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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROUNAE 

26,4 (1985) 

SIMPLE ESTIMATORS OF THE PARAMETERS OF GENERALIZED 
TUKEY'S ^-FAMILY 
Marie HUŠKOVÁ 

Abstract: Tukey (1960) introduced a one-parameter family of 
symmetric distributionswhich appeared useful in the representation 
of data when the underlying model is unknown. 
Ramberg and Schmeiser (1972, 1974) extended this family to a four-
-parameter family containing distributions both symmetric and skew
ed (to the left or to the right). 

In the present paper simple estimators of the unknown parame
ters based on order statistics are developed and their asymptotic 
properties are investigated. 

Key words: generalized ^-family, robust estimators, order 
stat istlcs 

Classification: 62G05, 62E20, 62G30 

1. Introduction. Tukey (1960) introduced the family of dis

tributions { F ( . , % ) J % C R ^ defined by their quantile function 

(1.1) F"1(u|W - (u*-(1-u)*)/ft uc(0,1), 

where ft c R.j is a parameter. This family is known as (Tukey* s) 

ft -family and is useful in the representation of data when the 

underlying model is unknown. It contains distributions ranging 

from light-tailed ones (ft>0) to heavy tailed ones (ft--Q)i .A* 0 

corresponds to the logistic distribution, ft * 1 or * 2 corresponds 

to the uniform distribution, ft -* 0,135 corresponds to the 

standard normal distribution. 

.Ramberg and Schmeiser (1974) considered a generalized 
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Tukey's .* -family to a four-parameter family IF(.- P. A a % 

V^WV*71} w i t h / =f*i> 0> i = 2 , 3 .4}^ i<C ,i=2 ,3'4].,{^>l , 
A3<.l,>4<0}l/^2<-l^3>l,A4<0}u{>2=0,^3\>o}(/{^=0,a^4>oJ,definfed 
through the quant i le f unction F~M. »%t^ 2 l 3 A ) as follows: 

(1.2) F ^ U ; * . . , ^ , ^ , ^ ) = *, +(u 2 - . ( i . u ) 3 ) A4, u c ( 0 f 1 ) 

where ^-€R«j is the location parameter, \% I is the scale para

meter, ^2 » ̂ 3 a r e ^ e s n aP e parameters. This family con

tains the original Tukey's ft-family and, moreover, distributions 

skewed to the right and to the left. 

The concept that the distribution is defined by its quantile 

is convenient in Monte-Carlo simulation studies (if U is a random 

variable with the uniform (0,1)-distribution and F is a distribu

tion function then F"" (U) has the distribution function F). 

Moreover, it can be useful in nonparametric statistics, e.g. 

in construction adaptive R- or L-estimators. 

One should remark that generally the distribution function 

F(.|>1,^2t^3t^4) corresponding to F (.jX.,^,^,^) defined by 

(2.1) is not expressible in a "simple closed form". 

Tukey's ft-family was studied by several authors, e. g. 

Joiner and Rosenblatt (1971), Ramberg and Schmeiser (1972, 1974). 

The properties of generalized Tukey's ft-family were treated 

e. g. by Ramberg and Schmeiser (1974). It was shown how to determi

ne the parameters of the distribution using the first four moments 

and how to fit the resulting distribution. For selected values of 

skewness and curtosis with expectation 0 and unit dispersion the 

tables of ft,.,..., ft, are given. 

The problem of estimation of the location parameter fc- was 

widely studied. Filiben (1969) proposed to use the trimmed mean 

and the Winsorized mean where censoring proportion was suitably 
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chosen. Chan and Rhodin (1580) developed a robust estimator of X, 

expressible as a linear combination of a finite number (* 5) of 

order statistics with coefficients suitably chosen. 

Jones (1979) considering Tukey's X-family proposed an esti

mator of ^ based on the ordered sample and utilized it to deve-

lope the adaptive rank test for the symmetry problem. 

The aim of this paper is to develop simple estimators of 

V.,**«,V based on the ordered sample, to investigate their pro

perties and to discuss the possibility of applications. 

2. Estimators of the unknown parameters. Let X-,...,X be 

a random sample from the distribution function |P( .,V. , %2> ̂ 3*^4)t 

^ 1 € R1» ̂ 2»^3,^4^e"J^- J with the quantile function 

F ^ u , ^ , * ^ ^ , ^ ) , u€(0,1), given by (1.2) and let Z ^ . - . ^ Z ^ 

be the corresponding ordered sample. 

We shall focus on the problem of estimation of V * t^ie esti

mators of V> can be developed quite analogously. These estimators 

will be utilized to construct estimators of %* and fc,. 

Jones (1979) towards construction of an adaptive rank statis

tic proposed to estimate the parameter X of Tukey's ^-family de

fined by (1.1) with X<1 by the statistics: 

where M is suitably chosen and showed its consistency. 
A 

A slight generalization leads to the estimator ^2(M;a,b,s) 

of * 2 in the family {?(.* X,»V*3 » V ; \ € R 1 ' (^'^'V € ^ 

(2.2) MM|a,b,s) =- —U-. log l^*~ZMl 
l o g ^ z[asM]-Z[bsMj 
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where 

a,b,s >0, s t 1, M is a positive integer fulfilling 
(2.3) 

max(a,b,as,bs) <n/2) , a / b, 

and CA] denotes the largest integer not exceeding A* 

Similarly, the parameter %<* in "fclie fan*----y l-?C -»̂ -j t*2»^3»^4^ * 

Xj^cR-j, V-j<1, (A2, A-,,l44)*.-4jcan be estimated by 

t o ^ * tw.o -K «^ 1 - . _ Zn-CaM3"'Zn-CbM] 
(2.4) X..(M;a,b,s) « « gi log 1—- "Z?—-"*—, 

^ log a V [ a s M ] V-D>sM] 
where a,b,s,M fulfil (2.3). 

According to Theorem 4*3 as n-*«» , VL-+ — , M/n-*«* 

(2.5) ^2(M;a,b,s) = ^ + Op(max(M~
1/2,(M/n) 1""*2), 

which means that this is a consistent estimator of ?U if %2 --> 1 • 

The highest order of consistency (in the considered class of esti

mators) is reached for 
2(1-X>) 

*2 
(2.6) M = M. . 0(n > 2 * 2 ), 

the corresponding rate of consistency is 

- ^ 
(2.7) n > 2 * 2 . 

Another c las s of simple estimators of \2
 o f t i i e fwg^ly 

| l , ( « | X j , X 2 , ^ , ^ ) | X i 6 R 1 , i • 1,3; * o > 2 , fc->0\ can be defined 

as fol lows: 

Z r«*ri~Z rwuri +Z r^Mi-Z ^ 

'IfdsM]' 
where 

a , b , c , d , s > Of 8 , - 1, a-b+c-d - 0 | c / b ,d | a /- b,d, 

(2.9) M is a positive integer fulfilling 

max(a,b,c,d,as,bs,cs,ds)M-£n/2. 
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According to Theorem 4«4 

(2.10) \
2
(M|a,b,c,d,s) =- %2^0T(max(yr^/2AWn)2^29}T^/2Wn)uX2)) 

as n-+- , M -*••• , m/n -> 0, hence it is a consistent estimator of 

*
2
 if ̂ x 0. 

The choice 

(2-V, 

5-2S; (2.11) M = M! = 0(max(n
 5
~

2
* 2 , n

2 / 3
)) 

*2 

leads the highest order consistency (in the considered class of 

estimators) which is 

(2.12) Op(minU 
-C2-v/з -(--Vís-гy- 1 

•2 , П -o )). 

Table 1 below presents choices of M and the highest rate of 

consistency for some particular value of \
2 

Table 1 

xг S corr. rate of conv. "t 
*2 

corr. rate of conv. 

0 

1/2 

1 

n 2 / 3 

n 1 / 2 

n" 1/3 

n -1/4 

n*/5 

nЗ/4 

П 2/3 

n-2/5 

n-3/8 

n 1/3 

If %2 is unknown we cannot find optimal choice of M*
 a a

-

M
%
 . But we can proceed as follows: 
*2 

1. choose M satisfying (2*3) and compute \
2
(M;a,b,s) (which is 

consistent)| 

2. compute M* according to (2.6) with X> replaced by 

^
2
(M;a,b,s); 

3. compute V
M
^ (M|a

f
b,fl)»

a
»

b
»

a>
-
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Hone of the introduced classes of estimators attains the 

highest possible consistency (n~ ' if the Fisher information is 

finite). This rate is reached e. g. by the class of estimators 

(A 2,%^) defined implicitly as the solution of the equations: 

Z[a1nr
Zft1n] a ^ - d - a . ) ^ 3 ^ ^ 1-b.)*3 

(2.13) * *— « -2x5 M IA *-Tpyt i=1t2t 
Z{o±nrZi^ ci M l - c ^ ^ + d - ^ ) 3 

where 1 >ai> Di»ci»di > °» ^ai»bi^ -* ̂ ci,di^»^i,ci^» * ~ 1,2» 
( a . - j b ^ c ^ d ^ j* ( a2 , D2 , c2 , d2^ c2 , d2 , a2 , D2^ f ai ̂  toi' ci ̂  di* 

To find the estimators means in fact to solve transcendent equa

tions which can sometimes bring computational problems. 

Now, we turn to the problem of simple estimators of the scale 

parameter %.• By Lemma 4.2 one has 

(2.14) 'Ho Zi&%Z^ w - \* + Op(n~1/2) as n — 
a*2-(1-a)*3-b 2+(1-b)A3 4 ^ 

where a j* b € (0t 1), and for %2
 > °» ̂ 3 > ° 

(2.15) hdfh -. % + 0pC«(|.(I)\l.(|)*3)) 

n 
as n "->«• t H/n —%>0t H/n—*0 (M and N can be as fixed as tend to 

infinity). Hence we can introduce the following estimator of %.: 

(2.16) \ .(a,t) - »2 ,Ztaft3Z,tblV»3 % 
4 a M l - a ) J+(1-b) -,.b

A--

where a / b c(0,1)t ^2» A-
 a r e some of *---* estimators of X« and 

V,, respectively, introduced above. If 1\2 > ° **-<* V* > 0 simpler 

estimator of *4 can bo proposed} 

(2.17) 1>(M,I0 - Zn~f ^ . 

At last, the parameter X., can be estimated by (for motivation see 

Lemma 4.1): 
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(2 .18) * .(a,b) - ^Ztaai+Ztbri]) - * 4 (a* 2 - (1-a) 3+b 2
+ ( i - b ) * 3 ) 

A A A 

where a ̂  bc(0,1), ^t %,$ *, are some of the estimators of the 

respective parameters introduced above. If we succeed to find a, t> 

6(0,1) such that 

(2. l9) g > - (1-4)*3
 + b^

2 - (1-b)^3 = 0 

then 

(2.20) Va»D> *¥zm + Z[tn]>-
If A 2 > 0, *3> 0 then 

(2.21) V M » N ) = ̂ VM + ZN) 

can be used as an estimator V • 

All considered estimators of *.j» X-,. Xo» *j are very simple, 

easy to compute (except, may be, ^g, ̂ o ) . In practice one should 

choose M and H small with respect to n; around 0f01n to 0,1n accord

ing to how large is n. 

As for the asymptotic properties of these estimators, they 

are consistent of order n*f <<>0 but in case of finite Fisher's 

information are not asymptotically optimal (1. e. asymptotically 

unbiased with the asymptotic variance attaining the Cramer-Rao 

lower bound) • To obtain such optimal estimators the developed esti

mators as (i2f*n) as (A 2,V) can serve as preliminary estimators. 

The estimators (^2»S^ ^or 2' 3 ^ c a n De a l s o u,fcilize<it0 con"" 

struct various adaptive rank statistics along the line done by Jcnes. 

In case of *2, *3 >l/2 the estimators Xj(MfH) and *4(MfH) are 

quit* satisfactory for they attain the highest order of convergence, 

i. e. n-
min(*2»*3) if min(fc2i*3) 6 1 and n"

1 if *2>*3*1,and coin

cide, with the estimators considered by Akahira and Takeuchi (1981). 
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3. Estimators in case V « K » ft. When ft2 « V* s ft the 

corresponding density is symmetric around ft... One can use the es

timators suggested above or utilizing the symmetry property and 

apply the following ones: 

(3.1) &(M,a,b,s) = ̂ 2(M;a,b,s) + X3(Mja,b,s)), ft-d, 

where a,b,s,M satisfy (2.3)t $% a n d % a r e d o n e *y (2.2) and (2.4), 
respectively, or A 

(3.2) ft(M$a,b,c,d,s) = ̂ (^2(Mja,b,c,d,s) + ̂ (M;a,b,c,d,s)), ft-*2, 

where afb,c,d,sfM satisfy (2.9) and *2 is defined by (2.8). At last, 

putting a1 • 1-b1f c.| « 1-d.j in (2.13) one can define the estimator 

Ka-pCj) of ft as the solution of the equation: 

Z[a1nl"
Z[(1-a1)n] a* - ( 1 - a ^ 

Z[c1nl"
z[(1-c1)n] c*- (1-c-)* 

where a* j- ĉ  *(0 f 1). 

Similarly, the parameters ft., ft., can be estimated by 

(3.4) v*> - z*%z^-^ 
4 2(a*-(1-a)*) 

and 

(3.5) V->-t8W,+-I(i-a)ra)/-
respectively, where ae(0 f1). If *X>0 then one can also use 

V*> - (Z n-M ~H)/Z 

or 

VM> - ( VM+V' 2' 

where M*n/2. 

We could observe that the estimators of the unknown parame

ters are simpler when we have the situation ft2 « %* • ft , i. e. 

when the distribution in symmetric around the location parameter 

- 734 -



^-. Hence it could he of interest to have a test for testing 

problem: 

H: %2 * *3 =- * against A: *2 / ^. 

By Theorem 4.6 one has 

(3.6) 0«Tn - m Z^~lS*K\ m 0tWn)*2~ 3) 

- 1+Op(1) if * 2 = >3 = * 

as n~*« , M—*«© , M/n —»0f which means that the values of T 

close to 1 indicate the validity of H and the values either 

close to 0 or large values indicate that H fails to be true. 

According to the results in Section 4 under H pK Tn-1) has 

asymptotically normal distribution with the parameters 

(0f2^
2b2Vlla-b.fa"1(a^-b%)-2) and (0,2ba"1 la-bl"1) if % *1 and 

IX >1, respectively (notice (4*12)). 

If we establish the test on the asymptotic distribution of 

Tn we reject the hypothesis H on the level ot if 

(3.7) |{2 Tn-1j ^$-
1(1-tV2)^b^ia^-b^r1(2la-b|a-1b-1)1/2 

where $ is the quantile function of the standard normal distri

bution and 

£ - (*2(M*afb) + ^(M|afb))/2. 

4. Properties of the proposed estimators. If Z ^ . . ^ ^ ^ 

is the ordered sample from the distribution ?(x$A<|t^'^y^t) defined 

by its quantile function (1.2) then 

(4.1) Z± » ̂  + y u ^ - t l - ^ ) -*), 1*i*n, 

(i. e. Z± m F- 1^!^,^,* ft^), i-ti^n), where TJ1f...fu*n is the 
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ordered sample (of size n) from the uniform (0,1)-distribution« 

It is known that 

(4.2) EU. - -^r , cov(U±,U i) - ifo-3+1? f 1 < i r f j ^ n 
1 n+1 x 3 (n+1)^(n+2) 

(4.3) 0 l . ^ + V ( l U ^ ± l l ) ^ . 

Purther, the random vector (tL,...,!^) has the same distri

bution as the vector 

(ttMV1fM-1»*-
#»t(£VM-1,M-1'%»V(WW1,N-M-1»*'#' 

V (%~% ) WN-M-1 fN-M-1 •«!• %
+(1-%)Y".,n-N. • • • • V ( 1~ VYn-Mfn-M

} • 

where 0*M-SN*n+1, HQ « 0, # n + 1 = 0, the vectors (V.. M-1'***VM--1 M-1> 

(W1,N-M-1»---»WN-M-1,N-M-1) and (Y1tn-H*--
Yn-Hfn-M

} *** giveI1 

(Zjj, 2«) the independent ordered samples of size M-1, N-M-1, n-Mf 

respectively, from the uniform (0,1)-distribution. 

In the following we shall omit the second indices in V. -j ., 
Wj N-M-1' Yk n-M* wlienever it causes no confusion. 

Combining suitably these results one directly obtains: 

Lemma. 4 . 1 . a) Por a c ( 0 , l ) , n-+m 

(4.4) 2 c a n 3 ' 1 . a^ - (1-a )^ 3 + (U t a i l l -a ) (^ 2 a^" 1 + ^ ( 1 - a ) 3"1)+0p(n~1) 

« a V 2 + 1 -a^ + 0 p ( n - 1 / 2 ) . 

b) Por n-* — , M-*» , M/n-*0 

(4.5) Zyr*<\ \ p 
- « — L - -1 + 9̂ 3 UM + UM̂  + Op(( l*/nr) 

» -1 + Op(max((M/n) Sltfn)) i f * 2 * 0 

« U*2 + o p ( D i f * 2 * 0 . 
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c) For n-*» , M-*©» , M/n -+.Q 

(4.6) at^CÍL = - (1-Un_M)*3 + 1 + VUn-M"1) + °P ( ( M / n ) 2> 

= 1 + Op(max(M/n,(M/n) 3)) * 3 * ° 

= - ( 1 - U n - M ^ 3 + 0 P ( 1 > ' V ° 

Lemma 4.2. a) For A>a, b > 0, n-*-„ , M~%~ , M/n -* 0 

(4.7) (z&1ir
zn>in>^A = H Í L I I * " * 2 ! - * 2 - - ' 2 + 

ao-1 
+ (VtaM],[AM]-1-Í)*2a 2" A " (VCbM],rAM]-1-I)V 2 4 

+ ^3 U."^ (a-b)/A + 0p(max(M-1,(M/n) ^ M-1/2)J. 

b) For A>a,b,c,d>0, a-b+c-d « 0, n-*« , M-»- , M/n-*0 

( 4 * 8 ) (ZCaia-ZD>M]+2lcM]-ZtdM])A4 -

* 2 \ 
JCAM]l 

*2 ^ ~M *2 *2 S \ UCAM]lA l a "- + 0 "d + 

+ A*2(VtaM],CAM]-1-|)aV " AVVCbM], CAMM-I)b * 
n * *k —1 

+ AVVfcM],CAM]-1-I)o 2 " AVVtaM],tAM]-1-f)d 2 

+ Ijdkj-D U2j^f(-a2+b2-c2-d2)/2 + Op(max(M"1(M/n) " 2M~1/2)). 

Proof. Clearly, 

(4-9> (zCaM]-Z[bM]) /\ " iM]-(1-UtaM3) 3-UWfl+(1-UrbM]> 3 = 

- U*tAM](V&K] -VftMl>-(1-UCAM]VIaM])a3+(1-UtAMf^M3) 3« 

Applying the Taylor axpansion together with (4.3) and (4.3) implies 

the assertion a). 

b) It can be proved quite analogously noticing: 

that a-b+c-d * 0 together with (4.3)and (4.4) implies 
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V[aH] " VCbM] + VrcM] * V[dMl = Op(«"1/2> " • — • 

Q.E.D. 

Now, we are in a position to state the main theorems on pro

perties of the estimators of %p (those of X^ are quite analogous 

thus they are omitted). 

Theorem 4.3. If (2.3), *2*1
 nolds 'bnen 

(4.10) (log s ' b t t ^ M . s a . b . s ) - ^ ) - (a 2-h 2 ) " 1 . k%2 

• i(VraM3fCAMl-1-T)aV1 - (VCbM] fUMl-1"T )bV1 -
% -1 \ -1 

• (vtasMifrAia-iTT)a 2 s"1+(vCbsMiftAMi-i-¥)b 2 *"1 

+ (M/n) " 2f1 + 0p(max(M/n) "
 2 M"1/2fM"

1
f(M/n) "

 2)) 

as n-*#* f M-*~ f M/n -* 0f where ̂  is defined hy (2.2) and 

(4.11) f1 «^3(1-s "
 2)(a-b)(a*2-b 2 ) ~ 1

f 

4 4 

( 4 . 1 2 ) ^ ( M 1 / 2 ( ^ 2 ( M ; a , b , 8 ) - i \ - f 1 ( l ( / n ) " 2(Jog s-1)"1)0C1) -*N(0,1) 

as n -*«• f M-*#» f M/n —»»0f where 

0^ - (log s"1)"2X2|(a ̂ " Vb 2"1) |l-s-1|-(1+s""1)min(afb) + 

+ s*"1min(a,bs)+min(bfasH (a
 2-b 2 ) " 2 . 

froof. Applying the Taylor expansion (of the function 

h(xfy) * log if) and Lemma 4*2 we easily obtain the first part of 

assertion. 

As for th«tlatter, according the proved part theorem it suffices 

to show that 
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«* = ( log a" 1 ) 2 U * 2 - b V 2 A 2 * 2 . 
2 2 

v a r l ( V t a M l - !> a V 1 " (VtbMl " I> "* 2 " 1 -

- ^ a a M l ^ ^ ^ ^ ^ s M r ^ ^ " 1 ^ ! -

The assertion can be concluded from this relation and (4.2). 

Q.E.D. 

Going careful ly through the proof of Lemma 4.2 and .Theorem 

4»3 we find tha t 

(4.12) $2(M;a,b,s) -= ^ + op(1) \ & 1 

- 1 + op(1) fc2 > 1 

as n-*©. f M~t>.» f M/n -§> 0. 

(Theorem 4 . 4 . I f ( 2 . 9 ) , ^ 2 * 2 » *2 / 1 i s f u l f i l : - e d t h e n 

(4.13) d o g fl"1)(^2(Mt5afb,cfdfs)-V =- (a 2 -b 2+c 2~d 2 ) ~ 1 

• i A V ( V C a M l , t A M l - n t ) a -(VtbM],tAM]-1-I)b + 

»c-1 . *. *2"
1 

+ (VtoMl,CAM]-1-A)c 2 -(vCdM3,rAM]-i-f>d 

- AV-1((VD,eM],CAM]-1-f >a*2"1-(VtbsM], QJÚ-.-****2"1 

+ (vrcsMi, UM3-i-^>cV1-(vrdaM],c*M]-i-¥>^2"1)} 

• (M/n)2"*2 /- + 0p(-K(_r
t,ilVn)2"*- M"1/2)) 

as n-*» , M-*-> , M/n-* 0, where *2 io defined by (2.8) and 

f2 - 2-1^(»3-l)fe
2-b2

+c
2-d2)(-1+a"S(a

1l2-b*2
+c

,k2-d*2)-
1 

then 

Jř(ir1/2í^2(M;a,b,c,d,s)-^2-(ll/n)
2"" 2£>(log s-1)"1)/$* ) -*«0,1) 
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as n-*«» , where <C* is the variance of the linear combinations 
*2 

of order statistics from the right hand-side of (4-13) which under 

the additional assumption s>1 and 

for every pair (<*,/&), <*fp> € $a,b,c,d} *<*fi implies 

So< *.fi 

can be expressed as follows: 

if - ^|1.8-1|(a
2>2-1

+b2V
1
+0

2V1
+d

2V'l
)-(a*2.b*2+c*2.d^)-2. 

*2 

The proof is quite analogous to this of Theorem 4.4 (but more 

tedious computations are needed) hence is omitted. Q.E.D. 

Corollary 4.5. a) For a,b c (0,1) 

(4.14) ^4(a,b) » 0p(n"
1/2) + 0p(V,-y + 0pd3-^) 

and 

(4.15) ^ (a,b) - 0p(n~1/2) + 0ptt 2 ~\) + Ov{%yty* 

where ^(a,b)*and i . . ( a ,b ) are defined by (2.16) and (2.18), 

respectively. 

b) If *2> 0, %j> 0 and n -*- , U/n -*G, N/n -»0 then 

(4.16) ^4(M,N) - |(2-(1-Un-M)^
3-U^2+^(Un-M-1-UN)+0p((M/n)

2) 

» 1 + 0p(max((N/n)
 3, (N/n) 2, K/n, N/n)) 

and 

(4.17) ^ ( M , ! ) - | | 2 X r ( i - u n - M ) 3 + % 2 n 3 ( V i r 1 + u N ) + 0 p ( ( M / n ) 2 ) 

« X, + 0p(max((M/n) 3, (N/n) 2, M/n, N/n)), 

where *4(M,N) and Xj(M,N) are defined by (2.17) and (2.21), 

respectively. 
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Theorem 4.6. Under H 

^(fH(T-1)>-> N(0,ff
2
) asM-** , H-»» , 11/n -*0, I"/n-*0 

where T
n
 is defined by (3.6) and 

,2 _ 2*
2
 b

2
*la-bl 

ab(a*-bЪ" 
t - "

 ł*"T if %k 1 
* * - Ъ * )

2 

Proof. By .Lemma 4.2 and the Taylor expansion one can 

easily arrive at 

T . (T^ML-Î li + -A "" !"• 1 

n-ГAMj " a -Ъ* 

í ( VfeMl,tAMl-rl>a^1 - (V[bM3,[AM]-1-T>bX"1 " 

- ^ . [ A M l - l - I ^ " 1 + (WĎ,M],[AM]-1-I>b*"1l + 

+ •&-*& ( U t í ]- ( 1 -V[AMl> 1 ' *> + OpímaxtM- 1 ^^) 1 -^- 1 / 2 ) )} . 
a"-b' 

Clearly, 

Hence for % -1 1 

Tn - 1 +
a*jH ( VCaM],[AMl-1 " Y[aMl, tAM] )a>"1 " 

" (V[bM],[AM]-1 " ytbM],[AMl>^" 1>+ 0P ( '- a x ( M" 1 ' ( M/ n> 1"V 1/ 2)) 

The result for *X 4 1 follows directly recalling (4.2) and that the 

vectors iV i f [AM].-, t i*-1,..., 1>M]-1J and \ Y^ r^-j, 3=1, . . . , [AM]^ 

are given UrAjjl a*-d tfn_JWl independent. 

As for * > 0 , by (4.5), (4.6), (4.16) and (4.17) one has 

T u r ^ - u r h H l + o p ( ^ ( ( M / » ) 2 , * , n ) » ) ) 
n VDafl- VtaM]+ 0p(ma*((M/n)2,(M/n)*) 
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which^using the Taylor expansion^can be rewritten as follows 

Tn * 1 " a=D* § lU£alir VlwT V[bM]+ Vbll3+ 

+ 0p(max((l</n)2, (Wn)%))} + 0pOT1>. 

Hence T i s asymptotically equivalent to the linear combination 

of order s tat is t ics and regarding (4-2) the assertion follows 

also for A > 1. 

Q.E.D. 

R e f e r e n c e s 

Akahira, M. and Takeuchi, K. (1981). Asymptotic efficiency of 
statistical estimators: concepts and higher order 
asymptotic efficiency, Lecture ffotes in Statistics 7, 
Springer-Verlag• 

Chan, L. K. and Rhodin, L. S. (1980): Robust estimation of loca

tion using optimally chosen sample quantilea. Techno-

metrics 22, 225-237. 

Filliben, J. J. (1969)* Simple and robust estimation of the lo
cation parameter of a symmetric distribution. Hi. D. 
dissertation, Princeton University, Princeton, H. Y. 

Joiner, B. L. and Rosenblatt, J. R. (1971)* Some properties of 
the range in samples from Tukey*s symmetric X -distri
butions. J. Amer. Statist. Assoc. 66, 394-399* 

Jones, D. H. (1979)* An efficient adaptive distribution-free 
test for location, J. Amer. Statist. Assoc. 74, 822-828. 

Ramberg, J. S. and Schmeiser, B. W. (1972). An approximate method 
for generating symmetric random variables, Comm. of the 
A6M, 15, 987-990. 

Bamberg, J. S. and Schmeiser, B. W. (1974)* An approximative 
method for generating asymmetric random variables. 
Comm. of the ACM, 17» 78-82. 

- 742 -



Bamberg, J. S., Tadikamalla, P. R., Dudewicz, E. J. and Ifiykytka, 
E. P. (1979)* A probability distribution and its uses 
in fitting data. Teehnometrics 21, 201-214# 

Tukey, J. W. (1960). The practical relationship between the com
mon transformations of percentages or counts and of 
amounts. Technical Report / 36, Statistical Research 
Group, Princeton University, Princeton, H. Y. 

Matematicko-fyzikální fakulta, Universita Karlova, Sokolovská 83, 
186 00 Praha 8, Czechoslovakia 

(Oblátům 1. 4. 1985) 

- 743 -


		webmaster@dml.cz
	2012-04-28T11:49:25+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




