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Nowhere continuous solutions to elliptic systems
OLDRICH JOHN, JAN MALY, JANA STARA
Abstract. We construct for any given Fy—set F in R? a linear elliptic system with bounded

measurable coefficients and its bounded weak solution in R® which is essentially discon-
tinuous on F and essentially continuous on R3\ F.

Keywords: elliptic systems, regularity.
Classification: 35D10, 35J45
1. Introduction. We are interested in linear elliptic systems of the form

(1.1) Do(Af(z)Dgu?) =0, i=1,...,M.

The domain of the functions AZP , u/ is considered to be a nonempty open subset Q
of R™. The summation convention is used throughout the paper. We suppose that

(1.2) AP €L®(Q), of=1,...m; ij=1,...,M
such that there is A > 0 for which
(1.3) A;ﬂ(z)ﬁgfé > M for every £ € R™™ and almost every z € Q.

By a (weak) solution of the system (1.1) we understand a function

(1.4) u€ WA, RM),  u=(d,...,uM)
such that
(1.5) Db =0, i=1,....M

holds in the sense of distributions on  for
by = A Dgul.

According to the classical results of C.B.Morrey, A.Douglis, L.Nirenberg ([18],
[4]) every weak solution of (1.1) is locally Holder continuous provided Agﬂ are con-
tinuous on . As we can see from the proof of Theorem 3.1 in [9), the continuity of
coefficients at one point implies the Holder continuity of the solution in a neighbour-
hood of this point. On the other hand, the discontinuity of coefficients of (1.1)-(1.3)
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even at one point can cause the discontinuity of the solution—see the well-known
counterexamples of E.De Giorgi, E.Giusti, M.Miranda (see [1], [12], [9] ).
Consider now a system

(1.6) Do(Af(x,u)Dpu) =0, i=1,...,M

where the coefficients Z"’ﬂ are uniformly continuous both in z and u and satisfy
conditions analogous to (1.2), (1.3). From the point of view of regularity we can
regard (1.6)to be a special case of (1.1)when putting

AP (z) = AP (2, u(2)).

Although we cannot expect in general the everywhere continuity of the solution of
(1.6) (see [12] ) the following partial regularity result holds (see [9]):

(1.7) “There is an open set 2y C § such that u is locally Holder continuous on £,
and the (m — 2)-dimensional Hausdorff measure of Q \  is zero.”

The counterexample of J.Soucek (see [19]) gives a solution u of a system (1.1)
which is discontinuous on a dense countable set. Hence the partial regularity (1.7)
does not hold for solutions of (1.1).

For the solutions of (1.1), analogues of (1.7) are available in terms of generalized
continuities only. J.Deny and J.L.Lions [3] proved that every function from W2
is finely continuous except a set of 2-capacity zero. This result was generalized to
WP by N.G.Meyers [17]. The relations between capacities and Hausdorff measures
(O.Frostman (7], H.Federer and W.P.Ziemer (5], V.G.Mazja and V.P.Havin [15])
show that the exceptional set of a function from WP has Hausdorff dimension
m — p. It was observed by B.Fuglede [8] that fine continuity implies approximate
continuity in the sense of A.Denjoy (2]. The size of sets of non-Lebesgue points is
estimated in the papers of E.Giusti ([10], [11]), H.Federer and W.P.Ziemer [5], etc.

This all can be said on a function u from W!” without using the fact that u
solves any equation.

For the solutions of (1.1) we have a W'P—estimate for some p > 2 due to
N.G.Meyers [16] which implies that the Hausdorff dimension of the exceptional
set is less than m — 2.

The advantage of the system (1.6) consists in E.Giusti’s “Main Lemma of Partial
Regularity” (see [9]), which states that the solution of (1.6) is Holder continuous
on a neighbourhood of every its Lebesque point.

This leads to the topological interpretation of the proof of (1.7) at least concern-
ing bounded functions, for which the notions of Lebesque points and approximate
continuity points coincide. A fine approach to partial regularity is established by
J.Frehse [6].

This paper is devoted to the continuity of solutions of (1.1) in the usual sense (i.e.
with respect to the Euclidean topology). We construct a system of the type (1.1),
(1.2), (1.3) and its bounded weak solution on R® whose set of points of essential
discontinuity is a given set of the type F,. In particular, the solution can be
everywhere essentially discontinuous. Thus, the above mentioned partial regularity
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results using generalized continuities are for general system (1.1) in some sense best
possible.
In what follows we shall consider the case M = m > 3.

2. Souéek’s method. Let u be a solution of (1.1). Denote

2.1) a¥ = Dau’, (potential field),
(2.2) b = AP Dpui,  (divergence-free field).

Then a,b € LE (R, R™ x R™). Ellipticity and boundedness conditions on A?}B
yields the existence of positive constants A, 4 such that

(2.3) (b,a) > Ma,a) a.e. in 2,
(2.4) (b,b) < u*(a,a) a.e. in (2,

where (a, b) means the scalar product in R™ x R™.
Converting this observation we obtain the result due to J.Soucek [19] which is
very useful in the construction of counterexamples.

Theorem 1. Let u be a given function of WL2(Q2, R™), a its potential field (2.1).
Let b€ L} (2, R™ x R™) be o divergencefree field (i.e. Dob? =0 (:=1,...,m)
on Q in the sense of distributions). Assume that there are positive constants \, p
such that (2.8), (2.4) hold.

Then u is weak solution of a system (1.1), whose coefficients A;’jp satisfy the

estimate

(25) Mol€l? < A3 (2)€5ED < NP,
for all £ € R™ x R™ and almost all z € Q, where
2
(26) M _ Xyl
Mg fe g

PRroOF: For O € (0, ) put

b* — @a?)(b? — 0a°
A;ﬂ=960p6u+( 1 a:)( ] aJ)'

(b — ©Oa,a)
For all £ € R™ x R™ and almost all z € §2 we have
ot 2, 0-0a8? o
A Eafﬂ - el(l (b— ea’ a) = 9'6'

and
|b— ©a)?

2
(b—@a,a))" A— 6 KI

Afees <1+

Choosing © = "2—"’\—‘@ we obtain (2.5), (2.6). =
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Remark. As it is easy to calculate, the above choice of © keeps the ratio Ag/\; in
(2.5) maximal. It will help us to prove that the counterexample constructed in this
article has )\o/)\; arbitrarily near to the Koshelev’s condition number K(m) which
guarantees for Ag/A; > K(m) the regularity (see Section 7).

3. Construction of the counterexample. Consider a sequence {z,} of dictinct
points of R™, a sequence {w,} of constant vectors from R™ and a sequence {G)}
of positive functions from C?(Ry)(p = 1,2...). Denote

o) rp=rp(z) = Iz — 3|, np = mp(e) = -
3.0
fy = fy(@) = —‘i%ﬁ 0p = 05(2) = G (ry(2))-

Assume that the objects described above have the following properties:

(3.1) lwpl <2  forallpe N,
3.2) there exists T € (0,0.01) such that for every
PEN 0< —g, <7fp on R™\ {z,},
(3.3) for every R > 0 we have
o0
3 I fpllLaBacoy < +oo.
r=1
Put
(3.60) up = up(z) = rpfp(np — wy),
(3.40) (af)p = D,u; = fp(bai — n;n;,) + g,(n;n;, - n:w; R
(3-50) (5)p = fp((m — 2)8ai + nyny) + gp(bai — nyny),
oo
(3.4) a= Z ap,
=1
)
(3.5) b= b,
=1
(3.6) u= Z Up.
p=1

Theorem 2. Let @ = R™ and u be defined by (3.6). Then there is a system (1.1)-
(1.8) such that u is its weak solution. For any v € (0,0.01), the system can be
constructed in such a way that

2 -
3.7) % <1+ (—r:‘—_—z% + 1507,
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where p and X are the constants from (2.9), (2.4).

PRrOOF: It will be proved in the next section that one can obtain for each positive
7 the functions f,,g, given by (3.0) for which (3.2) takes place. We can check
that the sum (3.6) converges strongly in W' (R™) and the sums (3.4), (3.5) in

L2 (R™). It is easy to calculate that Db =0, Dyu' = a®,i =1,
the sense of distributions.
Fix now p,q € N and denote O,y = (np,n,). We have
(ap,aq) = fofo(m =2+ e:q)+
+ fp9p(1 - 9:9 — {ng,wq) + Opg(np, wy))+
+ fo95(1 - 9:., = (np, wp) + Opg(ng, wp))+
+ g,,g,(ef,q = Opg[(wg, np) + (wp,ng) — (wp, wy)]),
(bp, bg) = fpfa(m® — 4am? + 6m —4 + 9:,)-}-
+(fp9g + fogp)(m® — 3m +3 - O] )+
+ gpgg(m — 2+ G:q)1
(bp,ag) = fpfg(m* —3m +3 - ©% )+
fpg9g(m -2+ ef’q = (m = 2)(ng, wg) — Opg(np, wy))+
fagp(m —2+ 6% )+
gpgq(1l — eiq — (ng, wg) + Opg(np,wy)).
Hence, taking into account that = € (0,0.01), we obtain

(3.8) (bprag) 2 fpfo(m® —3m+3—63,)(1 —4r),
fofa(m -2+ O:q)(l —117) < (ap,aq) <
< fofo(m =24 63,)(1 +97),
(bpybg) < fpfg(m® —4m? +6m — 4+ 03 )(1 + 7).

From (3.8) it follows that
(3.9 (b,a) = Z(bp,a,) > z/\,q(a,,a,) = Ma, a), where

P9 P9

_ (m?-3m+3-067)(1-4r)

(3.10) = T rr et
PEq’\m(“m“q)

3. =

(3.11) A g

(3.12) (b,b) = Z(b”b’) < Zp:q(a,,aq) = p*(a,a), where
P.a P

2 _ (m®—4m? +6m—4+0})(1+7)

(3.13) Bpe = (m—2+62,)(1 - 11r) ’

...,m, in
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El‘:q(“m aq)
(3.14) ut = fim)—-
Now we estimate from (3.10), (3.13)
(3.15)
p;q _ (m®—4m? 4+ 6m -4+ Ggq)(m -2+02,)1+ 7)1 +97)?

Apgrrs (M2 —3m+3-02,)(m? —3m+3—62,)(1—4r)%(1—11r) =
< (m —4m? 4 6m —3)(m — 1)1+ 7)(1 +97)° _
= ( —3m+2)%(1 - 41)2(1 - 111') <

<+

(1+507) <14 ——— + 1507.

g =
From (3.11), (3.14) and (3.15) we get finally
> l‘pq(an ag) E ar,a,)

P9

:L:q Apg(ap, aq) rZ; '\r- (ar,a,) ~

> p:q(a,,,aq)(ar,a,) 1
= e <14 e 41507,
> Apgdrelap,ag)ar,a,) = (m—2)?
P,q,r,s
So the system (1.1)-(1.3) with the solution u given by (3.60), (3.6) can be con-
structed as in Theorem 1 with the divergence—free field b given by (3.5¢), (3.5). As

we have proved, it has the property (3.7). m

B
)

4. The auxiliary functions. The condition (3.2) is satisfied, if the function
G = G, satisfies the differential inequality

0<—G'(r )<‘rG(r)

This inequality is satisfied e.g. if G is defined by the formula
G(r)=r(l+wr)™", where
k €(0,1), we€(1,00)and 7€ (0,0.01).
For each R > 0 we have (defining f, as in (3.0))

R
1 llzacaaion < ( ] G (r)rm=3dr)1/2.

Putting
Gp(r) = rp(1 +wpr)™",
we have —20147)
Rm T 2
"fP"L'(Bn(o)) < nl’wp [m 2(1 T T)]]/

Hence if the sequence {w,} tends to infinity rapidly enough, the condition (3.3) is
satisfied.
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5. Boundedness. In this section we show that if px < k we can make the solution

u bounded by 2x. We proceed as in Section 3 specifying the choice of G, and w,
by recurrent formulae.

Let p € N. Denote
r—1
=3t
=1

(so in the first step s; = 0). Find §, > 0 such that

(5.1) lsp(z) = sp(2p)| < 27Pkp for all z € By, (2p).
Now let wp € (1, 00) be so great that
(52) wy T <27P
and
(5.3) (1 +wpdy) " <277,
Put
1
(54) Wp = 'K—-‘-‘p(zp)’
P
. Gp(r) = rp(1+wpr) ™"

We define gp, fp,up etc. as in Section 3.

Theorem 3. Under the above specification, for every p € N we have
|sp] < 2x a.e. on R™.

PROOF: By means of induction we prove the following claim:
For each p € N we have

(5.5) ls,] < 26(1 —27P).

For p =1 we have s; = 0. Let p > 1 and (5.5) be satisfied. Choose z € Bs,(zp).
Then from (5.5), (5.1) and (5.4) it follows

lsp+1(2)] < Isp(z) = sp(2p)| + Isp(2p) + up(2)] <
< 277 4 (a1 = 2L2) 4 ey, 7202 <
Kp Kp
< k277 + max([sp(zp)l, £p) S £27P + 2x(1 — 27P) <
< 2x(1 - 27771,
Now choose z outside Bj,(zp). Then from (5.3), (5.5) we obtain

sp+1(2)] < Isp(2)] + Jup(2)] <
<Kp2P+2k(1-277)<26(1-27771). w
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6. Continuity and discontinuity. It is well known that the set of all points of
discontinuity of an arbitrary function is a set of type F,. We shall prove a curious
converse: Every set FF C R™ of type F, is the set of all discontinuity points for a
solution of an elliptic system with L>®-coefficients.

Since a function from W2 is, in fact, defined up to a set of measure zero, it is
more meaningful to work with essential continuity. A measurable function v is said
to be essentially continuous at a point z € R™ if

ogcezssf(z) =0,
where
os:c_.efs f(z) = inf5>o ianCR"' ;meas Z=0 SUP; yeBy(2)\Z |f(l') - f(y)l

If we replace a function f € L%, by its essential limsup (in each coordinate, if a
vector-valued function is considered), then we obtain a representative of f which
is defined everywhere and which is continuous exactly at the points of essential
continuity of f.

Certainly, the results of Section 3 remain valid if we use coupled indices (k,p)
instead of single ones. Consider a sequence {Fy} of closed sets and denote by F
their union. Find distinct points zx p(k,p € N) such that for every k € N the set

{zk,p;P € N}

is dense in F. Further, find compact sets K ,(k,p € N) such that each Kj , has
Lebesque density at z; , equal one and does not meet the set

{z1:1,9 € N,(1,9) # (k,p)}.

For every fixed k we construct ux p, ax,p, br,p etc. in spirit of Section 5 in such a
way that

(6.1) Kk,p = 2~k

)
(6.2) IZu;,,,l <27k for every p,k € N,
g=1

(6.3) lur,p| < 27*7? on K, whenever k,1,p,q € N,I+q < k + p,
(6.4) lug p] < 27%P outside B,-, (2 p)

(it is guaranteed by choice 6x,p < dist(zy,,, U Kig), bkp<27P)

I4+q<k+p

and

(6.5) lukpllws.a By + 1bk,pllz2Ba(oy < const(R)2*~.
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Put
(6.6) u= 2“"'?'
k,p

Theorem 4. The solution of a system of the type (1.1) constructed in this section
has the followsng properties:

a) u is bounded,
b) u is essentially discontinuous at all points of F,
c) u is essentially continuous at all points of R™ \ F.

PROOF: a) is obvious. b) Consider first a point zxp,. By (6.3) the sum (6.6)
converges uniformly on Ky ,. Further, all v, (I,9) # (k,p), are continuous on
Ky p. The function ug,, behaves near z; , like

9-k-1 %~ Zkp
|z — zkp|

Hence oscessu(z) > 27
t—'zg"
By obvious topological argument we see that oscess u(z) > 27% for all 2z € Fy.

¢) Choose z € R™ \ F and € > 0. Find k,p € N such that 2P + 2% < ¢ and
2?41 < dist(z, F UF2 U - U Fy). Then by (6.4)

lug,l < 277 on By-5(z) foreachl€ {1,...,k} and ¢ > p

and by (6.2)
oo
Izul,ql <2™! on R™ for every I € N.
g=1

Hence
| Y wel<2* 4277 <con Bys(2).
1>k or ¢>p

Since the functions u;,q are continuous on a neighbourhood of 2 for I < k and ¢ < p,
we deduce oscessu(z) < 2¢. ®
T2z

Remarks.

1) Given a closed set F', we can by similar method construct a solution u of a
system of a type (1.1) which is locally unbounded precisely at the points of
F.

2) In a subsequent paper we give an example of a system of 6 equations of a
type (1.6) in the dimension n = 3 such that the set of discontinuities of a
solution is not isolated.
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7. Relation to Koshelev’s condition number. In [13] A.IKoshelev proved
that if the eigenvalues of a symmetric matrix A}, are placed in the interval (Ao, A1 )
where

A
;\% > K(m) = ="
1+ 2220 41
then all weak solutions of (1.1) are locally Holder continuous in  C R™.
Observe that in our example

b _E-VvEP-1

1 S+V(B)F -1
and it is a decreasing function of x/\. Thus using (3.7)

) > K(m) —wr
M

where w is sufficiently large positive constant. For 7 small enough, Ao/A; can be
compressed arbitrarily near to K(m). It means that if Ag/A; < K(m) we cannot
control the smallness of the singular set of a solution u by the distance of Ao/,
and K(m) as such a solution can develop singularities on arbitrary F,—set in R™.
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