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COMMENTATIONES MATHEMATICAI UNÏVERSJTATIS CAROLINAE 

27,4 (1966) 

INTERPOLATION SPACESXV(i) 
Mieczytłav MASTYCO J 

Abstract: There are given necessary and sufficient conditi
ons under some assumptions on the couples of Banach lattices I 
and T, that for some couples of Banach lattice^ K> the spaces 
<*(F) anc* ^ W F ) intermediate with respect to (X, (|)j\a '!)) a p d 

(K r-p-N ,X /-pO, respectively are (positive) interpolation spaces 

with respect to 0 ^ ( £ ) » \ 1 ( I )
) a n d ( \ (T) ' \ ( F ) } ' 

Key words: Peetre's K-functional, Calderon-Lozanovskii spa
ces, interpolation spaces. 

Classification: 46E30, 46E35 

1. I n t r o d u c t i o n . Let A and A, be two Banach spaces. We say 
that "S=(A ,A,) is a Banach souple if both A and A, are continu
ously embedded in some Hausdorff topological vector space. 

A Banach space is called intermediate with respect to T if 
A n A,c Ac A +A, with continuous embeddings. Let T andU be two o 1 o 1 ° 
Banach couples and let T be a linear operator mapping A +A, in

to B +B, . We write T:A—>I if the restriction of T to A. defi-
o l » 1 

nes a bounded linear operator from A. into B., i=0,l. 
Let A and B be two intermediate spaces with respect to % 

and B, respectively. We say that A and B are interpolation spaces 
with respect to X and B if every linear operator T such that T:J-J 
—*> B maps A into B/. If X=B and A=B we say simply that A is an 
interpolation space with respect to A. 

The closed graph theorem implies that if A and B are inter
polation spaces with respect to X and B, then there exists a po
sitive constant C such that ^ 
(1) I T 1 A - v B *

C m a X U T , V * B 0 -
 lT^A1 — B 1 ^ 

- 713 -



for afiy T:A—*-1 (see U 3 , p.34) . 

Let (il,Z,^t) be a complete ^-finite measure space and let 

us denote by L =L (.£,-E,<ix) the space of all equivalence classes 

of (to-measurable, real valued functions finite ^-a.e. on -ft equ

ipped with the topology of convergence in measure. A Banach space 

XCL° is called a Banach lattice (on (H ,5: , ,-x)) if |x(t)| 6. 

4 |y(t) | a.e, and y e X implies that x£ X and II xilx^ HyItx. 

A Banach lattice Xc L° has the Tatou property if for every 

a.e. pointwise increasing sequence (x ) * , of non-negative func

tion in X with sup \\xl.Y <• oo , the function x, x= lim x , is 
/n,2M n A m,-+co n 

i n X w i th 11 x\iY= l i m \\x J . Y . 
A m,-> do n A 

For a Banach lattice X on (.£,-£,{".) and a weight function 

w (a.e. positive measurable function on H ) by X we shall deno

te the space of all functions x such that xw 6 X with the norm 

HxL := ilxwL: 
xw * 

Notation: The equivalence f^/g means that c,f (t) £ g(t).-4 

^•c2f(t) for some positive constants c, and c2 and all t £ lR+: = 

: = (0,oo). 

2. The Calderon-Lozanovskii space <gp(X). A real function 

9: lO,oo ) x [Q,oo ) —*. £0,ao) belongs to the class, 11 if it satis

fies the following conditions:' 

(i) c$>(^s, At)= &9(s,t) for each >\ > 0 and s,t e 1R+, 

(ii) 0 < g>(s,t) £max-i~, |}<?(u,v) for each s,t,u,ve IR+. 

tl denotes the class of functions <$ : £0,o3 )x CO,OP ) — > 
o 

—>C0,oo) concave on IR+, positive homogeneous. We observe that 

u: c % -
Let IT be a couple of Banach lattices on (il,ST,^) and let 

<y % H. We denote by <^(X)= cf(XQ,X,) the Calderon-Lozanovskii 

space of all xcL such that for some x^e X^, Itx̂ll.̂  £ 1, i = 0,l 

and for some A € IR+ holds |x| £ a <$>( |xQ| , l-x-J) ^-a.e. 

We put RxlL,(aOs*n* ̂  . 

Note that 9 O D is a Banach lattice intermediate with res

pect to T . If in particular we take 9 (s,t)=s1"cCtoC' , 0 < oc < 1, 

*e obtain the space X1"* X\° introduced by Calderon t23. The 
0 A 
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space <-p(X) was investigated by Lozanovskii in £51. 

Proposition 1. Let Y be a couple of Banach lattices and let 

9 0, 9>i» 9
 e ^ > then 

(2) y(X)=<?( 9 0(X), ̂ ( X)) 

with equivalent norms, where y(s ,t)= g>( cp (s,t), ^ ( s , t ) ) . 

Proof. We observe that V e 11 . If x ey(X), then |x| «£ 
•£^ifdx0l,|x A) a.e., for some 9\ > 0 and for some x.̂  € X. , 
lixillx £; 1, i = 0,l. Hence |x| £ ft 9 (y^y-^ a.e., where yi = 

= ftdxJJx-J), IJyi^.Cx) - 1. 1=0,1. This implies that 

x €9(<p 0(X), <?-_()<)) and ^ll
9(<?o(x))Cfl(x))^

l|x»r(x)
, w h e n c e 

y()0 c cp (<p ("X), 9i(X)) with continuous embedding. * 

On the other hand, let x e 9( <2j?0(X), ̂ O X ) ) , then 

|x| £ 0[ cp( | x | , | x., | )a.e., for some A > 0 and for some 

x.e 9 t(X), Ux.ll^ ( 7 ) ^ 1 , i = 0,l. 

For an e, > 0 there exist y ,y'eX , y-pyj^X-^ such that 

| x 0 U ( i + € > ) 9 0 ( | y 0 U y i | ) f Hy0 l lx -6 1, H y ^ ^ l , 
o 1 

|x._| * ( l + f c > ^ ( l y o l . l y i l ) , i\y0llx ±l, Uy^ttx ^ 1 , 
0 1 

so we have 
I x U A c p ( | x 0 U x 1 | ) - 6 ( l + « , ) - A c p ( q > 0 ( | y o l , | y i | ) , 

9 i d y 0 U y { D ) £ 2 ( l + & ) * < * ( ^ o ^ o ^ P ' 9 i ( x o » x l > 5 

where 

x ^ \ max( | y i | , | y : [ | ) f cX i , l l x ^ £ 1 , i = 0 , l . 

Hence x e. y(X) and llxll̂ sj\ - 2(1+ & ) Rx 11 / ,^ „, (X))* S i n c e 

is an arbitrary positive number, we obtain MX|1/*»N -==• 

~2,lxlq(q OD,<?(X))» this i m P l i e s 9(Cp0(X), Cpx(X)) c T ( X ) 
with contfnuous embedding and the proof is complete. 

Let E and F be two Banach lattices, then we say that a li

near operator T:E—>F is positive, if 0 -£Tx a.e. for each 

Of-xeE. 

Let; JT and T be two couples of Banach lattices and let X and 

Y be two Banach lattices intermediate with respect to X and Y, 
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respectively. We say that X and Y are positive interpolation spa

ces with respect to X* and 7, if every positive operator T:X* ~» *"? 

maps X into Y boundedly with / 

HTBV . v ^ c max- i lT l l v ^ v , llTJL . v ? 
X-*Y V * V Xl"*Yl 

for some constant c independent of T. If X=Y and X=Y we say that 

X is a positive interpolation space with respect to X. We can 

easily show: 

Proposition 2. Let X and Y be two couples of Banach latti

ces , tthen the spaces 9()T) and <j> (Y) are positive interpolation 

spaces with respect to X* and Y. 

By Proposition 1 and 2, we get the following 

Corollary 1. Let If, Y be two couples of Banach lattices and 

let <#£, y i f Cf e U , i-0,1. Then the spaces cp( <3pQj, u^KX) and 

<-?( y , Yi) (Y) are positive interpolation spaces with respect to 

^ o ( X ) , <-?x(X)) and ( Y 0
( Y )> Y-/Y)). 

Proposition 3 (cf. C63). Let cpQt cpx, cp e U , ipQ, Y - p Y
6 ^ 

and let c be a positive constant, then the following inequality 

rtv <JK U JV) , ( %< u> v> 9,(u,v) i (3) ^Titx7^c max 1 Yo(s,t)> Vl(a,i) J 
tor each s,t,u,V€ IR+ 

holds if and only if op(u,v)^ cx 9 ( <.p0(u,v), cp-^u^)) and 

Y ( u > v ) ~ C O ® (Y0^
u»v^> Ti^u»v)) -^or some function 9e1i and so

me constants c, >c 2>0. 

3. The interpolation space #E. Let If be a Banach couple 

and let EcL°( lR+,dt/t) be a Banach lattice such that min(l,t)&£, 

then the space 

Up-.* ^ H A +A, :K( »,a;"I)6 Ei 

is a Banach space, with the norm 

laly --'iKO-a.TDIg, 

where K( t ,a ;7O = in fAHaJL + t l a J A :a=a + a , , a
0

c A
0 » a i £ A , } 

o 1 
t f c IR+, i s the K- fUnc t iona l of Pee t re j For each a e AQtA, 
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K(t,a:X) is a concave function on IR+, so for each s,t e !R+ 

(A) min(l, f) K(t,a;A)&K(s.a;A). 

If afe Xp then by inequality (4) we get 

(5) K(t,a;"^ -&<JE(t) llalî  , 

where <jp(t) = )lmin(l, fOlir- We observe that the function < Ê 

is quasi-concave (0 «9--(t) < max(l, -) 9r(s) for each s,telR +). 

We say that a Banach couple A is of type ( J t ) (cf. C1J) if 
for each t e 1R+ there exists an element a+, such that 

(6) c1 min(l, f)£ K(s,at;A) dc? mind, |) 

for some positive constants c,. c« and all s e IR+. % 

Example. Let X and X, be two symmetric spaces defined on 

(0,cx>) (see L4j) with the fundamental functions $ x ( t ) . = 

:= ^X(n t) ̂  X ' i=0»1» w n e r e Z(n +) is the characteristic func-

tion of the interval ( 0 , t ) . If the function $> i(t)= 

= f x (t)/ $ x (t) is such that § o l( IR+) = IR+, then a couple 
o 1 

(XQ,X1) is of type ( J l ) . 

Really we have K(s, 5r.,g + \ ;X)=min( $ x (t),s$>x ( t ) ) . Since 

for each t e IR there exists t^ such that §ol(t+)=t, so for 

1 *~ s 
xt= _ * _ ^/Q t ) we obtain K(s,xt ;X)=min(l, j). 

Xo 
Theorem 1. Let A be a Banach couple of type ( J l ) . If the' 

spaces XF, Ap intermediate with respect to (XF ,XP ) and t r . t0 tx 
(XF ,XF ), respectively are interpolation spaces with respect 

to (Xr ,AC ) and (AP ,XP ), then there exists a constant c > 0 Eo El ho hl 
such that 

-S) <?E(3) | 
(7) -jт-ттт ^ c max J 2 L _ 

r L r
o 'l 

1
 for each s,t € IR+. 

Proof. Let X be a couple of type (*rt). Put Ag= ̂ JXag: & e IR}, 

fs(->ias)=^ , s c IR+. Then K(s,aQ;A)>c1 and 
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|f (a)| 4 i K(s,a;*A) for a€A . Hence f is a continuous linear 

functional on a linear subspace A of a Banach space A +A, with 

the norm K(s,a;A). By the Hahn-Banach theorem the functional f 

can be extended to the functional T ^defined on the whole space 

A +A, such that o 1 

(8) |fe(a)|£ i K(s,a;ft) for each a € A +A, . 
5 C, O 1 

For each s.t € IR we define operators T„ .:A +A,—> A +A,, ' + r s , t o l o l ' 
Ts ta:=*s(a)at' Le* a e ^ E » 1 = 0»1> then from (5),(6) and (8) we 

have 
llTs,tailA = «»<(f ,fs(a)at;70«F> = | f s ( a ) n i K ( | ,at;-S)yF *-

- c ^ ^ C a ) ! )imin(l,f/t)!lFi=c2 ^ ^ - - Jl ^ 1 * 0 * 

c ^ E ( s ) 

^cf -w^r «a"iEi 
Hence, we get 

c ^ E ( s ) 

( 9 ) i iTs,t«AE-^AF * cf -wrnj > i=0>1' 

Let us see that <jv(s)a c A"-- , i = 0,l, and t s ti 

<&(s) 
*Ts,t( ^E ( s ) as )^A F * cl yF(t) >

 w h e n c e 

Vs) 
(10) |lTs,t»V\^ Cl "W • 
By inequalities (9),(10) and (1) we obtain (7). From Proposition 

3 and Theorem 1, we obtain Corollary. 

Corollary 2. If for a Banach couple A of type ( J l ) the Ba
nach space Xc intermediate with respect to (X- ,AC ) is an in-

° 1 
terpolation space, with respect to (AF ,AF ), then there exists a 

to t l 
concave f u n c t i o n © on |R+ such t h a t 

<fE(t)~SPE ( t ) e («*E ( t ) / ^ E ( t ) ) . 
O 1 0 
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The following theorem can be proved in a similar way as the 
theorem 1. 

Theorem 2. Let (X0,X-) be a couple of Banach lattices of ty

pe (A). If the spaces X* c, Xp intermediate with respect to 

(X"p ,XF ) and (̂ F ,XP ), respectively are positive interpolation 

spaces with respect to (Xp ,Xp ) and (Xp ,Xp ), then there exists 

a constant c > 0 such that ° ° 

9E(s) ( ^ ^ , 
(11) -T^rfT - c max j^rrr - ^iTr} 
f o r each s , t e tR . 

We say that a Banach lattice Ec L°( R , -r—) is the parame

ter of the K-method if 1°* r\ L*f ,„ c E c L1+L|" , and the Calderon 

1/s 1/s 
operator Sx(t)- f min(l,-)x(s) -— is bounded in E (see £3.1). 0 s s 

In the sequel, let E., F., i=0,l be parameters, of the K-met-

hod such that E.=(L- , L ^ ) E i , F.-(L~ ^ p . , i = 0>1 and 

(if /y )( IR ) = 1R ( 9 /</- )( |RJ= |R . 
to Ll ^ 0 ^ 1 

Theorem 3. Let <f. , Yj, > <£, if £ % and let ^ X
0
, X 1 ^ be a cou~ 

pie of Banach lattices of type ( J l ) . The spaces X ' r f \, \r(f) *n~ 

termediate with respect to (X r
tF\i X.A /F\) and 

<?o- ' ^ V E ; 
(X ff\,X /fO, respectively are positive interpolation spaces 
Yo YL . 

with respect to (X (^),Xff ( E ) ) and (X"y (jT),X,f ( ^ ) if and only 

if there exists a constant c > 0 such that the inequality (3) 

holds. 

Proof. We easily obtain that cpf / E x (t) ̂ '<# q>E (t),yE (t)), 

so the necessity follows from Theorem 2. Now, let the inequality 

(3) hold, then by Proposition 3, there exists the function 6 € 1l-
and constants c-p c 2

> n such that <f (u, v) £ c, B( <j> (u,v), Cf>,(u,v)) 

and Y ^ u > v ^ c 2 ^ ^ f n ^ u » V ; ' Yi(u,v)) for all u,v e IR+. From Pro
position 1 we have 
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(12) qp(E)c B(fQi 91)(E)« 0( ff0<E), 9x(t))t 

Y(F)3e(Yo, r1)(F)«S(nK0(F), V
F ) ) 

with continuous inclusions. Since the operator S is positive, by 

Proposition 2 the spaces 0( <y , <y,)(E) and ®(*iy , Y])^) are *ne 

parameters of the K-method. By Corollary 2 in iBl and (12) we get 

5^(E)C e (\0ff)^1(E)
)*yd(90(ni9i(f))

B5re(»0,y1)Ce) 

^Yo'Y^OD^Yo^.ri^))31 a ( V 0
( F ) , \ ( F ) ) c V F ) w i t h con~ 

tinuous inclusions. Now-, if the operator 

T:(V0(E)»V1(E)
) "^CV0(f)'V1(F)

) 

is positive and X€-\»(f). "tnen 

y(F) * ^V 0<
F) ,V 1(F)

) 2 0C>O(E)»V1(E)
) 

^ C3 maX^)Tll
9o(E)-,Yo(F)» » % ( E ) ^ V * > U X \ ( f ) ' 

by Proposition 2, where c-., c2 and c-- are some positive cons

tants. The proof is complete. 

From Proposition 3 and Theorem 3 we obtain 

Corollary 3. Let <j>Qi c^, </ € ̂  and let X be a couple of 

Banach lattices of type ( J t ) . The spaces TOjT) 'X^F) are positive 

interpolation spaces with respect to (IT rc\^o r^O and 
?oiE) a u ; 

( \ (F)'V OFP if and only if 9(u»v)^^W0
(u»v)» ?iCu»v)) 

with some function 9 E U . 

If the spaces X^, F^ i=0,l have the Fatou property, then by 

a result of Ovfcinnikov 173 we obtain an analogous interpolation 

theorem if we take "interpolation" instead of "positive interpo

lation" in Theorem 3. 
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