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COMMENTATIONES MATHEMATICAE UNIVEBSITATIS CAROLINAE
28,3 (1987)

LINEAR COMPLEMENTARITY PROBLEM
AND EXTREMAL HYPERPLANES

Rudolf 3VARC

Abstract: We prove that certain (n-1)-dimensional hyperplanes in R" have
an extremality property w.r.t. the linear complementarity problem. Some ot-

her results about general hyperplanes in R" are also contained in this artic-
le. The problem is related to the investigation of certain types of nonlinear
differential equations and variational inequalities. .

Key words: Linear complementarity, hyperplanes, n-dimensional cube.
Classification: 90C33, 47H15, 05A05

Introduction. This article is motivated by the investigation of the line-
ar complementarity problem (LCP), which can be formulated as follows:

Let A be a given nxn-matrix. Let fe R" be a given vector. We want to find
a vector ueR" such that

utAadT = 1

where u* and u” are the positive and the negative part of u, respectively. I.e.,
_ n . 4+ ok n - n

for u-(ui)ieneR we define u -(ui).“ﬁeR and u '(ui)ieﬁ"R by means of the

formulae

+ o
uj=max {ui,ﬂi, uj=max {-u;,0%

for all ieT (see below for the notation ).

There exists a vast literature about the LCP. From the many articles ab-
out the subject, let us notice, e.g., [1],[2) and [3]. We do not discuss them
here, because we are concerned by the LCP from another point of view, than the
authors of the above mentioned papers.

The pioneering work of Ambrosetti and Prodi in the theory of a class of
abstract nonlinear equations (see 14) and [5)) was generalized in the paper
[6] of Futik, Kutera and Netas and in various subsequent papers. It has been
shown that the problem of the solvability of certain differential equations
can be reduced to a finite dimensional problem and that the LCP is a typical
example of such problems. Many references can be found in [7]. From the recent

- 517 -



related papers let us mention [B8].

There is also the paper [9] of Fu¢ik and Milota, which shows that the so-
lution of an appropriate LCP can substantially simplify the solution of cert-
ain variational inequalities. For instance, this way we can find the solution
to the problem

y'= ¢ in 10,1( - -ixl,xz,. coxl
y(0)=y(1)=0,

y is continuous in [0,1],

y(x;)2 0 and y_(x;)-y (x;)€0 for all ieT,
(y,(x;)-y (x;)) y(x;)=0 for all icT,

where ¢ is a given function and X5 ie™n are given points of the interval
J0,1f. This is a mathematical model of a loaded string over some one-point
obstacles. (Cf. [10].) In this context let us mention also the paper [11].

In [12] it has been shown that the LCP is related to some sort of classi-
fication of hyperplanes in R" in the sense that the existence of various types
of hyperplanes in R" implies the existence of various classes of LCP ‘s. Hence,
it is interesting to investigate, which types of hyperplanes @c R" do exist.
Some partial results are contained in [13], another result is formulated in
Theorem 4 of this article.

From this point of view Theorem 4 is our main result, but its proof is
rather simple after having proved Theorem 1, which seems to be our most comp-
licated result.

Section 1. Definitions and auxiliary results
Notation. (i) 7= 11,2,...,n}.

(ii) Let @c R" be any (n-1)-dimensional hyperplane which does not
contain tiw —iy vrmmt 7
X} FXp X3 X
Then go+ is the open half-space of R w.r.t. @ which contains the points
(a,a,a,...,a) for all sufficiently big values of a, @ is the opposite open
half-space of R".

(iii) [al denotes the integer part of a, [a,bl denotes a closed
interval.

Definition 1. For any wcTi let us define the point C,,=(c)); k"
by means of the formulae

¢)) c‘;= -1, ifiew,

c“i’=1, if ieT-w.

All the points C,,, e c Ti are the vertices of the n-dimensional cube C'c R".
- 518 -




Definition 2. i-edges are all the (l-dimensional) edges of c" which
are parallel to the xi-coordinate axis in R™.

Definition 3. Let ec R" be an (n-1)-dimensional hyperplane which does
not contain any vertex C e c". For such a hyperplane and any ieTn we can de-
fine ki(@) as the number of all the i-edges which are intersected by @ -
Further we define

() k(@ )=min§ki(g0)|ie'ﬁ§-
Lemma 1. Let
(3) ig;_» a;x;=b

be the equation of a hyperplane ec R™. Let ki(go ), ieT be defined and let

for some j, men

®) la;1 £ 1a, |
Then '
(5) kj(gO).ékm(SD).

Proof. If a.=0, then @ is parallel to the x .-coordinate axis and cannot
intersect any j-edge. Hence kj(go )=0 and (5) holds.

Let a.#+0, then am#D according to (4). Let us look at the 2-dimensional
faces 82 of C" which are contained in the parallel planes gog . The equations

§

of §°§ are
x.= -1, if i ¢

) ' >
x;=1, if ie-g- 43,mi,
g c - 43,m%.

Because ajam+ 0,

§3§ N QD:pg

is a straight line in Q¢ and we can define kj<pg) and km(pg) as the number of
the j-edges and the m-edges of Cg which are intersected by Pg These numbers
are well-defined, because C, e pg =» C,e ¢ , hence in the opposite case kigo)
would not be defined. Further

7 . = k. .
N kJ(SD ) £ E-{_ . J(PE)

K = k (p.),
(8) m(gb) Z_ o m( g)

hence it is sufficient to prove that for every §c A- 43,m}
9 kj(Dg).é km(pg),

(5) then follows from (7) and (8).
The equations of Pg are (6) and (3), (3) can be rewritten as
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ajxj+amxm=b- ie ;‘?Z{},,.}aixi .

Using (6) we have

=b+.€Z§ a

B ertymy 5PN TY A ae gt

thus the equations of pg are (6) and

(10) aj xj+amxm=b§ .
Let intersect a j-edge of Cé . Then Pe must intersect some other ed-
1

ge of C2 . If it were the other j-edge, there would exist two numbers x
x2 such that (see (10))

. and
Jan

J
au Il<1, 1<,
1.
12) :-1jxj+am-bg ,
2__ .
(13) ajxj—am—b» .
Subtracting the equation (13) from (12) we obtain
_ 2 1
Zam-aj(xj-xj),
hence

2lapl=la;l 151 2 la; 1 1G]+ Ik < 2]
according to (11). This is a contradiction, because we suppose (4). Hence Pg
cannot intersect two j-edges of C2 and if it intersects a j-edge, it must al-
so intersect an m-edge of Cg . This implies (9).

Lemma 2. Let Sb(t)c R" be the hyperplane
(18) = Xi=t.

Lemn

(i) Let pefu40} and t=n-2p. Then ki(gﬂ(t))’ ien are not defined.
(ii) Let peT and teln-2p,n-2p+2[ . Then

ki (@ (1)= (”'1\ for all icT,

hence p-1/

k(@ (1))= (:i) .

(iii) Let tel-a,-n[v]n,+o[. Then

ki(@(t))=0 for all ieT,
hence
k(e (1))=0.
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Proof. For any vertex Cg =(ci"’)ie.ﬁecn we have

(15) S ®== M+ =

= ® =(-1) cardw +1 (n-card w)=n-2 card w
iem 1 iew 1 dem-w 1l
according to (1). card w e fivi0}, hence ki(gb (t)) are not defined iff t=n-2p
and peniv€03. This is (i).

(15) implies:
(a) If tel-w,-nl, then Z_ c‘i"> t for any C_ e c".

Thus C,, e @ (1)* and C"c @ ()"
(b) If teln,+ool, then =_ c;"< t for any Ce C".

Thus C, e @ ()™ and C"c @ (1)".
(iii) follows from (a) and (b) (using the convexity of M.

Let

teln-2p, n-2p+2[ , peTn. N

According to (15)
(16) Ce €@ (1), if cardw £ p-1,
an C,e@ (t)7, if cardw= p

and k; (@ (1)) is defined. Two points C, , C¢ e C" with cardw & card § are the
end-points of an i-edge of c"iff i ¢ w and §=wu{i}. This i-edge is inter-
sected by p(t), iff C,e@(t)" and Cg € ® ()7, Combining the last facts with
(16) and (17), we see that

ki(@ (t))=card {(w,§ )|wch, §cT, i¢w , £=wu i}, cardw £ p-1,
n-l\

card § z pf=card-{w | wc T, card @ =p-1, i ¢ wi= (
p_l /\ ’

which is (ii).
For the convenience let us formulate a simple consequence of Lemma 2.
Lemma 3. Let gb(t)c R" be the hyperplane (14). Then ki(f’ (t))=k(5° 1)
for any ie fi. If ]t1|é |t21 and k(@ (1)), k(@ (t,)) are defined, then
(18) k(@ (£ )z k(@ (tp)).
The maximal value of k(@ (1)), teR is

(i54)

n-1

[%)

which is attained in the interval ]-1,1[ , if n is odd, and in the set

J-2,0[uv10,20, if n is even.

Proof. The combinatorial identity
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and Lemma 2 imply
(19) k(ga(t))=k(p(—t)).

(19) can be alternatively proved using the central symmetry of c" w.r.t. 0.
Another well-known fact is the inequality

( ; )Z ( ;_1) , whenever selr/2].

From this inequality and Lemma 2 (ii) follows (18) for 04 tlétz. Recalling
(19) we have (18) in general. The last assertion of Lemma 3 follows also from
Lemma 2 using the fact that

max {(;) |5€fu{0}} = ([§/2]> )

Lemma 4. Let @ c R be the hyperplane (3). Let k(@ ) be defined. Let
o =min (lailiieﬁl.
Let @ c R" be the hyperplane

(20) a.x,+bx.=a. .

a.‘?m--fj;i A R Bt |
Then k(%) is defined and

(i) if |b] >« and |ajl=oc » then k(@ )z k(@ );

(ii) if |b|>e and laj|>ac, then k(@ )=k(@);

(iii) if |b]= , then k(@ )=k(@);

(iv) if [bl< o , then k(F)£k(@).

Proof. We shall prove only (i), the proof of the other assertions of Lem-
ma &4 is very gimilar. " can be identified with the (n-dimensional) face

n_ n+1 _
C={xeC Ixml— -1%
of the cube ™. Then © and § will be identified with the ((n-1)-dimensional)

hyperplanes

(21 Xne1= s LFER a;x;=b
and
(22) X .X;+bx.=a.

n+l” 'l’u%-{j,}al i %y

respectively. (Cf. (3) and (20)). ¢© and @’ are contained in the hyperplane
6= {xelelxmf -1t R™L et @' and @' be the hyperplanes in R™L which
=zre spanned by 0 and @ and by 0 and g , respectively. Their equations will be
(23) T = a;x; +bx

iem 1

n+1:0
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and

(28) &é‘»- {;',,iaixi+bxj+ajxn+l=

o,
respectively. (Cf. (21) and (22).)

Oe p' , hence (a' is invariant w.r.t. the central symmetry of le. Thus
g)' does not contain any vertex of Cnd. Else © would contain a vertex of C':
and k(@ ) would not be defined. For ien any i-edge of c™! is contained eith-
er in Cr_‘ or in C2={ xecmllxml:li . go' intersects just all the i-edges in
Cr_‘ which are intersected by @ , and all the i-edges in CT which can be obtain-
ed from them by means of the above mentioned symmetry of le. Hence
(25) ki(fl):Zki(S") for all iemn.
Using the same argument, we can prove that
(26) ki(§> )=2ki(§> ) for all ien, .
whenever one side of this formula makes sense.

Now we shall use Lemma 1. From the assumptions |b| > , |aj|=cc together
with (3), (2) and (23) it follows that

(21 k(g)ky(p),

. ¢ s =2 _ ’ ’
(28) min -fki(go Yient 'kj(5° IEL NN R
Let us interchange the variables x. and X1 le is invariant w.r.t.
this change of coordinates, the equation (23) is transformed onto the equation

(24) and vice-versa, hence go' is mapped onto g'Sl and vice-versa. k. and k__
will be also interchanged, the other ki ‘s remain unchanged. Thus

1
ki(@)=k; (") for all ieT- {3},
(29) kj(g')=kn+l(§‘>"),
A ’
ke (@)=k5 (8-
(As well we see that @' and thus also & cannot contain any vertex of C™*1,
else Sa' would contain some vertex of le.)
From (29) and (28) it follows that
min fk; (@D lien} =min{k.1(<o')|ie?+‘1- 1332 k;(@")=min fki(go’)lieﬁL
hence according to (2), (25) and (26)
2k(¢ )=2 min{ki(gb Yien}=min {ki(gb')liéﬁié min { kj_(?')lie GEE
=2 min{ k;(§)ifeTt =2k()
and we have proved (i).
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Section 2. The theorems
Theorem 1. Let pen-1. Let ®,< R" be the hyperplane

(30) ap ze:fu i atz'm.-tpa)_xl‘b

where
(31) Lt ap> 0,
(32) 3z an, for all ie fi-p.

Let k(goo) be defined. Let Niel-1,1), if p is odd, and Ne[-2,2), if p is even.
Let jeT-p. Let T>0 be the maximal value, for which

(33) a,+T£a; for all ief-p- 3

(34) ap+T£—_ aj+NT .

Let e(t), t<[0,T] be the hyperplane

(35) (ap+t) ‘-:ZT» X u%; 131 21%i +(a +NT)x =b.
Let
M={tel0,T] |k(@(t)) is not defined §-
Then
(i) O¢M,

(ii) M is finite,
(iii) k(@ (t)) is a nondecreasing function on [0,T1-M.
Proof. ©(0)=@  and we assume that k(@) is defined. Hence O:¢ M.

toe M iff V(to) contains some C,, € c". That means

(A w @
(36) 3, %%F L “ﬁzﬁﬂ i€ 2 +a. CJ to(:.i‘:;. ¢y +ch )

(cf. 35)). Because of our assumption C,, ¢ ® and (30) implies that the left-

hand side of (36) is not equal to 0. But then (36) has at most one solution
to' Thus for every C., there exists at most one value toe [0,T1, for which
w© @ (t) and k(e () is not defined. Hence M is finite.

Let tel0,T]-M be fixed. For any v <(0,T] sufficiently close to t the
hyperplanes @(t) and @("c') interseét exactly the same edges of C", thus
k(@ (v ))=k(p (1)). Hence k(@ (t)) can change its value only in the points of
M. )

Let to be such a point and let so(to) contain Cphe c".The equation of
So(t) can be written in the form

_‘??’_ -(b ~em -5 4 35%5" aJxJ-tNx -)/(a +t)

and for C,, we obtain the equation 2
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(37) = c®=(b-, = -ajcg’-toucg’)/(apno).

«w
p et T O it e 3;C4
Let €= w n (A-p- 43%) and P be the (p+1)-dimensional hyperplane
(38) xi=ci‘°, ieh-p- £33 -
n_n~p+l . . . n p+l . -
Then gbgnc ‘Cg is a (p+l1)-dimensional face of C  and C,e Cg SR P 9&)
= Q¢ (t) is a p-dimensional hyperplane in Pe - Co & ®g (to) and (¢ (t)
does not contain any C,, for t#to sufficiently close to to’ because M is fi-
nite. For such t we can define kl( Qg(t)) as the number of 1-edges contained
in c?*! and intersected by & (t). Of course, k1(§>§ (to)) is not defined.
We want to find conditions which ensure that kl( @g(t))‘ is nondecreasing, when

t passes through to'
Let 03.") =1. From (37) we obtain

w_
(39) ia%ﬁ cf -(/3g —aj—tDN)/(ap+t0), .
where
b w
(40) [ig b ieﬁ;ﬁ-{&,&aici

is a value which is constant on ng according to (38). Clearly,
W
(41) ’_:z:,?u ci-p-2q,
where q is the number of negative coordinates in the ordered p-tuple (ciw)ie'ﬁ’
because Ici‘"l=1 for every ieT and wc Ai. Hence for some qe puil}

(42) (p-2q)(ap+to)= [3§ -aj-tON
According to (39) and (41), 9g(to) is given by (38) and
1"265 x;=( [3§ —aj—toN)/(ap+t0)
and w.r.t. Lemma 3 k, (@ (1)) is increasing in ty» if the function Iq(t)l is

decreasing in to’ where

g (1)=( [Sg -aj-tN)/(ap+t).
Thus we only need to find conditions which ensure that
(83) g(t) ¢'(t)<0.
Using (42) we obtain
' _ 3_
g(t) @'(t)=( ﬁg -aj-toN)(-Nap- {3§+aj)/(ap+t0) =
=(p-20)(a +t, ) (N(ast )-(p-20) @)/ (ot )=

= -(p-2q)(p-2q+N)/(ap+to).
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Because ap+t0>0 according to our assumptions, the condition (43) is fulfil-
led, if
(44) (p-2q)(p-2g+N) > 0.

If ¢2= -1, we can proceed similarly as in the previous case and we obt-
ain instead of (44) the condition

(45) (p-2q)(p-29-N)> 0.

Let p be odd. Then p-2q is an odd integer, i.e. |p-2q|> 1. Hence p-2q
has the same sign as p-2g+N and p-2g-N (and (44) and (45) are fulfilled), if

(46) INJ< 1.

If N=1, then (44) is not fulfilled only if p-2q= -1. But then (42) imp-
lies that

(P-Zq}ap‘tc,: ﬂg _aj_tD’

(p-20)3;+a5= fie 5
hence according to (40)

(5]

47 (p-2q)a_+a.+ i b

P 3 Ae %a-(g!aic

But c‘; =1, aJ.:ajc‘j“ and (47) together with (41) implies that

(]

) w _
C1 50y L By it D

p iep
i.e., C, e ®o which is a contradiction.

Similarly we can show that for N= -1 (44) is always fulfilled and that
for |N|=1 (45) also holds. Hence (44), (45) hold for every N e[-1,11.

Let p be even. Then p-2q is an even integer. If p-2g=0, then according
to Lemma 3 (applied to C2+1) the value kl( P (1)) remains unchanged, if t
passes through to' Hence the behaviour of | p(t)( in the neighbourhood of to
is not important in this case. If p-2q#0, then |p-2q]|= 2 and we can repeat
the above written argument (for p odd) with the value 2 instead of 1. (0Of co-
urse, instead of (46) we obtain the condition |N|<2 etc.)

Now we only need to notice that
(48) k(e (= = kq(e(0),
because every l-edge belongs to just one Cg+l, € c A-p- £3%, and that a sum of
nondecreasing functions is a nondecreasing function. Hence kl(@(t)) is nonde-
creasing on [0,T]-M.

The assumptions (31), (32), (33) and (34) imply that for every te[0,T]
and all ie A-p-{3}
ap+t£aj+Nt and ap+t£ai.
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Thus (2) and Lemma 1 imply that
(49) k(e ()=k; (@ (1))
for all tel0,T)-M. (iii) follows from (48) and (49).

Remark 1. Let us drop the assumption

(50) k(@) is defined

of Theorem 1. Then (i) and (ii) is not necessarily true, because then the equ-
ation (36) can have infinitely many solutions. But this can happen only if

w w @y
ap %Fci + a,._,n-;.,aici +ajcj b=0
and
w
. +Nc." =
”ﬁcl + cJ 0

Then every toe £0,T) solves (36), C,, & @(to) for every tueEO.Tl and Mz [0,T].
So if we assume only that
k(@ (t)) is defined for some tel0,T]

instead of (50), we cannot prove (i), but (ii) and (iii) remain to be true.

Theorem 2. Let pe n-1. Let PoC R" be the hyperplane (30), let (31) and
(32) hold and let k( @D) be defined. Let Ne([-1,1], if p is odd, and N e [-2,2]
if p is even. Let jeA-p. Let T>0 be the maximal value, for which (33) and
(34) hold. Let & >0.

Then there exists a number B, a continuous path e(t), tel0,11 in the
space of (n-1)-dimensional hyperplanes of R and a set Mecl0,1] such that

(i) |bbl<e,

(i1) E®=p,,

(iii) @(1) is the hyperplane

(51) (ap+T) };‘r» X+, cmf» i 1)(14-(3 +NT)x b,
(iV) 0¢M1
(V) 1¢M’

(vi) M is finite,
(vii) k(@E(t)) is not defined iff teM,
{(viii) k(@(t)) is a nondecreasing function on [0,1] -M.

Proof. Let us define the continuous path S"(t) of the hyperplanes by
means of the formulae

(52) a ‘E;'F: xi+_i‘§;:ﬁ?’a.xi=b+2t(b—b) for te(0,1/2],
(a +(2t nmn = a.x, +(a +N(2t- l)T)x =B

«.e'fvlq'.s F{\l
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for t €[1/2,1].
Then (ii) and (iii) hold. Let
M= {te[0,1]]|k(@(t)) is not defined3.

Then (vii) holds and because we assume that k( gao) is defined, (ii) implies
(iv).

For wec T let us define

~ 0 _ w w
be —a\p Efv s +4,£‘T'iz.7~aici .
Then for t €[0,1/21 (52) implies that
(54) C, € @ (1) &= b+2t(B-b)=bg, -

Because (iv) holds, bf,d—- b for every w c T, hence

min -i|b2,—b||w c At =d>0.
Let
(54) [B-b| < o\

Then b+2t(B-b)+ bg, for every wc T and every te[0,1/2) . That means accord-
ing to (53) that C,, 4 ©(t) for any te[0,1/2], hence k(go(t)) is defined for
every tel[0,1/2] and k(g (t)) is constant (thus nondecreasing) on [0,1/2].
Especially

(55) k(@ (1/2)) is detined and Mc (1/2,1).

Now we can use Theorem 1 with ©(1/2) instead of ©, and 2t-DT(t e
e-[1/2,1)) instead of t(te(0,T1). Taking into account also (55), we obtain
(vi) and (viii).

Let

1 _ @ w @
b,, -(ap+T) &Z".F c; +:u¢§.5-45gaici +(aj+NT)c:.| .

W.r.t. (51) k(@(1)) is defined and 14 M, if
(56) B4bl, for all we .

Hence (v) follows from (56).
Thus in order to prove Theorem 2 we only have to choose D so that (54),
(56) and (i) hold. But this is always possible.

Remark 2. In the generic case b-\-bi> for all o <7, hence we can choose
B=b.

Remark 3. The choice of B can be subjected to some other requirements,

e.g., we can require that ~
Ibl>|b].
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Theorem 3. Let « c R” be the hyperplane (3). Let k() be defined. Let
& c R" be the hyperplane

A x;=1/2.
Let us assume that
(57) aiZO for-all ien,
(58) aiéaj, whenever i £j, ief, jen.

Then there exists a continuous path @(t), te(0,T] in the space of (n-1)-di-
mensional hyperplanes of R" and a set Mc[0,T] such that

(1) e==,

(ii) @E(M=+6,

(ii1) k(@ (1)) is defined iff te[0,T1-M,

(iv) O¢M, T&M,

(v) M is finite,

(vi) k(g (t)) is a nondecreasing function on [0,T1-M.

Proof. We can apply Theorem 2 with @ instead of Pqr N=0 and p=1. Deno-
ting the value D as bl and M as M1 Theorem 2 ensures the existence of @ (1),
tel0,11 s.t. (i) holds,k(sb(t)) is defined iff t €(0,1] My, M s finite,
k(@ (t)) is nondecreasing on [0,1] -M and @(1) is the hyperplane

2(x +x2)+~ = 3 alxl—bl
Because 1¢M, k(@(1)) is defined.
Now we can apply Theorem 2 with go(l) instead of [ t-1 (tel1,2)) ins-
tead of t(tel0,1]), b1 instead of b, M, instead of M, bZ instead of b, N=0
and p=2. We obtain Qb(t) for tell,2], @(2) will be the hyperplane

33(x1+x2+x3)+:‘ §- a;x;=by
and k(@ (2)) will be defined, because we obtain 24M,.

This way, by means of the repeated use of Theorem 2 (for all pe -1 in

general) we can construct @ (t), telo,n-1) and the set M-% ‘LJ’“_‘1 Mc o,n-13

so that all the assertions of Theorem 3 hold with n-1 instead of T, M instead
of M and the hyperplane @(n-1) with the equation

(59) a_ = _ =b,_

Nnyea X3

instead of € .

% is a hyperplane, hence at least one of the coefficients a ien is
positive, (57), (58) then implies that a >0 and (59) can be rewritten in the
form
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&ga x;=by 173,
Let us define So(t) for teln-1,n) by means of the equation
;,2:’3 xi=(n—t)bn_1/an+(t-n+1)/2.

Lemma 3 then implies that k(@ (t)) is nondecreasing on [n‘l,n]—Mn, M, is fini-
te etc. So we obtain Theorem 3 with T=n, M=§uMn.

Theorem 4. Let < c R" be a hyperplane, let k(x ) be defined. Then

n-1
k(%) s( \)
[(n-1)/2]

Proof. Let (3) be the equation of « . We can assume (57). If it were not
the case, we could use the reflections of R" w.r.t. some coordinate hyperpla-
nes in order to obtain the equation

;%;.,Iail £

in the new coordinates § . W. r.t. the symmetries of " such a transformation
does not change the numbers ki('t: ).

We can also assume (58). In the opposite case a suitable permutation of
the coordinates transforms (3) (satisfying (57)) so that (58) is fulfilled
w.r.t. the new coordinates. On the other hand, a permutation of the coordina-
tes can change only the order of the ki ‘s, the value k(v) remains unchanged.

Now we can apply Theorem 3 and we see that

k(¢ )£k(e).

k(e ([(n:;/ﬂ) ’

which completes the proof.

According to Lemma 3

Theorem 5. Let « c R” be the hyperplane (3), let us assume (57) and
(58). Let me n-1 be odd and
(60) Pm=( > _ a -

w42 i 7L 8142/ (N1
Let

A P2
(We define 8,178 if nis even.)

(1) 1If |o/p mle [n-2p,n-2p+2[ for some pefi, then k() £ (gj)

(ii) 1 |b/@3 |z n, then k(% )=0.
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Proof. The proof of Theorem 3 was based on Theorem 2 with N=0. But we
can apply Theorem 2 or Theorem 1 with N= -1 for p odd, and N= -2 for p even.
Let men-T be odd. Let Bela ,a ;) be such that

(61) (32-a1)+2(a3-a2)+(aa-a3)+2(as-aA)+ +2(am -1
i.e.,

(62) p= ﬂm.
Let us apply Theorem 1 with p=1, N= -1, j=n and Po= % - Then ;o(t) are
the hyperplanes

(63) (aj+t)x+ »ez“"l ayx;+(a -t)x =b.

Now either al+t attains the value a, before an—t attains the value 8 or
not. If not, we stop the path (63) in the value ¥, for which a, =B and then
we apply Theorem 1 with p=1, N= -1 and j=n-1. (With t- T mstead of t.) 3 +t
grows further and ay +t either attains the value a2 before a —(t ) attams
the value 3 or not If not, we stop in the value t for whlch a1 -

-(t-T) 3 and then we apply Theorem 1 with p=1, N= -1 and j=n-2 etc.

During these continuous changes of coefficients in (3) the first coeffi-
cient grows by (az-al)- N= -1, hence the coefficients a;, i e N-m decrease al-
together by the same value (az-al). In fact, (58) and (61) imply that

»(pra=, = _(a,-p),

- m-m

ttﬁ-m 1 {3)7(32—61)’
thus after some steps we obtain for some T,, some rje n-1 and some «, as

@(T,) the hyperplane

= X .=
(68) 32("1”‘2)+ ieR-3 a5+ “'lxr1+1+ /3 ie E-W X tlm

and @(t) is defined for te[O,Tll. (ct. (63).)

Now we can apply Theorem 1 with p=2, N= -2, Jerp+l, @° ;D(Tl) and t-T;
instead of t. We proceed in the construction of go(t) as above, i.e., we be-
gin with j=t1+l, if ov decreases to 3 before e12+1:-T1 attains the value s,
we continue with j=r1 etc. This way a, grows by as-a,. Because N= -2, the sum

(65) > (ai- p )+(o¢1— B,

4 -
GE“ m

simultaneously decreases by 2(a;-3;). In fact, (65) is equal to

L= (8- B)-(a,- 1)

Aea.m i
and (58) and (Ql) imply that
= (a;- p)-(ay-a)) 2 2(a5-a,).
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Thus after some steps we obtain for some 12, some T, ¢ Fl and some o<, 3s
$°(72) the hyperplane

(66) a3, X 3 3% 41" p seEmmgm x;=b
and @(t) is defined for te[O,TZJ.

Now, we can apply Theorem 1 with p=3, N= -1, j=r2+1 etc. to the hyperpla-
ne (66).

We can easily see that after some such steps we obtain for some T as So(T)

the hyperplane
(67) B=_x. i=b-

Aewm

In fact at first the coefficient a, grows by a,-9;. Then a, in (64) grows by
as-a, etc., in the end a, grows by [s-am. This implies that simultaneously the
sum

(68) (a.-f3)

mi&-:m- i

decreases at first by (az-al), then by 2(33-a2) etc., in the end by ( [S-am).
But the sum of all these values is just (éB) according to (61). Hence, if all
the coefficients ay, iem attain the value (3 , the other coefficients a;»
ieTi-m must attain the same value.

Let us remark that in some instants of this construction it can be neces-
sary to change at 'first by a small value the value of b. Hence in general we
obtain as Q(T) instead of (67) the hyperplane 6 , defined by means of the e-
quation
(& g

with some suitable b arbitrarily close to b. (Cf. Theorem 2.) ‘
This way we have constructed a continuous path @ (t), te(0,T1, which be-
gins in © and ends in 6 . This path consists of finitely many straight line
segments. According to Theorem 1 (or Theorem 2) the function k(@ (1)) is defi-
ned for all points of these segments except of some finite set and it is a
nondecreasing function on any of these segments. In the end-points of these
segments k(@ (t)) is defined and continuous. Hence, k(@ (1)) is defined and
nondecreasing on [0,T]-M, where M is a finite set, which contains neither O,
nor T. Thus
(70) k(r)€k(E).

Inserting (62) into the equation (69) of & , we see immediately that we
have proved the following assertion.
A: Let men-1 be odd. Let
a, & [E] % 8me1
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Let & be the hyperplane (69). Then (70) holds.
Similarly we can prove:
B: Let men-1 be even. Let

(7) r&m=( %?:T» ai—21.'6 (‘%T!VI aZiﬂ)/(n-m«rZ),

let
am £ pm éam‘-l'

Let 6 be the hyperplane (69). Then (70) holds.

If m is vdd, then m+l is even and we can insert the value m+1 instead of
m into the assertion B. Comparing then (60) and (71), we see that f3,, calcu-
lated according to (71) coincides with g of (60). Hence, the assertions A
and B can be unified as follows:
Let men-1 be odd. Let us define f3, as in (68). Let a  <f3 £a ..
Let 6 be the hyperplane

= xi;ﬁ/ I3m

(with D arbitrarily close to b and such that f5|> |b] - <f. Remark 3). Then
(70) holds.

Now we can apply Lemma 2 in order to calculate k(6 ) and we obtain the
assertion of Theorem 5 (we also use the inequalities |b|< |bl< |b]+e ).

Remark 4. Let © be the hyperplane (3), satisfying (57) and (58). Then
the assumptions of Theorem 5 are always satisfied for some odd integer me n-1.

Remark 5. To any hyperplane © with the equation (3) there always exists
a symmetry of C" which transforms (3) so, that the transformed equation satis-
fies (57) and (58). (See the proof of Theorem 4.)

Section 3. The examples. The continuous path @ (t) which was constructed
in the proof of Theorem 3, is rather complicated and one can seek for some mo-
re simple path with analogous properties. The most simple path joining « with
6 of Theorem 3 is the path P (t), te[0,1] defined by means of the equation

(72) Elﬁ'(ai‘.t(l-ai))xi=b+t(1/2-b).
We can formulate

Conjecture 1. Let « c R" be the hyperplane (3). Let us assume (57);5 (58)
and b>0. Let @(t) be the hyperplane (72). Let M= {t 6[0,1) k(@ (1)) is not
defined}. Then k(@ (t)) is a nondecreasing function on [0,11-M.

This conjecture can be proved for n=1 and n=2, but for n23 it is false

as the following example shows. 533



Example 1. Let ©c R° be the plane
(73) x1+2x2#3x3=5 .
Let «el0,1f (e.g., « =1/2). Then (72) implies that @(t) is the plane
(74) x1+(2-t)x2+(3-2t)x3=5+t(oc -5).

Theorem 5 implies that k(« )41, because 1 &£(1+2+3)/3£3 and 1£5/2<3.
On the other hand, the vector (0,1,1) solves the equation (73), hence k(t)=1.

Let t=(1+7)/(2-x), where =« >0 is sufficiently small. Then te[0,1]
and (74) can be rewritten in the form

(5) (2- &)%) +(3-2eC = M I+ (-3 -2 Ix5=5-40¢ +(e -5)7 .
If xy=1, x5°1, then (75) implies x= -1-m.
If xy=1, 3= -1, then (75) implies x;=(6-5ec+(-6)7)/(2-c).
If xy= -1, x3=1, then (75) implies x,=(4-3o¢ +(ec-8) 7)/(2-cc).
If = -1, x3= -1, then (75) implies x=(12-9e¢+(cc-8) 1 )/(2- &),
In the first case 7>0 implies that x1<—1. Because o €(0,1), we have
12-9«> 6-5 ¢ > 4-30¢ > 2-c¢ >0,

hence in the other 3 cases x> 1, it m> 0 is sufficiently small. Thus for
t=(1+7)/(2-«) with such an 7 we have proved that

k(gb (1))=0

and k(ga(t)) is not a nondecreasing function.

In the proof of Theorem 3 we have constructed a continuous path So(t)
which passes through the hyperplanes fp defined by the eguations
(76) max {ailic P} _‘%ﬂ Xg*, 5-; a;%;=b,
where all the b_ s are close to b. The path g(t) is "almost linear" between
Pp and PD*I’ for all peh-1.

Let e’p be the hyperplanes

p 1‘."2% 8 Eﬁxf ;g‘;:'_;,aixfbp’
where 'E‘; s are close to b. We can ask, whether it is possible to define a con-
tinuous path & (t) which passes through all the hyperplanes € _ and such that
k(& (t)) is a nondecreasing function of t on its domain.

Using Theorem 1 with p=1, j=2 and N= -1 we can construct the first part
of € (t) namely the part between Gl and 6,. Using Theorem 1 with p=2, 3=3
and N= -2, we can then construct the second part of 6(t) between 6, and 63.
For the construction of the third part between 6'3 and 6’¢ we would need

- 534 -



Theorem 1 with j=4 and N= -3. But such a theorem is false and in fact the
construction of the third part of 6(t) is impossible, if we require the mo-
notonicity of k(6 (t)). Namely, it can happen that k( 5’4)< k( 6‘3) as the fol-
lowing example shows, thus we cannot substitute the arithmetic mean for the
maximum in (76).

Example 2. Let 6‘3c R4 be the hyperplane
an x1+x2+x3+5x4=5.

Then GA is the hyperplane
(78) 2(x) #Xp+X3+%,)=5.

The vectors (0,1,-1,1) and (0,-1,1,1) satisfy the equation (77), hence
k1(6’3)22 and k( 6’3)22. (In fact k( 63)=k1( 6’})=2.) From (78) we obtain ac-
cording to Theorem 5 or Lemma 2 that k( 64)¢1. (In fact k( 6'4)=1.) Thus_we
see that k( 64)4 k( 6'3).
The last example illustrates the use of Lemma 4 and Theorem 5.
Example 3. Let «:cR4 be the hyperplane
x1+3x2+4x3+12xt‘=2.

Theorem 4 implies only the estimate
k(x )<£3.

Using Lemma 4, we obtain
(79) k() &k( $°1)’
where ® is the hyperplane
(80) x1+2x}+3x}+hx4=12.
Proceeding as in the proof of Theorem 3 we can show that

(81) k(@ EK(L,),
where ®2 is the hyperplane

4(x1+x2+x3+x4)=12.
According to Lemma 2

k(‘oz)=1.

Hence (79) and (81) imply that
k(e )£1.

But we can also apply Theorem 5 to (80). In this case
g«,.. a;/4=2.5, a;=1, as=3,
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3 e‘;{iq ai/4£ ay.

Further 12/2.5Z 4, hence k(pl)=0 and (79) implies that k(z )=0.

98]
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