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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
29,3 (1988)

EXTENSIONS OF NONEXPANSIVE MAPPINGS IN THE HILBERT BALL WITH
THE HYPERBOLIC METRIC. PART I.

Tadeusz KUCZUMOW and Adam STACHURA

Abstract: In an open unit disc Ac C we have the Poincaré metric °-
If T:X»4A is a (°, -nonexpansive mappmg of a subset X of A into & , then
there exists a pl-nonexpansxve mapping T A-» A such that its restriction to

X is identical with T.
If in a complex Hilbert space H we take an open unit ball B with the hy-
perbolic metric, then for dim HZ2 the above fact is not true. Similarly as

in ‘An for nZz2.
Key words: Hyperbolic metric, nonexpansive mappings, fixed points.
Classification: 47H10, 32H15

Let B denote an open unit ball of a complex Hilbert space H. B can be
furnished with the invariant hyperbolic metric P, given by the formula

Pl(x,y)=tanh_1[(1- (x,y))l/2 ,
where
8(x, Y)"M—)(‘lﬂﬂ—

11-(x,y)| 2
B(x,r) denotes a closed ball in (B, [ ] ) centered at x and of radius r.

It has been recently shown ([21,13},[5]) that several ideas from the
theory of nonexpansive mappings in Banach spaces can be used to yield new
results concerning holomorphic self-mappings of B which are fl—nonexpansive.
In particular, it is useful to observe that certain metrical properties of
(B, ?1) are analogous to properties of Hilbert spaces. Theref.ote there is a
natural question if the Kirszbraun-Valentine theorem ([61) on the existence
of nonexpansive extensions for nonexpansive mappings in an arbitrary Hilbert
space is still true in (B, ?1)' In this paper we give the answer to this que-
stion.

We will consider first the case dim H=1. Then B is equal to the unit
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disc A on the complex plane C and 2] is the Poincaré metric. The key role
in our considerations will be played by the following

Lesma 1. Let 3 2,33, 1’ 2,b3 be points of A satisfying inequalities
pl(bk,b ) & sbl(ak,a ) for k,3=1,2,3. Then there exist points €),Cp,C3 in
D such that

(i) the inequalities pl(ck,cj) épl(ak,aj) (k,3=1,2,3, k4s3) are satis-

fied and at least two of them are actually equalities;

(ii) if the balls B(cl,rl), B(cz,rz), B(c},r3) have a nonempty inter-

section, then

3
N B(b_,r, )40.
kel KK

Proof: Without loss of generality we may assume that 0=b1, bZﬁR,
Im(b3) 40, (ol(ﬂ,bz) <$°1(al’32) a'nd 91(0,b3)<§>1(al,83). It is easy to ab-
serve that there exists a point c;=ie € D (0<x6eR) satisfying

P1(epobp)= @ (ay,2p), @) (cpo03) &y (ay,a5)

or

@1(c1bp) % 0 (3,3)), @) (c},by)= 91(31"‘3)

Let us denote c2'=b2, c3'=b3. Obviously if Ql B(c‘;,rk)*ﬂ then
3 =

i€=\l B(bk,rk)+ﬂ ([31). Applying this construction at most twice we get the
sought points C;,C5,C3-

Lemma 2. If a b

1»82533,D;,b,,b5 are points of O such that g)l(bk,bj) %

3
< S
—;)l(ak,aj) (k,3=1,2,3) and Q B(ak,rk)*ﬂ for some r}:Tp r3>0, then

()
k=1 B(bk,rk)*ﬂ.

~ Proof: By Lemma 1 we may assume that al-bl-o D<a2-bzeR, a3=re]°°,

reln , where 0<r <1. We have

(1-a2)(1-r2)(1+a2r?-2a,rc0s ) L= €(ay,a5) 4 E(b,,b5)=
=(l—b§)(l-rz)(1+b2r2—2b2rcos IS)'1

and therefore 0 « B4« <. In ﬂ B(ak,rk) we may find a point Reltx,

where 0 £t <1 ([3]). Hence the pomt Relt® 1ies in (\ B(b,r,)-
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Now we may prove the following

Theorem 1. Let{B()%‘, )}‘..I, {B(x_, _‘)i 1 be two families of balls
in the disc & . If Pl Xg D)6 fl(’& x(.) for all o, 3 &I and the inter-

section M B(x",r ) is nonempty then so is the intersection M B(x , ‘)
<€l o6l

Proof: To prove this theorem it is sufficient to apply the Helly's The-
orem ([41) and Lemma 2.

The usual procedure based on the Kuratowski-Zorn Lemma gives the theorem
on the existence of nonexpansive extension.

Theorem 2. Let T:X»4) be a Pl—nunexpanswe mapplng of a subset X of
A into A . There exists a Sbl-nonexpanswe mapping ! D>/ such that its
restriction to X is identical with T.

Lemma 2, Theorem 1 and Theorem 2 fail to be true without assumption that )

dim H=1 as shown by the following example. In (22 we take points a,= (e G),

,=(1e,0), a5=(-ie,0), b =(’,0), b,=(0,00), by=(0,- &), where “, % €
;(0 1) and o= a[(Lr &) (1s o) ‘)1 3

3
For rztanh'lac we have 0 € M B(ak,rk) and f'\ B(bk,rk)=ﬂ.
k=1 k=1

. Now let us consider the domain B"=B»...xB. The hyperbolic metric @n
on this domain is defined by

PrlOxpseexds (peeeoyg)= max @) Gy

for (xps-++3%)s (¥y5-+-5y,)€B" ([11). If we take H=C, n=2 and BxB=A= 4
then for the points al=(D,D), a2=(cc,0), a3=(0,oc), b1=(0,0), b2=(ec,0),

2 2,.y241/2
IRPICS I (S CL b LA

)

1 -1 3 3

and r= 5 tanh "e¢ (D<o <1) we obtain M B(ak,rk)q-ﬂ and M) B(bk,rk)=ﬂ.
k=1 k=1
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