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ON DIMENSIONS OF SEMIMETRIZED MEASURE SPACES
Miroslav KATETOV

Abstract: We introduce and examine various kinds of dimensions and di-

mensional densities defined for semimetric spaces equipped with a finite mea-
sure.

words: Extended Shannon semientropy, Shannon functional, regularized
upper (lower) Rényi dimension, monotone dimension.
Classification: 94Al7

0y

In a previous article [4)by the author, there have been introduced, for
the class of all semimetrized spaces equipped with a finite measure,dimension
functionals which generalize the dimensions defined for vector-valued random
variables in [1] and in subsequent papers of A. Rényi. In the present article,
we introduce dimension functionals of another kind; in some respects, they be-
have similarly as dimensions of topological (or uniform, as the case may be)
spaces. We also introduce various kinds of dimensional densities generalizing
a closely related concept examined in [ 4). Among other things, theorems are
proved analogous to the sum theorem for the topological dimension and to the
theorem on the dimension of the cartesian product of topological spaces.

Section 1 contains preliminaries. In Section 2, functionals of the form
y-udim and some related notions are examined. In Section 3, we investigate
dimension functionals for which there is a theorem analogous to Sum Theorem of

the topological dimension theory. In Section 4, dimensional densities are con-
sidered.

1

1.1. The terminology and notation is that of [3) and 14] with two excep-

tions stated below (1.3 and 1.19). Nevertheless, we will re-state some defi-
nitions and conventions.

1.2. The symbols N, R, R, R+, F+ have their usual meaning. We put 0/0=0,
and, for any beR, 0.b=0; log means log,; we put L(0)=0, L(t)= -t log t if
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D<t<oo . For teR, we put sgn(0)=0, sgn(t)=1 if t>0, sgn(t)= -1 if t<O0.
If f:X—> R is a function, then sgn f denotes the function x ~—>sgn(f(x)).

1.3. If Q*@ is a set and A is a & -algebra of subsets of Q, then, in
accordance with the current terminology, a 6 -additive function w: Jl—->§+
satisfying w(@)=0 will be called a measure on Q (in [2), the term "R-measure"
was used), whereas a g such that, in addition, w(Q)<oco will be called a
finite measure (in (23,137 and [4), such & were called “"measures").

1.4. 1If a set A is given, then, for any XcA, iX is the indicator of X,
i.e., ix(x)=1 if xeX, ix(x)=0 if xeA\X.

1.5. A) If Q+f is a set, then F(Q) and #(Q) will denote, respective-
ly, the set of all £:Q — R and that of all measures on Q. - B) The completi-
onof a w e M(Q) is denoted by @ or [l . If w, vy e M(Q), we put » £ &
if dom v =dom ¢t and »(X) £ w(X) for all Xedom . If “ e M), £,0eF(Q
and (’&{x «Q:£(x)$9(x)¥ =0, we write f=g(mod @w.). - C) Let medl(Q). If fe
¢ %°(Q) is @-measurable, we put [f]‘“ = {ge 3(Q):g=f(mod w)¥ and call {f](u, a
function (mod w). We put Flwl =40t :f e F(W, f is @-measurable}. -

D) If F,G € L ], then we put F£G (respectively, F< G) iff there are feF
and ge G such that f(x) < g(x) (respectively, f(x)< g(x)) for all xeQ. - E) If
“ e M), fe3(Q), then sup [f](u' denotes the least be R such that [ﬂué b,
and similarly for inf [fJ“ .

1.6. If mweM), teF(Q) is @-measurable and F= [f], Z 0, then the
measure X —> jx fd u , defined on dom w , is denoted by f.w or F.w . - Clear-
ly, f.u 4 @ iff [f](u,é 1, f.u4 =g. w iff f=g (mod w ).

1.7. If K+@ is countable, §=(xk:ksK), xR, Zxk<oo , we put H(§ )=
=H(x, 1k €K)= Z(LOx )tk e K)-L( = (x :k€K)). If Q is countable, we M(Q) is
finite and dom w =exp Q, we put H(w)=H(@iqi:qcQ).

1.8. If M is a (partially) ordered set and Xy aeA, x, y are in M, we
often write \/(xa:a CA), /\(xa:a €¢A), xvy, etc. instead of sup(xa:aeA),
inf(xa:ae A), sup ix,y}, etc. In particular, if x,y€R, then xv y=max(x,y),
x Ay=min(x,y).

1.9. Recall that P= (Q,@,(q) is called semimetrized measure space or W-
space (or also a semimetric space endowed with a measure) if o e M(Q) is fi-
nite and @ is a [ex @] -measurable semimetric. The class of all W-spaces is
denoted by 70 . It P=<0Q,¢, «>€ ), we put wP=u(Q); if wP=0, P is cdlled
a null space; if Q is finite and dom w =exp Q, we call P an FW-space. The class
of all FW-spaces is denoted by 7'0F. - See, e.g., [3], 1.5.

1.10. Let P={0Q,e, Y€ M) . If f e F(Q) is @-measurable, [f] = 0
¢re - 400 - ¢ w



and f.w is finite, we put £.P=<Q,@,f. w7 ; if Xedom &, we put X.P=i,.P
(see 1.4). If Se 2V , 5=<Q,¢ ,»> and »y £ « , we write S2P and call S a
subspace of P (a pure subspace if S=X.P, Xg dom @& ). Clearly, S£P iff S=f.P
for some @ -measurable £:Q —>R,. - Cf. [3], 1.6, 1.7.

1.11. If P a4, we put exp P=55:5«P%. We put Ul= U(exp Pxexp P:Pe
e N)).

1.12. If P=<Q,p,u> e ), P =40Q,@,u, > € for keK, where K+§
is countable, and u = Z(pk:k eK), we put P= Z(Pk:k €K) and call (Pk;keK)
an w-partition of P (merely "partition" if K is finite). - See [3], 1.6.

1.13. Lenma. If P e 29, P= Z(Pn:neN), S&P, then there are 5 <P such
that Z(Sn:neN)=S.

Proof. Let S=s.P, Pn=fn.P (see 1.10). Put gn=sfn, Sn=gn.P£ P”. Cle.arly,
= Sn=5.

1.14. Let U=(U,:k€K) and 'V=(Vm:meM) be co-partitions of Pe 9% . If
there are pairwise disjoint Mk such that Uk=Z(Vm:m eMk), UMk=M, then V is
said to refine U. - See [3], 1.6.

1.15. If P={Q,p, > e 71, we put d(P)=sup [@lxe . If (PP ety
Pi=<Q,@, &3>, we put E(P),P))=d(P)+Py), £(P),P))= [@d(@)x ())/wP) WP, if
wPl.wP2>0, r(Pl,P2)=D if wPl.wPZ:O. -Cf . [3),1.19,

1.16. Let P=<Q, ¢, 4> %), &>0. Then I=(xk:kek), where K+ is
countable, Xke dom &, will be called an % -covering of P if diam Xke € for
all k and E(Q\ka)ﬂl. If, in addition, Xian=¢ for i+j, then € will be
called an ¢ -partition of P. - Cf. [ 3], 1.19.

1.17. If P=£Q,¢, > e 7, then we put €x P¥<Q,€xgo , 4>, where
(ex@)(x,y)=0 if E(x,y)£¢€ , (exE)(x,y)=1 if @(x,y)>¢€ . - See [3], 1.17.

1.18. If P;=40Q;, @;r 45 € 7Y, i=1,2, then we put Plx P2=<Q,§° » (&7
where Q=0;= Qy, (= @y x @y and @ ((xy,%,),(y1,¥5))= 5°1("1’y1)v9>2("2’yz)‘
1.19. Llet g: ?75)-—>§+ satisfy the following conditions: (1) if
0,p, > €M), a,beR,, then ¢<0,ap,bwy=abg<l, @ ,uy; (2) if Py=
=<Q,Soi,<u.>€ % , i=1,2, and @, 2E,, then @ P, 2@ P,; (3) if P=<Q,1,@e
e W, then gP=H(e); (8) if Pi=40Q;,@;, ¢;” € 99, i=1,2, and there is
an £:Q,—> Q, such that (@) @,(fx,fy)= @ (x,y) if x,yeQ, Nl-ixbo, @.I{y}>
>0, (0 @ (f™4aqh= @ fa} for all qeq,, then @P =gP,; (5a) if P=
=<0,p,u> e M, P=<Q @s > € WY and @ —> @ , then PP — ¢P;
(5b) if P=<Q,@, m>e MY, <Q,@ 4> € W, wig}>0 for all qeQ and @ —

—> @, then ?Pnﬂ @ P. Then @ will be called an extended Shannon semient-
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ropy (in the broad sense), which is the expression introduced in [2] and used
in [3) and 4], or a Shannon functional (in the broad sense), which is the ex-
pression we use in this article.

1.20. Convention. The letter @ will always stand for a Shannon functi-
onal (in the broad sense).

1.21. For the definition of normal gauge functionals (NGF) and of Co
and C: , where © is an NGF, we refer to [2) and [3), since we need only (1)
the fact that r and E are NGF's, (2) the fact that C. and Cg are Shannon
functionals (b.s.), and (3) some propositions on CE, see 1.24 - 1.26 below. It
is also useful to note that there are E-projective (see 1.23) ty's distinct
from CE’ for instance Cr’

1.22. Convention. The functional CE will ne often denoted by E, provid-
ed there is no danger of confusion with the E introduced in 1.15.

1.23. Definition. A functional ¥ : ?7[)-—-» ﬁ+ will be called E-projective
if, for any P € 22) and any partition (S,T) of P, y(P) £y (S)+ y(T)+
+E(S,T)H(wS,wT). - Cf. L 2], 3.10.

1.24. Fact. The functional E: 22) —> R, is E-projective. - See [2], The-
orem II.

1.25. Proposition. If S<Pe ¥, then E(S)£E(P). - See [3], 2.3.

1.26. iProposition. 1t P e 9%, then, for all sufficiently small &> 0,
E(ex P) is equal to the infimum of all H(@Xn:ne N), where (Xn:neN) is an
¢ -partition of P. - See [3}, 2.18, 1.19.

2

2.1. Definition (cf. [4), 2.1). For any P and any P ¢ 9), So—uw(P) (res-
pectively, @-£w(P)) will denote the upper (lower) limit of @(exP)/ |loge|
for & —» 0. We put cp-ud(P)= @-uw(P)/wP, - £d(P)=cp- Lw(P)/wP, @ -udim(P)=
=sup {@-ud(S):5<P¢, @- £dim(P)=sup {@ - £d(S):S£P¢. If g-uw(P)=cp- Lw(P),
we put @ -Rw(P)=g@-uw(P), ¢-Rd(P)=¢-ud(P). We call ¢-udim(P) the monotone
¢-dimension of P. For ¢-uw(P), etc., the terminology introduced in [4], 2.1,
will be used. - If @=E, we often omit the prefix "¢ ". - Remark. In the
present note, the functionals @- £dim will not be considered.

2.2. Fact. For any E-projective @ and any P € 7, (1) if P=5+T, then
g-uw(P) & @ -uw(S)+@ -uw(T), @ -ud(P) £ @ -ud(S)v @ -ud(T), (2) if ¢ -udim(P)<
<o and P= Z (P, :keN), then $-uw(P) £ Z (¢p-uw(P ) :k eN), @-ud(P) £
év(cy—ud(Pk):ke N). ’
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Proof. Since ¢ is E-projective, we have @@ x S)+qp(ex T)+H(WS,wT) =
z g E*P). This proves the inequalities (1). - If ¢ -udim(P)sb<co , put 5=
= Z(Pk:k> n). Then, for each ne N, @-uw(P) < Z(gv—uw(Pk):ké n)+<y-uw(Sn).
Since wS ~> 0 and @—uw(sn)é b.wS, this proves the inequalities (2).

2.3. Proposition. For any E-projective @ and any Pe¢ 220, (1) if P=5+T
or P=SvT, then @-udim(P)=g-udim(S)v @-udim(R), (2) if @ -udim(P)<co and
either P= Z(Pn:ne N) or P= V(P :n€N), then @-udim(P)= V (g -udim(P ):neN).

Proof. Let P=S+T. Then, for any V<P, there are, by 1.13, VléS, V2£T
such that V1+V2=V. By 2.2, we have @-ud(V)£¢ —ud(Vl)vg; -ud(V2)£ @ -udim(S)v
vy -udim(T). This proves (1), since SvT<S+T. The case P= Z(Pn:neN) is a-
nalogous to that of P=S+T. - Let P=\/(Pn:ne N). Put 10=P0, Tn+1=Tnv Pn+1'
Then P=To+ Z(Tml—Tn:neN). Since, clearly, Uv V=U+V-UAV for any U<£P, V£P,
it is easy to show that q’-udim(Tn)é \/(q—udim(Pk):kén). Hence, due to
@-udim(P) < ® , we get @ -udim(P) £ V/ (cp-udim(Tn) :neN) £ V(g —udim(Pn):
:neN).

2.4. Example. Choose a_>0, b >0, neN, such that Z(bn:neN)=1,

(Lo neN)=a®; a —> 0, |log a , ]=(r =(L(b;):i<m)™ for nZ1. Put
P=<{N,E, &>, where @(i,j)=ai+aj, @iy =b;. It is easy to see that ud(P)=
= £d(P)=co , udim(P)=co . On the other hand, evidently, udim({kt.P)=0 for all
k eN. This shows that, in 2.3, (2), the assumption @ -udim(P)<co cannot be
omitted. - For an example connected with the assertion (1) in 2.3, see 2.10,E.

2.5. Lemma. For any E-projective ¢ and any P e 22, ¢ -udim(P)=
=sup {q -ud(5):5£P, S puref.

Proof. Assume wP=1. Write ud instead of cp-ud, uw instead of @-uw. Put
b=sup $ud(5):S<P, S pure}. Let T£P, T=f.P, 0£f(x)41 for all xeQ. Let me
¢ N, m>1. Define g as follows: g(x)=k/m if (k-1)/m <f(x)£ k/m; g(x)=1/m if
f(x)=0. Clearly, g-1/m<f<g, hence f(g—f)d(_u, < 1/m. Put U=g.P, Xk={er:
:g(x)=k/m}. Since X, -P are pure, we have ud(Xk.P)-’-b, hence ud((k/m).xk.P)éb
and therefore, by 2.2, ud(U)£b. Since f.P£g.P, we get uw(T)<uw(U)<b.

. fod@, ud(Me&b( [ gd (.t/f fd u) £b+b ffd @/m. Since meN has been arbit-
rary, we get ud(T)4&b.

2.6. Lemma. Let J and K be countable non-void sets. Let x K where jel,
keK, be non-negative reals, Z(x.k:jaJ,k eK)<o . For jel, kekK, put a.=
= Z(xjk:keK), b= Z(xjk:j €J). Then H(xjk:jeJ,k eK)éH(aj:jeJ)»«H(bk:keK).
This follows easily from the well-known special case with both J and K
finite and ijk=1.
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2.7. Fact. If P is a W-space, P=S+T, then uw(S) v uw(T)< uw(P)<£uw(S)+
+uw(T).

Proof. The first inequality follows from 1.25; for the latter, see 2.2.

2.8. Proposition. For any non-null W-spaces P1 and P2, ud(Pl)v ud(Pz) A
éud(Plx Pz)é ud(P1)+ud(P2). - See [4], 4.5.

2.9. Theorem. For any non-null W-spaces P1 and P2, udim(Pl)vudim(Pz)ﬁ-
< udim(Plx P2)’-— udim(t’-‘1 )+udim(P2) .

Proof. The first inequality follows at once from [4]1, 2.8. Let Pi=
=<Qi’ 3°i’f“"i> , 1=1,2, P=P1x PZ’ P=('Q,(a, w? , udim(Pi)=bi<oo . Put b=b1+
+b2. We can assume that wP1=wP2=1. By 2.5, it is sufficient to show that
ud(S)< b for any pure S<P. Clearly, there exist sets Ane dim “q» Bne dim )
such that (ulAn>0, (A—an>0 and S=X.P, where X= U(Aann). Put X1= UAn, X2=
= UBn, Si=Xi.Pi. - Let J"> 0. We are going to show that, for every suffici-
ently small € >0, (1) there exists an €-covering (Yn:ne N) of Sl such that,
with U =Xn (Y < Qy), we have H(@U, :neN) (b, .wS+ d)|loge|, (2) there ex-
ists an ¢ -covering (Zn:ne N) of 52 such that, with V=X n(le Zn), we have
H(@V :neN)< (bz.wS+d‘)lloga|. For any x<Q;, put fl(x)= ol ‘U (B :neN,x €
3 An)). Clearly, fl is @l-measurable and X1= {x:flx>0§. Put Sl=f1.P. We have

Sl'_L. P,» hence ud(Sl')é. b, and therefore l—i‘m'(E(e*Sl')/Ilog ADP bl.wsl'=b1.w3.
Hence, for every sufficiently small € > 0, there exists, by 1.26, an € -co-
vering (Yn:neN) of Si such that H(w(Yn.Sl'):neN)<(bl.w5+c§')llog ¢|. Clear-
ly, (Y :neN) is an g-covering of S, as well. Put Un=Xr\(Yn><02). It is ea-
sy to see that FUn=w(Yn.Sl'), hence H(@Un:neN)<(bl.wS+d")llog &|: This pro-
ves the assertion (1). The proof of (2) is analogous.

Put Tmn=umnvn. Then (Tm:meN,neN) is an e-covering of S. By 2.6, we
obtain H(@T :meN,neN)£H(GU :me N)+H(@V, :neN) < (b.wS+2d )|1log ¢ |, hence
E(ex S)< (b.wS+2d")|log £|. Since this inequality holds for all sufficiently
small €3> 0, va get uw(S) b.wS+2J° . This proves ud(S)£b, for d’'> 0 has
been arbitrary.

2.10. Example. A) For neN, let Pn=<Qn,g¢n,,«,n)e'a’20, wP =1, diam P_<
<oo . Let a_ be positive reals, and let a_ diam P —> 0. Then TTd-(an eN),
where oc=(a :n €N), will denote the W-space <Q, @, > , where<Q, w” =
= TT((Qn,y.n) :neN), go((xn),(yn))=sup(angon(xn,yn):neN). If p=(pn:n6N),
PaeN, P Z1, then S(p) will denote the W-space T'I;(Pn:neN), where o=

=(2™MneN), P <01, » >, card Q =P, vn{q}=1/pn for qeQ . - B) Itis
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easy to show that E(e* S(p))= = (log p, :k£n) for 2 "ze> 2'"'1, and therefo-
re ud(S(p))=Iim( =(log p,:k&n)/n), £Ld(S(p))=Lim( = (log p:k£n)/n). - C)

Let r(0)=2, r(k+1)=2r(k) for keN; put A= {neN:r(2k) £n<r(2k+1) for some k €
€N . Put u =2 if neA, u =4 if neN\A, put vn=8/un for all neN. Put u=(un:
:neN), v=(vn:nsN), U=S(u), V=S(v). It is easy to show (cf. L4), 3.10) that
if X is a non-null subspace of U or of V, then Zd(X)=1, ud(X)=2; hence
udim(U)=udim(V)=2. - D) Put T=UxV. It can be easily proved that, for any non-
null subspace YT, we have ud(Y)= £d(Y)=3. This shows that, in 1.8 and 2.9,
no £ can be replaced by = . - E) Let M be a "free sum” of U and V and let U’
and V' denote the subspaces of M corresponding to U and V, respectively. Then
M=U"+V’, and it is easy to show that uw(M)=2, hence ud(M)=1 and therefore
uw(M) < uw(U )+uw(V "), ud(M)< ud(U )Aud(V’). Thus, £ cannot be replaced by =
in 2.2, (1), and @-udim cannot be replaced by ¢-ud in 2.3, (1).

3

3.1. Definition. For any @ and any P e 22, (1) @-UN(P) (respectively,
@-LW(P)) will denote the infimum of all be_ﬁ+ for which there is an w-parti-
tion U of P such that, for any (Vk:k €K) refining U , Z(cy-uw(vk):ké K)£b
(respectively, Z(?-Zw(vk):keK)éb). We put ¢-UD(P)= @-UW(P)/wP, ¢ -LD(P)=
= @-LW(P)/wP, @ -UDim(P)=sup {¢ -UD(S):S£P}, @ -LDim(P)=sup {@ -LD(5):5<P¢.
We will call -UDim(P) and ¢-LDim(P) the regularized upper (lower) monotone
g-dimension of P. For g-UN(P), etc., we will use the names introduced in [41
for the values of the corresponding functionals (i.e., for ¢-uw(P), etc.),
with the additional qualification "regularized"; thus, e.g., ¢-UW(P) will be
called the regularized Rényi g@-weight of P. - If ¢=E, the prefix "¢ " will
be, as a rule, omitted.

3.2. Theorem. For any ¢ and any P=<{Q,0,w>e %Y, (1) if P= Z(Pk:ke
e N), then ¢p-UW(P)= =( cy-UH(Pk):k €N), @-LW(P)= Z(q-LH(Pk):keN), (2) the
functions X > @ -UN(X.P), X > ¢ -LW(X.P), defined on dom & , are measures.

Proof. The assertion (2) is an immediate consequence of (1). We prove
(1) for ¢p-UW; for @-LW, the proof is analogous. If S£P, put w(S)=
=g-uw(S), &(S)=g-UW(S). Let P= Z(Pn:neN). - I. We are going to show that
&) = =&(P,). We can assume that all Q(Pn) are finite. Let b eR , b >
> Q(Pn) for all n. For any n&N, there is an w-partition ’lL"=(Unk:keKn) of
P, such that =( w(vj):j eJ)ébn for any (Vj ejed) refining 'un. Put U=
=(Urk:neN,k sKn). Let (Vm:meM) be an arbitrary w-partition of P refining U.
Let (Mnk:n €N,k eKn) be an w-partition of the set M such that Z(Vm:m eMnk)=Unk
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for all neN, keKn. Put Mn= U(Mnk:keKn). Then (Vm:meMn) refines 'uh and
therefore =( YV, ):meM )£b,, hence E('\y(vm):meM)é = b,,. We have shown
that $(P) 2= by, Since b_> Q(Pn) have been arbitrary, we get $(P) =

€ Zd(P). - II. Suppose that &(P)< =& (P ). Choose reals a < 1G]
such that Zan> &(P). Then there is an co-partition ’LL:(Um:me M) of P such
that (1) Z (y(V ):keK)< Za_ whenever (V,:keK) refines U . Let U =u .P;
for me N, neN, put Umn:um'P' Put W =(Um:meM,neN), Then U’ refines U
and, for any neN, (Um:meM) is an w-partition of Pn. For each neN, there
exists, due to a < <1>(Pn), an o -partition (Vn.:jeJn) of P refining (Um:
:neN) and satisfying (2) Z(\y(vn.):je.]n)>an. Clearly, (Vn.:neN,j eJn)
refines ' , hence 2L , and therefore, by (1), Z(W(an):neN,j el)<Za,
which contradicts (2). We have shown that & (P)= = Q(Pn).

3.3. Fact. For any ¢ and any P € 94), -LO(P)£ @ -UD(P) £¢-UDim(P) £
&g -udin(P).

Proof. If -udim(P)=b<oo and P= Z(Pn:neN), then Z(q—uw(Pn):neN)_e
& Z(b.an:n¢N)=b.wP. This proves the last inequality; the remaining ones
are evident.

3.4. Proposition. For any ¢ and any Pe 9, if P= E(Pn:neN), then
@-LD(P)£\(¢p-LO(P ) :n&N), o -UD(P) £V (¢ -UD(p):neN).
This follows at once from 3.2.

3.5. Theorem. For any @ and any Pe 29 , if P= Z(Pn:neN) or P= \/(Pn:
:ncN), then ¢-LDim(P)= V(q’—LDim(Pn):ncN), ¢ -UDim(P)= \/(cp-UDim(Pn):ne
eN).

Proof. Let P=ZP . Put b =g-UDim(P ), b=@-UDim(P). Clearly, b b for
all neN. Let S£P. Then, by 1.13, there are SnéPn such that S=ZSn. We ha-
ve q—LD(Sn)é b, and hence, by 3.4, cp-UD(S)e'\/(bn:n eN). This proves bg—v(bn:
:neN). - If P=VPn:ne N), then the proof is similar to the corresponding part
of the proof of 2.3.

Remark. The theorem shows that, in some respects, the behavior of
cf-Udim and ¢-LDim is similar to that of various kinds of dimension of topo-
logical spaces (for instance, for normal spaces, dim P=\/(dim Pn:ne N) when-
ever P= UPn, Pn are closed). On the other hand, the behavior of g -udim
(where @ is E-projective) is different from that of the topological dimensi-
on and rather resembles the behavior of the dimension o°d of uniform spaces
(the equality o'd(SuT)=dd(S)v Jd(T) does hold whereas J'd( U (P :neN))=
= V( d‘d(Pn):neN) does not, in general).
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3.6. Lemma. Let )L c 7% and assume that XC contains all null spaces.
Then, for any P e ?4) , there is an S<P such that (1) S has an w-partition
consisting of spaces in &L , (2) if T4P-S, Te &L , then wT=0.

Proof. It is easy to show by transfinite induction that there is a coun-
table ordinalec>0 and an indexed collection (Xp : 8 <oc) such that (a) for
all f<ew, Xge L , wKg>0, (b) =(Xp: B<oc)&P, (c) if Y&P-Z(Xg:

: A<ek), Y e X , then wy=0. Put S= E(Xﬁ : B<ec). Clearly, S satisfies (1)
and (2).

3.7. Lemma. For any ¢ and any P € 9%, if wP>0, beR, and @-udim(S)Z
Z b whenever S£P, wS >0, then ¢-UD(P)Zb.

Proof. Let a<b. Let 'LL=(Un:neN) be an w -partition of P. Put M= {n:
W > 0%. If neM, then, by 3.6, there are Sk%Upy» k€N, such thatZ(Snk ke
aN) £U., gg—uw(snk)z a.wS, and @-ud(T)z a for no T£ V,=P- Z(Snk:kaN), .
hence q;—udim(vn)é a. This implies an=0, Un= Z(Snk:keN). Hence (Snk:neM,
keN) is an w-partition of P refining % . Clearly, Z(cy-uw(snk):ne M,ke N)>
> a.wP. Since U has been arbitrary, this proves c¢-UW(P)Z a.wP.

3.8. Proposition. For any ¢ and any Pe 72) , g;—lDim(P) is equal to
the infimum of all beﬁ* for which there exist P £P such that ZPn=P,
q-udim(Pn)éb for all neN.

Proof. Put s=q-UDim(P); let t be the infimum in question. If be‘i?+
and there are Pn with properties stated above, then, by 3.3 and 3.4, s<£b.
This proves s<t. - Let s'>s. By 3.6, there are Sné P, neN, such that
q-udim(S ) £s”, Z(S :neN)£P and g-udim(T)£s” for no non-null T£V=P-
-XS,. By 3.7, w>0 would imply @-UD(V)Z's’, hence @-UDim(P)>s’. Hence
wV=0, =5 =P and therefore tss’,

3.9. Proposition. If ¢ is E-projective, P e %) and g-udim(P)< oo,
then g -UDim(P)=cp-udim(P).

Proof. If S&P and S= Z(S :neN), then, by 2.3, c,-uw(S)(_-Z(go-uu(S ):
ncN) This implies g:-uw(T)éq-UW(T) for all T4P. Hence, @ -udim(P) <
& ¢p-UDim(P). By 3.3, this proves the proposition.

3.10. Theorem. Let P1 and P2 be W-spaces. Then UDim(Plx P2)£ mim(P1)+
+lDim(P2).

Proof. Put bi=wim(Pi)’ b=bl+b2. We can assume that b<oo . Let &> 0.
For i=1,2, there exists, by 3.8, an co-partition (Pin:neN) of Pi such that
udim(P; )< b;+&/2 for all naN. Put T, =P, =P, . By 2.8, udim(T )€b+&

Im " 2n
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for all m,neN, hence, by 3.5 and 3.3, UDim(Plx,PZ).é b+€ . Since €> 0 has
been arbitrary, the theorem is proved.

Remark. Let U and V be as in 2.10. Put T=UxV. It is easy to prove

UDim(U)=UDim(V)=2, UDim(T)=3. This shows that £ cannot be replaced by = in
3.10.

4

4.1. Proposition and definition. For any ¢ and any P=<Q,p, > e 22),
there is exactly one function (mod @) f (respectively, g) such that cp-UW(X.P)=
= fxfd @ (respectively, g-LW(X.P)= fxgd o) for all Xedom & . - We denote

f and g by ¢p- VU(P) (or v;l(P)) and @ - VL(P) (or VJ‘(P)), respectively;

V"?(P) (respectively, V?!‘(P)) will be called the upper (lower) g -dimensional
density of P. If cy:E, we often omit the prefix "¢ ".

Proof. The proposition follows from 3.2 and the Radon-Nikodym theorem.

4.2. Conventions. To express the subsequent propositions 4.3, 4.4, 4.6
and 4.16 in a concise and exact manner, we introduce some ad hoc conventions.
- A) If we M), f and g are @ -measurable, F= [£1. , B=[gl, , we put
£6=FG= [fg], , where v=f.@ . Observe that, under this convention, FG=GF
does not hold in general. - B) Let w, » e M(Q), let w be finite, letv<
and let £ ¢ F(Q) be @-measurable. Then JU1, du is defined as follows:
let X be a support of » with respect to @« (i.e., (1) » £ X. o, (2) if v
£Y. @ , then @(X\Y)=0); we put [[fl,, du= [yfdw. - C) If « e M(Q)
is finite and, for neN, @, % ¢, 4= V(g :neN), Foe Fla 1 and F 2z 0,
then we put \/(Fn:n eN)=1L \/(fnix(n):ne N)JM , where, for each neN,f eF
and X(n) is a support of @, with respect to w . - D) If «; e M(Qy), F,e
e ¥ L, i=1,2, then we put F,+F,)= [£1, , where = ;> @, and, for some
f,6F;, T is the function (X,y) > £;(O+15(y).

4.3. Proposition. For any @ and any P={Q,p,u>e %, if S=s.P4P,
then q-UN(S)= f's (P &5 @-LH(S)= [ V?L(P)d “-

Proof. It is easy to see that there are sets X(n)e dom & and reals a
such that Z(anix(n):neN)=s (mod «v). Then g -UN(S)= = (a-UN(X(n).P):ne

eN=Za, Sy Vi ®d e S Say ) P = fs 4P . For
-LW, the proof is analogous.

4.4. Proposition. For any ¢ and any P=(Q,p,w> € ), if S=s.P<P,
then p(S)=(sn 5). I(P), GE(S)=(sgn 8). VL (P).
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Proof. Put v=s.w , t=sgns. Let fe VU(P) If Xedom & . then
[y ttd» = [, ttadu= [y std @, hence, by ‘ 3, [y ttd» = ¢ -UN(X.5.P)=

= @-UW(X.5). This proves that tf e V{f (S), and therefore (see 4.2, A)
VU(S)=t VU(P). The proof for VL is analogous.
£ £ 9

4.5. Theorem. For any g> and any P={Q,@ ,«> € %) , ¢-UDim(P)=
=sup G, (P), @-LDin(P)=sup 7, Lepy.

Proof. Put a=@ -UDim(P), b=sup V¢ l"(P) For any S=s.P< P, we have
@-UD(S)= Is % (P)de /WS, hence go—UD(S)‘b This proves a&b. - Let ckb;
let £ e wU(P). Then there is an Xe dom @ such that @X>0, £(x)Z c if xe X.
Clearly, g;—UD(X.P)=fod¢c/(aXz c. This proves aZb. - The proof for g -LDim
is analogous.

Remark. There are examples (not quite simple) of W-spaces P satisfying
VL(P)= VU(P) and such that UDim(S), where S£P, assumes all values from a
certain interval.

4.6. Theorm For any ¢ and anyPem, if P= Z(P :n€N) or P= \/(P
:neN), then V (P)— V( V (P ):neN), V (P)- \/(V (P ): néN)

Proof. We only prove the first equahty. Clearly, it is sufficient to
show that the equality holds if P= VPn' Let P =f .P. Put g =sgn f_. Then, by

U u s
4.4, vq (Pn)=gn. V;{ (P). Since, clearly, w = \/(gn.(u:n eN), V9n=1 (mod @),
Upp +. U
we get \/( Vq,(Pn).n eN)= Vq ).

4.7. Definition. For any ¢ , a W-space P will be called ¢p-dimension-
bounded (or merely " ¢p-bounded") if ¢ -udim P < 0o . It will be called fully
g-exact if @-ud(S)=@- £d(S) for all S£P. If ¢=E, we often omit the prefix

"

¢ " in " ¢ -dimension-bounded" and "fully c-exact".

4.8. Remark. It is easy to prove that, for any ¢ and any P € 2% , the-
re is exactly one partition (Pl’ 2:P3,P,) such that ng(Fl)= vé:"(P]) <o ,
o PP< (P2)<co Vg Py)= AP= 00, M P < 7 (P=c0 . The
spaces Py,...,P, can be characterized as follows: (1) P1 has an w-partition
consisting of ¢-bounded fully g-exact subspaces, (2) P2 has an < -partiti-
on consisting of ¢ -bounded subspaces and contains no fully < -exact subspace,
(3) every non-null subspace S£ P3 contains subspaces T with @ - £d(T) arbit-
rarily large, (4) if S< P4 is non-null, then it is neither ¢-bounded nor
fully ¢ -exact.

4.9. Fact and definition. For any ¢ and any P=<Q,, > e %, if
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there exists a function (mod @) F such that (x) J,F du =g-uw(X.P)=

=g- 8w(X.P) for all Xedom@ , then this F is unique. It will be denoted by
- 7Re) or Vq,R(P) and called the exact ¢-dimensional density for P. If
there is no F satistying (%), we will say that @ - V"(P) does not exist. -
If ¢=E, we often omit the prefix " ¢ ". - Remark. If f is an Rw-density
function for P in the sense of [4), 3.12, then VR(P)= [fJ‘“, ; conversely, if
VR(P) exists, then every f e V'R(P) is an Rw-density function for P.

4.10. Proposition. For any ¢ and any Pe %) , if ¢ - VR(P) exists,
_ Upy- obipye o R
then P is fully g-exact and \g (P) % (9] Vq P).

. Proof. If g- VR(P) exists, then, for any S4P, ¢-uw(S)=¢-~£w(S) and
if S= Z(Sn:neN), then ¢-uw(S)= =( g’—uw(sn)). This implies that P is fully
p-exact and ¢ -UW(S)=cp-uw(S)= g- £w(S)= -LW(S) for each S£P. *

4.11. Proposition. For any ¢ and any Pe ¥ , if there are fully ¢-
exact P such that P= X (P :neN), then H(P)= 7 (P).

Proof. If P is fully ¢-exact, then ¢-uw(T)=q-£w(T) for all T4£P,
hence g-UN(S)= 9-LW(S) for all S£P and therefore Y, (P)= Z,L(P). It P=
= 2(P :neN) and P are fully ¢-exact, apply 4.6.

4.12. Remark. Let P=<R*n,go,!.9\> , where @ is any usual metric on R,
A is the Lebesgue measure and w=f.A is a finite measure. Then (1) P is
fully exact, (2) for any non-null S£P, UDim(S)=LDim(S)=n, (3) VU(P)=
= VL(P)=n. Lsgn ﬂc,_; this follows from [41, 2.9. However, if e.g. n=1, f(x)=
= le'lllog x|'3'2, then Rd(P)= co , whereas RJ(X.P)=1 whenever Xedom @ is
bounded and @X>0; thus VR(P) does not exist.

4.13. Fact. For any P e 24) and any P,%P satistying Z(Pn:nsN)=P, 1)
2(£w(Pn)=neN) < £w(P), (2) if P is dimension-bounded, then uw(P) &
& Z(uwi(P)ine N).

Proof. The assertion (1) follows at once from [4], 3.1. For (2), see [4],
3.4.

4.14. Fact. For any Pe 2 , (1) LW(P) £ &w(P), (2) if P is dimension-
bounded, then uw(P) < UW(P).

This is an immediate consequence of 4.13.

4.15. Proposition. Let P e 9 be dimension-bounded. Then the following
conditions are equivalent: (1) P is fully exact,(2) 7RP) exists, (3
vte)= vUe.

Proof. I. If (1) holds, then uw(T)=£w(T) for all T<P. Hence, by 4.13,
if S4P, S= Z(5:neN), then Z(Rw(S,):ne N)4Rw(S) & =(Rw(S):neN). This
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proves that X v—> Rw(X.P) is a measure, hence VR(P) does exist. - II. By
4.10, (2) implies (3). - III. If Vv (P)= vU(P), then, for any S£P, UW(S)=
=LW(S) and hence, by 4.14, uw(S)= £w(S).

4.16. Theorem. For any W-spaces P1 and P2, VU(Plx P2) < VU(Pl)«f vU(Pz).

Proof. LetP‘(Q gol,ﬂ) P=P KP‘(Q@ @”.let Aedoma, B e
e dom @ ; put C= AxB Then by 3.9, UD(C P)<UD(A.P;)+UD(B.P,), hence UW(C.P)<«
£ UN(A.P)) - (u-za+uw(s P,). wA. Clearly, UN(C.P)= fc \‘/U(P)d @, UNGAP)).

(u.za=f Jp VP A wd @y, UNB.P. wh= [, Sy VU(PY)d uyd ). This pro-

ves that fA 8 VU(P)d(u. l-f( VU(P )+ VU(P ))d@. for all A€dom ul, B e

€ dom @, and therefore ) 2 v P+ ¥ U(P ).

Remark. The equality V¥ (P xP )= v (P )+ Vv U(P ) does not hold. in ge-
neral. For instance, for U and V from 2.10, we have ¥ (UxV) <« ¥V (U)+ V»U(V)
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