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ON SET TIGHTNESS and T-TIGHTNESS
A. BELLA

Abstract: The main purpose of this note is to study the be-
haviour of the set tightness and the T-tightness under maps and
products. A particular result is the following: if X is a compact
space and Y a Hausdorff space then ts(Xx Y)ﬁt(X)ts(Y) and

T(X>xY)£ T(X)(T(Y). Finally a little bit refined version of two
results in Juhdsz s first book concerning the depth of a topologi-
cal space is given.
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0. Introduction. Recently two new cardinal functions, clo-
sely related to the tightness have been introduced: the set tight-
ness ts(X), by Arhangel ‘skii, Isler and Tironi (see [1]), and the
T -tightness T(X), by Juhdsz (see [8]). In this paper we study the
behaviour of these two cardinal functions under some topological
operations, in particular the product operation. In the last sec-
tion we will make some remarks on the depth of a topological spa-
ce. The author wishes to thank the referee for his useful comments.

1. Some preliminaries. For notation and definitions not ex-
plicitly mentioned here we refer to [6] and [73. n, @ will deno-
- te cardinal numbers angd et, &g ordinal numbers. A cardinal number
is an initial ordinal. For any set S, |S| denotes its cardinality
and exp(S) (res?eptively exp,(S)) the set of all subsets (respec-
tively the set of all subsets of size at most m) of S. For any
family ~cexp(S) we briefly write U'x (respectively N+ ) for
the union (respectively the intersection) of all members of ¥

Every topological space is assumeq to be T1 and every map
continuous and surjective. Compact means compact Hausdorff. If A
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is a subset of a topological space X we denote its closure by cl(A)
or sometimes ch(A). If TCexp(X), cl(7) denotes the family
{cl(B)|Be yt.

We recall the following

Definition 1.1. If A is a subset of a topological space X,
the tightness of A with respect to X is the cardinal number
t(A,X)=min{m| ¥ C c X such that Ancl(C)=@ there is C, € exp, (C)
with the property that Ancl(C )=*#1.

If A= {x} we briefly write t(x,X) instead of t({x},X).

The tightness of X is defined as t(X)=xsngt(x,X).

Definition ‘1.2 (see [B]). For any topological space X the
T-tightness of X, denoted by T(X), is the smallest cardinal number
m such that whenever «{F‘,":‘Le is an increasing sequence of closed
subsets of X and cf(@ )>m also oLkﬁ)g, Fe 1is closed.

It is clear that T(X)=£t(X).

In [8) there is proved the following

Proposition 1.3. a) 1If X is a compact space then t(X)=T(X);
b) if for a space X,t(X) is a successor cardinal then t(X)=T(X).

Definition 1.4. Let X be a topological space, the set tight-
ness at a point xe X, denoted by ts(x,X), is the smallest cardinal
number m such that whenever xe c1(C)\ C, whére Cc X, then there
is a family e expm(exp(C)) such that x & Ucl(y) but xecl(Uy).
The set tightness of X is defined as ts('X)=xsgg( ts(x,X).

It is clear that ts(x,X)£ t(x,X) and tS(X)_A_t(X).
The next two propositions are two typical results concerning
the set tightness.

Proposition 1.5 (see [1 , prop. 2.2]). If X is a Hausdorff
space then ts(X)é s(X), where s(X) is the spread of X.

Proposition 1.6 (see [3, thm. 5)). If X is a regular space,
then ts(X)sF(X),.where F(X)=sup {m | there exists in X a free
sequence of length m .

Remérk 1. The notion of set tightness was first introduced
by Arhangel ‘skii, Isler and Tironi in [1]. They called it quasi-
character and studied several properties of this cardinal functi-
on, particularly in the realm of pseudo-radial spaces.

We now introduce the following:
- 806 -



Definition 1.7. Let A be a subset of a topological space
X. The set tightness of A with respect to X, denoted by ts(A,X),
is the smallest cardinal number m such that for any set C¢ X sa-
tisfying AnC=@ and Ancl(C)+@ there exists a family
rfeexpm(exp(c)) with the property that An(Ucly)=f but
Ancl(Uy)+8.

If A is open we put ts(A,X)=1. It is clear that in the other
cases ‘ts(A,X) z ¥

2. On_set tightness

Theorem 2.1. Let Al’ A2 be two subsets of a topological spa-
ce X. If Alc A2 and for any set Fc AZ\ A1 that is closed in AZ’
there exist two disjoint open sets in X containing respectively
A1 and F, then tS(Al,X)ét(Al,Az)ts(Az,X). *

Proof. If Al is open then the theorem is trivial. Thus we
can assume that A; is not open. Let m=t(A1,A2)ts(A2,X). We need
to show that for any set CC X satisfying A;NC=f and A; ncl(C)+#
there exists 7 €exp (exp(C)) such that

(%) A;n (Ucle)=p but Ao cl(Uy)+0 .

Let us fix C and observe that since Aln cl(C)* @ either A1 la)
ncl(Azr\C)*B or Alr\cl(C\Az)*ﬂ. In the first case from
t(Al,Az)é m and A;N clAz(Azn C)=A1r\ clx(Aan)#'ﬂ there exists

Cye expm(Aan) such that A;n cl(CD)=l= p. It is obvious that the
family o of all singletons of C0 has property (X ).

Consider now the second case and let C’ = C\Az.

We have A;Ncl(C')*@ and A,nC" = B. Since t (A,,X)Zm the-
re exists at least a family f['eexpm(exp(c')) such that
Apn (Ul ") )=B but A;ncl( Uz )+ 8. Let T be the set of all
such ¥ and Z= p(Aynel( U~")). Suppose first that Arn cl(2)+
=+@. Since t(Al,Az)ém there exists Z € expm(Z) such that A; N
mcl(Zo)*ﬂ. For every z€Z  choose 7, € T such that zecl( U-yz)
and put 7=z&o«yz. It is clear that y e expm(exp(C)) and A2 a)
n(Ucly)=0, so a fortiori A;n(Ucly)=@. In order to prove that
~ satisfies property (x ) it remains to show that AN cl(Uy)+8,
but this follows easily because cl(Zo)CCl(U;r) and A} N cl(Zo)#—ﬂ-
To conclude the proof of the theorem it suffices to show the case
A cl(Z)=f cannot occur. On the contrary assume AN cl(z2)=9
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and choose a set U, open in X, such that A, ¢ U and cl(U)nZ-8.
Since AN cl(C’) @ we have Alf'\él(Uf\C')*E and so a fortiori
Azr'\cl(U.'\C'H= @. By virtue of the inequality ts(Az,X)ém there
exists a family f}"eexpm(exp(UnC')) such that Azn(Ucl 2 )=0 but
AN cl(Uy)#8. Since expm(exp(UnC') c expm(exp(c')), ¥ belongs

to the set T defined above. Therefore we must have Zncl(UP)=8,
but all members of F are contained in U and hence cl1(U%)c c1(U).
This is a contradiction because cl(U)n Z=@ and the proof is comp-
lete.

Corollary 2.2. 1If Fl’ F2 are two compact subspaces of a
Hausdorff space X such that Fi& Fy then ts(Fl,X).ét(Fl, 2)t (F XD

Corollary 2.3. If F is a closed subset of a regular space X
then, for any x€X, ts(x,X)ét(x,F)ts(F,X).

Now we derive from thm. 2.1 some information on theé behaviour
of the set tightness under maps aqd products.

Lemma 2.4. Let X, Y be topological spaces. If the map f:X—
—=>Y is closed then t (f e y),X) £t (y,Y) Ver

Proof. Let m=t (y,Y) and Cc X sat1sfying £ (y)mC g and

£71(y)n c1(C) % 8. Since y €cl(£(C))\£(C) and t J(y,Y)&n there

exists y'e expm(exp(f(c)) such that y & U(cl ) but yecl(Ug").
For every S’ e 4 choose a set ScC such that £(S)=5" and lety be
the family so obtained. It is clear that e exp, (exp(C)), f'l(y)n
Nn(Ucl<y)=# and, thanks to the closedness of f, f (y)ncl(Uy)+
*0.

Theorem 2.5. Let X be a regular space and Y a topological
space. If f:X —>Y is a closed map, ts(Y)ém and t(f'l(y))ém for
all yeY then t (X)A m. .

Proof. Let x € X. By virtue of Corollary 2.3 we have t (x X)£
&t(x, f'l(f(x)))t (f'l(f(x)) X) and, by Lemma 2.4

0, X) £ t0G £ GO (200, ) & .

If the map £ in the above theorem is supposed to be perfect the
assumption about the regularity of X can be weakened.

Theorem 2.6. det X, Y be topological épaces, X Hausdorff.
If £:X—> Y is perfect, tS(Y)ém and t(f'l(y))ém for all yeY
then t_(X)£m. )

Corollary 2.7. Let X, Y be topological spaces. If X is
compact and Y Hausdorff then ts(XxY)st(X)ts(Y). )
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Proof. It follows directly from Theorem 2.6.

The above corollary can be improved as follows:

Theorem 2.8. Let X be a completely regular space and Y a
Hausdorff space. If for every point xe€ X there exist a neighbour-

hood U of x and a compactification C(U) of U such that t(C(U)) &
<m, and moreover, ts(Y)ém, then ts(XXY) £m,

Corollary 2.9. 1If X is a locally compact space and Y a Haus-
dorff space then t_(X=Y)<t(X)t_(Y). '

Theorem 2.10. Let ")&?’ecsA be a family of topological spaces.
If |Al<m and for every finite subset B of A, to( TTa X )2 m then

t_ (. T, X )<€m.

S 'Ke A T
Proof. Let X= "_QAX«, A* the set of all finite subsets of
A, Xg =u1;TBX& for every Be A* and g the natural projection

from X to Xg. Let C be a non closed subset of X and x ecl(C)\C.
Let A:= {B | Be A¥ and atg (x) ¢JYB(C)§.FDL' any BeA: there

exists a family y’Beexpm(exp( JYB(C))) such that m’e(x) ¢

¢ UC]'(T'B) but :n'B(x)ecl(U'y'B). For any §" e ¥} choose ScCh

such that :ﬂ‘B(S)=S' and let 8 be the family so obtained. Now,

for any BeA*\A;, choose an element xg € C such that JYB(xB)=

=arg(x). Since |A¥| £m then the family »={ Bk‘JA*gra”s vitxg |Be

€ A‘\A: has cardinality at most m, so ye expm(exp(c)). From
our construction it follows easily that x ¢ Uck(y) but xecl(Uy)
and this completes theiproof.

To conclude this section we-give some theorems dealing with
the set tightness of the image of a space under a closed map.

Definition 2.11. A topological space X is said to be scat-
tered iff it has no dense in itself subspace, 'i.e., every subspa-
ce of X has an isolated point.

Theorem 2.12. Let X be a regular space and Y a topological
space. If £:X—> Y is a closed map with scattered fibres then
tg () £t (X).

Proof. Let m=tS(X), CcY and y ecl(C)\ C. By virtue of the
closedness of £, £ 1(y)ncl(£72(C))+@. Let x be an isolated
point of £71(y)nc1(e71(C)). clearly xec1(t 1))\t 1(C). Since
ts(X)ém then there exists a family xeexpm(exp(f'l(c))) such
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that x ¢ Ucl(+) but x €cl(Uy).

The set [f'l(y)ncl(u'x)]\&x’;, is closed in £ 1(y) and hence
in X. By the regularity of X there exists a closed neighbourhood
U of x such that Un {[f'l(y)n cl(Up)]\ ix3} =0.

Let ¥'= {BnU|B e y}. It is clear that xecl(U%’) and
f_l(y)n(Ucl( ¥ ))=B. Let "= {f (B)|B € ¥}. Thanks to the clo-
sedness we have y ¢ Ucl(y") but clearly ye c1(U%") and this con-
cludes the proof since "¢ exp; (exp(C)).

Corollary 2.13. Let X be a regular space and Y a topological
space. If £:X — Y is a closed map and each of its fibres is a
scattered space of countable tightness then tS(Y)=ts(X).

Corollary 2.14. Let X be a regular space and Y a topological
space. If f:X—Y is a closed map with discrete fibres then ts(Y):
=ts(X).

Corollary 2.15. Let X be a Hausdorff space. If there exists
a locally finite closed cover F(X) such that ts(F)ém for all
Fed then t (X)<m.

Proof. Let ®%F be the topological sum of the spaces belon-
ging to ¥ , and let f: ®% —> X be the natural map. Now we can
proceed as in Theorem 2.12 - just by observing that in this case
since the fibres of f are finite, 'it is sufficient to assume the
space X Hausdorff.

Question 2.16. In the statement of Theorem 2.1 is it possib-
le to replace t(Al,AZ) with ts(Al,Az)? In particular, if X is a
compact \space and Y a Hausdorff space, is it true that ts(XxY) =
2t (X0 (V)7

Question 2.17. Let f:X—>Y be a closed map, is it true that
t (V) £¢,(07?

3. On T-tightness

Theorem 3.1. Let X, Y be topological spaces. If f:X— Y
is a quotient map then T(Y)£T(X).
The proof is straightforward.

Theorem 3.2. Let X be a regular space and Y a topological
space. If £f:X—> Y is a closed map, T(Y)£4m and T(f—l(y'))ﬁm for
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all yeY then T(X)Z m.
Proof. Let {F} be an increasing sequence of closed sub-

LeolE
sets of X such that cf(@)>m. Put F= F, and assume that the-

(&)
d—&?
re exists a point x€ cl(F)\F,

Let Fy =f'1_(f(x))n fe , Vo € @ ; the family {FBC’;BCGSD is an
increasing sequence of closed subsets of f-l(f(x)). Since
T(TH(E(0))4 m then the set Y B =Fnf 1(2(x)) is closed in the
subspace f_l(f(x)) and hence in X.

By regularity of X, there exist two disjoint sets U and V,
open in X, such that x€U and an'l(f(x))cv.

Let Fy =F NV V¥ € @. It is clear that xecl( Y F! ) and

d.ﬁp
f'l(f(x))ﬁ(ocggj fe )=8. The family {f(F! is an increasing

)}OCGSO
sequence of closed subsets of Y. Since T(Y)<m then the set .
oc%{p £(F )=f(°(lé)9 Fr ) must be closed and, by the continuity of

£, 100 e el Bf D=1 Y g ), but this is impossible be-

cause £ 1(£(x) )n("‘g@ Fe )=8.

This proves that F is closed and so T(X)=m.
If in the above theorem the map f is supposed to be perfect
the assumption about the regularity of X can be weakened.

Theorem 3.3. Let X, Y be topologi¢al spaces, X Hausdorff.
If £:X—>Y is a perfect map, T(Y)<m, and T(£ 1(y))em Vyev
then T(X)Z£ m.

Corollary 3.4. Let X, Y be topological spaces. If X is com-
pact and Y Hausdorff then T(XxY)= T(X)T(Y).

As in Theorem 2.8 we can improveé the preceeding result as
follows:

Theorem 3.5. Let X be a completely regular space and Y a
Hausdorff space. If for every x ¢ X there exist a neighbourhood U
of x and a compactification C(U) of U such that T(C(U))<m, and
moreover T(Y)4m then T(X=<Y)<m.

Ay
Corollary 3.6. If X is a locally compact space and Y a Haus-
dorff space then T(XxY)<£T(X)T(Y).

Theorem 3.7. Let .(Xd}.‘sA be a family of topological spaces.

If'IAI$m~and for any finite set BcA,Tg‘TaX,,)dm then TgrAx‘)gm.
‘ - 811 -



Proof. Let X=¢QA X » A* the set of all finite subsets of
A, XB=¢P-B Xy, and Tg the natural projection from X to XB' Let

{F ¥¢E be an increasing sequence of closed subsets of X such

that cf(® )>m. Let x ecl(F), where F= %JP F. . For every BeA¥
the family -fcl(:rr' (F, ))},(ef, is an increasing sequence of closed
subsets of X, and arg(x) € cl( y cl(arg(Re))). Since T(Xg Yem

then there exists an index o, such that ory(x)e cl( w (F. )).
. B B B g

Since |A*|< m and cf(p )>m then there exists an index ¢, such
that ofy € o VB.eA* . Now we have Fa(x)e cl( arg(F D), VY Be A%,
and this clearly implies xe€ Fc‘ . The last assertion Shows that

x € F and so F is closed. o

4, Depth and T-tightness

Two well known cardinal inequalities involving the depth are
the following (see [7, th.2.18 and 2.19]):

a) if X is a connected space then k(X) éfx(X)J+,

b) if X 1is a topological space then k(X)< L(X)t(X),
where k(X), y(X) and L(X) denote respectively the depth, the cha-
racter and the Lindelof number of the space X.

The aim of this section is to give refined versions of the
previous inequalities.

We recall the following: .

Definition 4.1. Let X be a topological space. A family of
subsets of X, {G‘}‘“ , is said to be a strongly decreasing sequ-
ence of length ¢ if Ca § G for any « € 3 €@ . The depth of X,
denoted by k(X), is the supremum of the cardinal numbers p such
that in X there exists a strongly decreasing sequence of open
sets of length @ -

Theorem 4.2. If X is a connected space then k(X) £ [T(X)]1*.

Proot: Let m=T(X), We need to show that every strongiy de-
creasing sequence of open sets in X has length at most m*. Assume
the contrary and let © be a cardinal number such that n" < ® .
Suppose there exists in X a strongly decreasing sequence of open

sets of length @ , say {Goc}i“o . The set H= f'\w' 6. = 0 + G is
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closed and, moreover, it is nonempty because G , c H. Observe that
m
the family {X\G$§‘em+is an increasing chain of closed subsets

: — +y__+ _
of X. Since T(X)=m and cf(m*)=m", the set xel{_n_*(x\ G,)=X\H is
closed. As the space is connected, this leads to a contradiction

and so the theorem is proved.

Remark 2. The "long line" (see [7, example 6.4]) is an exam-
ple of a connected space in which k(X)=[T(X))*.

Definition 4.3. A family {6 3 o of subsets of a topological
J

space X is said to be a weak cover for X provided that X= [;s
Se

The weak Lindelof number of X, denoted by wL(X), is the smallest

cardinal number m such that every open cover of X has a weak sub-
cover of cardinality at most m. N :

It is clear that wL(X)£L(X) for any space X. In fact, spaces
can be found for which the gap betwgen the weak Lindelof number

and the Lindelof number is arbitrarily large (see examples in [21).

Theorem 4.4. If X is any topological space then k(X) =
£ wL(X)T(X).

Proof. Let m=wL(X)T(X) and assume there exists in X a strong-
ly decreasing sequence of open sets of length m+, say {G-C}_aema-

Let H= 03 Gy =¢Qmj; . The family {X\ 6,3 _ .+ is an increas-

ing sequence of closed subsets of X and, since T(X)£m and cf(m")=
=m*, the set U _(X\G_ )=X\H is closed. Observe that the family
oL emt <

iX\Cd.Z(‘Em., is an open cover of the subspace XNH. As X \H is

closed and open in X, we have wL(X\ H)£wL(X)<£m and then there
exists a set of ordinal numbers Acm’ such that |A|<m and X\ H=

— T — ., . . - 4 . .
'ockaJA (X \ %). By virtue of the regularity of m there exists an
ordinal & e m* such that A ¢ & . We have 6, E'z c G, for every

= & A and thus d%A(X\G&)C X\Gg . This implies X\ He X\ G:é ,

i.e. B ¢ H: This is a contradiction because H is a proper subset
of Géé . Therefore the theorem is proved.

Corollary 4.5. If X is a topological space then k(X) £
€LOX)T(X).

Remark 3. The above corollary xan be deduced from Theorem 1
- 813 -



in [5) in which it is proved that F(X)& L(X)T(X), recalling that,
for any space X, k(X)£F(X).

Remark 4. Note that Theorem 4.4 fails if we replace k(X)
with F(X) at least when X is not a normal space. In fact, the spa-
ce Y constructed in [2, example 2.4) is completely regular and
wL(Y)=T(Y)= w. For any qeQ the set {gq} < 2 is a closed discrete
subspace of cardinality 2 of Y, and, since a closed discrete sub-

space can be regarded as a free sequence, we have F(Y)= 2 > B

Question 4.6. Under which conditions other than paracompact-
ness, does the inequality F(X)<£ wL(X)T(X) hold?

Added in proof. In [4] a notion of local T-tightness is in-
troduced and a result similar to Theorem 2.1 is proved.
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