.

Proposition 2,2. Let £:X—>Y and £°:X“—>Y be two Y--CV¥-
approximations of the space Y.

Then there is a G-homotopy equivalence gxx—->x' such thst
£ ie G-homotopic with £og.In addition,the G-=homotopy class of g
is uniquely determined by the G-homotopy classes of f and f°,

We are going to prove the following theorem in the paper.

Theorem 2,3. Let Y be a G-space of the G-isotropy type .
Let the following two conditions be satisfied:

i) For (H)E .¢ the space T has finitely many components,
the groups UTy (!ﬁ %) are finitely generated Abelian or finite
and the groups (T, (¥%,%) are finitely gensrated for i = 2,3...

11) There are finite sets . CJ"I .ee J’ C...Cy
of G-isotropy types,closed with respect to finite intersections
such,that:

Forn = 0,1,... and (1€ & there 1s H'S H,(E)€ ¥ and,
if we denote L = n{H’ lme £, 1> H} ,the inclusion YLQYH
ie an n-equivalence of topological spaces.

Under these two conditions there is an ﬁ-G—CW-approxintion
£:X—Y ,'hgre X is a G=CW-complex of finite G=type.

The theoream will be proved in the following paregraph.

We can show,making use of the Mostow Theorem,that the following

two conditions are equivalent with the contition ii) of Theorem 2.3,
11°) There are finite sets :Ké :Kl""’:K ,,,C.,S"

of G-isotropy types,closed with respect to finite intersections,

such,that:
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For n = 0,1,... and (H)€F there 1s H'D H,(H")e ?kn and,
1f we denote L = M{n" (8K ,H'> H} ,the inclusion Y'G YH 1s
an n-equivalence of topological spaces.

1i°") There are finite sets jo' Ul”"' jij"'c‘g
of G-isotropy types,closed with respect to finite intersections,
such that:

I It (H)E 50' then there is H'DH with (H')€ Un such that
incl y ¢ UT (YH *)—-——)0\' (YH ¥ ) is an epimorphism.

1) Ir (H)€ J, and (H)E€ # with HOH are such that
tnel, : 0T, (tH,%)—>=0]_(t%,%) 15 an epinorphiam,then there 1o
(H "Y€ J with H'DH'"DH such that Ker(inely : GT,;(Y LX) —
“‘;"UTH(YH,*)) = Ker(inely : W, %)= ¥ %)),

Corrolary 2.4. Let X be a space,having the G-isotropy
type Y.Llet the spece X satisfy the conditions 1) and i) of
Theorem 2.3 with UTl(XH,*) finite.Let the G-space X have a G-
homotopy type of G~CW-complex.let (x,y) be a point of XxX and
let us denote L = G f\Gy.

Then the loop space ‘Q'(x y)(x) = Q)(X) 1s endowed with
the mtural structure of the L-space of the L—isotropy type \Pﬂ L,
where y’f\L denotes the set {(HNL) l(H)EP}.’me space fL (X) has
L-homotopy type of an L-CW-complex of a finite L-type.

Proof: Theorem 2.3 gives rise an ﬁ-G-CW-approxmtion
£:¥ —>X of the space X,where Y is a G-CW-complex of finite G-type.
For the space X has the G-homotopy type of a G-CW-complex,the equi-~
variant map f is,by G-Whitehead Theorem,a G-homotopy equivalence.
So X has G-homotopy type of a G-CW-complex of finite G=-type.

For LOH we have (QL(X))¥ = Q (x#).Using the exact homotopy
sequence of the fibration (MXT)—>P(¥)— H we can verify that
{1(X) satisfies,as an L-space of the L-isotropy type jb'f\L,the con-
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ditions of Theorem 2.3 ( the role of the set 5"1 plays here s set
FiqNr ).

By [81,00(X) has the L-homotopy type of an L-CW-complex.
The G-Whitehead Theorem completes the proof.

Geeede

§ 3. Proof of Theorem 2.3. We assert that in order to
prove Theorem 2.3 it suffices to construct the following sequence of
G~C¥W-complaxes X, ( n = 0,1,... ) and equivariant mappings
tn:xn-—-)!,havins the following properties:

1) X, ie a G-CW-complex of the G-isotropy type .S‘; snd
fnx&-—-u is an \S‘n-n-G-oquivnlonco,

1) (X ,,)g = X, and each X is a finite G-CW-complex,

111) £ LIX =1,

Let us put X = an and let ws define £:X—Y by f(x) = £, (x)
for x€ &. "

We have to prove that f is en P-G-weak homotopy equivalence.
Suppose that ()€ # and 1et n be an integer.let L = MN{n"|
(H)e yn,l,n': H} .Because X,,; has the G-isotropy type P 418
we have (X ) = (x )8,

By (7] the map incly : GTn((Xnﬂ)H,%)——’PUTn(XH,*) is
an isomorphism.The map incly : lTl'n(YL,‘l‘)-—-Dan(IH,*) is an iso-
morphism by 1i) of Theorem 2.3.Hence the following diagram
competes our proof,

WK %) = T (x,0) ,*)———->0‘ o, %)
n#l* $~ n+1* ‘ /
U o *)——-——;-0‘ (8, %)
incl
¥
qeeede

We will need the following lemmas in our construction.
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Lomme 2.1, Xet G bs & compeet Tde groun and K enc H bs its
closed subgroups.,

Ther t*+ anaca (6/m% vas the howotopy type of a finite
CW~complex,

Dronf:  The group K acts locally smocthly on G/H [4,VI.2.41.
Hence,by [4,17,3.3] ,the space (/M)XK 1s a compact topological
menifold,The rest of proof follows from [6,poge 744].

qee.d.

Lemma 3.1,the G-cellular Approximation Theorem [7] and
homotopical properties of attaching [10,chapter 2.3] allows us
to prove the following lemma.

Lemmg 3,2, Let G-CW-complex X have only finite number
of G-cells.Then the space XH has the homotopy type of & finite
CW=complex for each closed subgroup H of the group G.

lemna 3.3. Let Z be & connected CW-complex of finite type,
let (Irl(z,*) be finitely generated Abelian or finite groups and
let (T,(z,%) be finitely generated groups for i = 2,3,...,k=1,

Then the groups Gik(z.*) are finitely genrated G|'1<z,4f)-
modules.

Proof: Let the group (T,(2,%) be finitely generated A:elhlh
let us take the universal covering space Z of the space Z.Ek(Z)
1s finitely generated UI,(Z,%)-module,because Z has finitely msy
cells in each dimension and Z( 071(2,*)) is a Noetherian ring.

Let us denote C the class of finitely generated Abelian groups.
Making use of the Generalized Hurewicz Theorem modulo ( ( see [11])
we obtain,that Wk('z','ﬁl‘r-') = (1 (z,%) 18 C-isomorphic to Hk('i').
Hence T (z,%) is finitely generated T(z,% )-module.

If the group V&(Z,*) is finite,the universal covering apace
Z contains only finitely many cells in each dimension,so ak(%')
is a finitely generated Abelian group.
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The rest of the proof follows from the Generalized Hurewicz

Theorem modulo C in the case.
qe€edo

3.4, let ¥ be a set of G-isotropy types and let M be a set
of closed subgroups of the group G contsining one group from each
class in y.Lot,for HE M,{y}i{} j ¢ gil be & set containing one point
from each component of the space YH.Let £:X~>Y be an equiverisnt
map,which,for any J,generates the isomorphiam f‘% : QTJ(XH,)X‘)—;»
—’WJ(YH,f(;}@)) for each HE M and k€ {y}i‘}.

Then the map f induces the isomorphism for each H with (H)é.’ﬂ
and %€ Y,

3.5, Let us consider the situation,described in Theorem 2.3.
lLet,for n = 0,1,...,lln be & set of closed subgroups of the group G,
containing one point from each class in y Ve can suppose that
¥,CH,C . C LM, = M Let 37} ¢1H be,for HEM,a sst containing
one point fron each component of the space !H.By ii) of 2.3 we can
suppose that i’i} i€ IHC {yi }ie IH for suitable H’e Mo.So we can
suppose,by 1) of 2.3,that the system {y; ], ;H is finite for
each HE M.Now,we are able to construct our sequence.

3.6. Letueput X, = \J (wa/m x &b,
HEKO
1218
{ = (nl-l,yil) ,where e denotes the unit of the group G,and let us
dsfine £5:X5—>Y by £o(ey) = &vy-
3+7s Let us consider relations of the following kind:
Let a = (gP,yf) and b = (bQ,yg) yP,Q €My,be points of the space Xg
for any HE M, such that fo(a) and f,(b) belongs to the same compo-
nent of the space YH.
Let us define (f ((6/H) x 3I)—>X, by P(kH,0) = (kgP,y )
and LP(kH 1) = (kH-),yJ) .The space ((G/H) x I)U(f,x is then

well defined.
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Wa can deducs by finltness of the systems Ho and ll that
w2 ohtain,attsching finitely meny those relations,the space 16
auch,that the clear extension fé:xé——w induces the isomorphiam
of the components of the spaces (X(;)H and Y for HE M.

let,for HE ul,be le the finite aystem of generators
of GTl(!H,yix).Elements of the system are represented by mappings
d:(s},,s;‘ )—*(Ya,yg) .Let us put 0’; =dga((G/H) x s%) and
let us define i

‘i”fugn““’"’ x {sg]) x5 by Yien,e) = e .
Let X, be the space obtained from X(; by attaching the spaces Ol;
by those mappings.The extension rl:xl——»! ie clear.We can verify,
that the object satisfies our conditions.

3.8. Let us suppose that we have already constructed the
sequence of spaces and mappings fi:Xi—*Y for i< ke

We assert that,for HEM, ,,Ker(fy (T]'k(xg,*)aﬂk(!ﬂ,*))
is finitely generated ml(xg,*)-nodule for k32 and finitely gene=
rated subgroup for k = 1,

The case k = 1 is clear.Indeed,the groups ml()q, *) are
finitely generated,because the space X;i has the homotopy type of
a CW-complex of a finite type.

If the group UTl(XH,*) is finite,the kernel is,as a subgroup
of a finitely generated group with finite index,finitely generated,
too ( see [5],chapter VII,2.1 ).

ir GTl(’XH »¥) 1s finitely generated Abelian group,we can suppose
that m'l(xi{’ *¥) 1s an Abelisn group,too.In the opposite case we
attach finitely meny G-2-cells to kill the commutators of the set
of generators of the group (ﬂl(x*l*, %) .Hence Ker fy is,as &
subgroup of the finitely gererated Abelian group,also fimitely
generated .By Lemma 3.2 the space XI; has the homotopy type of a fini-
te CW-complex for k »2.By Lemma 3.3 the groups mk(Xﬁ, ¥) are
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finitely generated O (xf, ¥)-modules.Because Z(U7, (XD, ) 1s

a Hoetherian ring,we obtain our assertion,
3.9. Let,for HE Ilkﬂ,cil denotes the system of generators

of Ker(fyy: 07,050, xd)—> @, (r",5{)) sa & 2(0T (Xy,x)) -a0dule

for k>2 and as a normal subgroup for k = 1.By 3.8 the ayat-n ci’

are finite.Elements of ci‘ are represented by mappings ? (S ,n“ ) —=
xx,xH) .Let us put RH UH( (G/H) x EkP*l) and let us doﬁno

becy
(pi: OR{—>X, by (pi(aH,0p) = &(p (s ).

Let Xk' denote the space,obtained by attaching the spacaes Ri‘
by those mappings.The definition of the extension fk"&:—’!

is clear.
In the following commutative diagram

@ x)H,2) <—

incli
fé’i \UT (1 ﬁ»

| SR
the mapping mcl* is an epimorphism ( see Theorem 4.3 in [7]).
This fact implies,similarly as in the chapter 5.2 af [12],that

TxpBh = Mty for mew,)
The space X, . and the map f, ., is obtained from Xé and f, similarly,
as in the end of 3.7.This completes our construction,
qe0.d,
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