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On Loo ~~ convergence of Rothe's method 

JOZEF KAČUR 

Dedicated to the memory of Svatopluk Fučík 

Abstract. Loo - convergence and Loo - error estimates are proved for Rothe's method 
(method of lines or method of semidiscretieation) applied to semilinear second order 
parabolic initial-boundary value problems. 

Keywords: Parabolic boundary value problems, Rothe's method, Loo - error estimates 

Classification: 65N40, 65N59 

1. Introduction. In this note we present a simple proof of L^ - convergence 
and Loo ~ error estimates for Rothe's method applied to semilinear second order 
parabolic equations (systems) 

a fu + Au = /(t,a?,u) in Qx(0,T) 

with linear boundary and initial conditions 

_Bu = 0 on aax(o,r) 

u(0) = u 0. 

We consider a corresponding variational formulation in the form 
(1) (A«W, ») + ((«(«),»)) = (/(«, «(*)),»), Vt;€V 

a.e. t € I s (0, T) with u(0) = u0. 

(see, e.g., [4], [5], [3]) where V is a subspace of the Sobolev space W^ft ) ,^ C 
RN is a bounded domain with a Lipschitz continuous boundary #&,(•,•) is the 
scalar product in L2(&) and ((•, •)) is a continuous bilinear form on V x V which 
corresponds to A and B (see [4]). 

C - convergence and C - a priori error estimates for a modified Rothe's approx
imation have been studied in [2], see also [1]. In [2] a maximum principle have 
been used and stronger regularity of u0, d£l and A have been required than in our 
concept. 

2. Assumptions. We assume 

(2) ((«, u)) + K|ug > C\\uf Vu € V 
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where K, C are positive constants and | • |a, || • II we the corresponding norms in 
L2,V, respectively. Moreover, we assume 

(3) ((u,«n)>~C0\u\;Xl VuCVnlooW, Vp = 2* + 1. 

By |u|F+i we denote the norm in IF+i(ft)- The function f : I x Q x R -+ R is 
continuous and satisfies 

(4) |/(*,x,s) - /(*',*,*')! < I/( |* - t\(l + W + |s'|) + |s - s'|) 
V t , t ' 6 / , * € f t , s , s ' €R. 

The only restrictive assumption concerning uo is: uo 6 V H /.<»(ft) «uid there exists 
20 € £oo(ft) such that 

(5) (zo,v) + ((uo,v)) = (/(0,uo),t;), W € V 

which requires more regularity of uo» 
Solving (1) we apply Rothe's method in the form 

(6) (*•!,»)+ ((«,,*)) = (/(*M *i-i),v) Vt>6V 

where t = 1, . . . ,n, h = n~lT, U = ik and £u, = ^ f a t -«i-i)« The corresponding 
Rothe's function un(t) is defined by 

(7) ufl(t) = u i - . 1 +^u i (<-^- iX Vt€(t,-i,t<) = IM 
t = l , . . . ,n . 

Denote ||u||oo := | M L M ( Q ) »»<- IMU.Q :== HUM(9) whe*e Q = QT = ft x / . 

3. The proof of the main result. 
Our main result is 

Theorem 1. Let the assumptions (l)~(5) he satisfied. Then the estimate 

\\U - Un||oo.Q < C ( i + SUP ||a|U(< + ^)-fttl(t)||oofQ) 
n |r|<n--

takes place where u is the solution of (t) and u„ is the corresponding approximate 
solution from (6), (7). 

We note that the assumptions (2)-(5) unply u 6 L0O(I1 V), fyu 6 -Loo(Q) - see 
Remark 10. 

First we prove a priori estimates ||£ti«||oo < C> \M\ < C uniformly for n, t = 
1, . . . , n and then we prove Theorem 1. 
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Lemma 1. The estimates ||-»UJ||OO < C, ||UJ|| < C take place uniformly for n,t = 
l , . . . ,n . 

PROOF : First we prove the uniform a priori estimates ||ut||<x> __i C, Vn, t -= 1 , . . . , n 
under the assumption u< € Loo(^). The existence of u, € V satisfying (6) is a 
consequence of the Lax - Milgram Lemma. Testing (6) with v = uf (p = 2k + 1) we 
estimate 

kl£i < («._»,-f) + c„A|_.|j+i + M£/(l-.-il, kf)+ 

+(|/.|,M')) < («.-.,«f) + CoA|u.|j:i + A?L[|/.|£i+ 

+Ai /(-i-k_1ljt;+2^Tki;:i) 

where the Young's inequality ab < ~ + y ( p _ 1 -f fl"1 = 1) has been used and 
fi :_= /(_,•, 0). Hence we have 

ki£}<(l + (£+*»W(-.-l,-f)+ 

+(i+(i+£n)A) {^l/.fti+-7-^-l«.-ilS.}. 

where X := 2L/ + Co + 1» £n —• 0 for n —> oo. 
Now we apply Young's inequality to the first term on the right hand side. We obtain 

ki£! < (i + (i+£n)A)'+1^Tk-.l^i + ^ K + i + 

+(i + (L+en)h) {~\fi\R\ + -£i--/l-i-il&} 

which implies 

klft} < 2(1 + (I + en)A)'+» {!_,_,f+1 + A|/,|£J}. 

From this recurrent inequality we obtain successively 

kljJI < *(- + (X + e,.)/0('+1)'' I |_,£+J + £ |/,|JJJ* } • 

Taking (p 4- l)~th root and letting p —> oo we deduce 

(8) llt-illoo < -^'"^(H-olloo + ||/(t,0)|U>Q) 

uniformly for r», »' = l , . . . , n wheree„ = *-f and n > nt(Lf,Ca). 
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We guarantee the boundedness of u, by the following arguments. Let us solve 
(6) by the Galerkin method where ut>x 6 V\ and V\ = span(ei,..., e\) stand in the 
place of u,-, V, respectively. Here, {e,}J° are linearly independent, e, € V (1 Loo(Q) 
and the subspace spanned by these functions is dense in V. Then we obtain the 
estimate (8) with Uj,x (X is fixed) in the place of u». By standard arguments we 
obtain a priori estimates \uit\\2 < C, ||U,-.A|| < C(h) where h is fixed, uniformly with 
respect to A,t = 1,. . . ,n. Hence Uit\ —> u,- in Li(tt) for A —> oo,t = 1, . . . ,n. Then 
we conclude u, € Loo(-^)- To prove the a priori estimate H^Hoo < C we subtract 
(6) for t = j and t = j — 1 and put v = (£u,)p where p = 2fc + 1. We obtain 

(*«, - ^ ^ , ( ^ 0 " ) + h((6uh(6uiy)) = 

= (/(*,,«*.!) - /( t . - i ,u,-2) ,(*u,y) < Wi/dt tn l + fa-al, |Su,|')+ 

+«/d^M| l|*ti.P). 

Now, estimating ||6tit'||oo we proceed analogously as in the case ||ui||oo. Using (8) 
we successively obtain 

KI;:; < 2(1+(i+eB)/,ri(i^-iij:i+>.i/(i«.->i£i+ 
+I«M-»5+J + -) < 2(1+(£+e-W^1)(l*«.-ili-M+ 

+C/.(||«o||S+1 + ||/(t,0)||oo>Q + l)) 

where it. := 4.5/ + Co, en = ^~£, n > n0(-L/,Co). -?Vom this recurrent inequality, 
analogously as in (8), we conclude (using also (5)) 

(9) | * . , | - < e(t+*-)T(ll*o||oo + Huolloo + ||/(t,0)1100,0 + 1) 

for all n, t = 1, . . . ,n. The estimate ||ui|| < C is a consequence of (8), (9) and (6). 
Thus the proof of Lemma 1 is complete. • 

10 Remark. As a consequence of (8), (9) and (6) we have ||uj||-y_ < C for 
all n, t = 1 , . . . , n because of the interior regularity results for elliptic equations. 
Thus, the unique •olution u of (1) satisfies: u G Ioo(I, V) H Ioo(I, W^iocW)* d*u € 

-MQr). 
Now let us denote u< = h~* fIt u,Ui = u(t,), eg ~Ui-Ui, for t = 1,...,n where 

/. = (*.-_,*.). 

PROOF of Theorem 1: Let us integrate (1) over 1,(1 < i < n). We obtain 

(11) (^, t>) + ( (u>) ) = (£,u) Vt>€V 

where /,• := h~l / j /(t, u). Subtracting (11) and (6) for v = ep we obtain 

(12) (e . -e^_ ,e?) + M(*.',e?)) = 

= h(zh ej) - fc(/(«if ii.-,), ej) + />(£, ef ) 
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for t = 1,... ,n where p = 2Jfc + 1, e0 = 0,u := u§ for t € (—/t,0) and 

Zi := Sui — Süi = h"~2 I (u(s) — u(s — h))ds — h"~l I ftu = 
Jit Jit 

-ST/T1 f(h~l f ÖtU(T)dT-dtU(s))ds. 
Jli J»-k 

Now we estimate 

(13) M < h~* f f \dtU(s) -dtU(T)\dTds < 
Jit J»~h 

< sup h'1 I \dtu(s + r) - &tu(s)\ ds 
\r\<h Jit 

and 

(14) \fi - /(*,,«,-,)! < |/, - f(t,ui)\ + |/(t,ff«) - /(*,«<)!+ 

+l/(«,«i)-/(*<,«.-i)l<l-/(fc-a / / |u(*)-«(r)|«V*+ 
J/< J/i 

+|e,| + /*(|*u,| + C)) < Lf( f \dtu\ + |e,| + h(\6ui\ + C)) 
Jit 

where C := max||u;||oo - see (8). We proceed in (12) analogously as in the proof of 
Lemma 1. Using the estimates (13), (14) in (12) we have 

M £ l < (-.-i,e?) + fc(C. + I , ) M £ i + 3/.L/-^T|e.|J+.!+ 

+~T7h I m^h~1 I \d,u(3 + T)-d,u(3)\dsY+1dx+ 
P +1 JO |r|<& y/( 

+^7(h,+1\Sui\'ft\ + H ( dtuY+1)dX + C+lh>+\ 

Here, we use the estimates 

(supfT1 / |ftu(s + r)-d«u(s)|d.s)'+1< 
M<* Jit 

< h"1 sup / \dtu(s + r) - a<u(j)|'+1 ds, 
M<*«'/. 

( / dtuy+^h' f \dtu\>+lds. 
Jit Jit 

Then, analogously as in the proof of Lemma 1 we obtain 

(W) M£I < 2<(1 + (I + 6n)^+1),'{|e0|jjl+ 
+*'+1( / " /(Iftttnl^1 + |ftu|'+1) + C"+1)+ 

JO Jo 

+ sup / / |ftu(s + r) - &u(s)|'+1 da? ds 
|r |<* JO JO 
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where c0 s 0, L = 4£/ + Co, e* » ^ , n > no(-L/,C0). Then (15) implies 

I N U < e<^*)T(Mllfttifl|U,Q1. + ||ftt*||oo,QT +C)+ 

+ sup \\dtu(s + r) - ftt*(j)||oo,Qr ) 
MS* 

for t == 1, . . . ,n. For ť € / , we estimate 

IN - tlw||oo < ||t* - t*7||oo + f&i - Will*, + ||t*i ~ tlť||oo+ 

+2* | |Moo * C(2M||aiti|U,QT +2| |^W | |oo,QT)+ 
+ SUp ||fttl(3 + r) - fttl(3)||oo,Qr) 

M<* 

and finally 

||u - UnlU,,,- < C ( i + sup ||a,«(í + r) - ftu(í)||oo,«3r) 
n MS* 

which is the required estimate. • 
As a consequence we have 

Theorem 2. Suppose (B)-(5). Letu be the solution of(i) and let un he the Roihe's 
function defined by (7). 

i) If dtu € C(/, loo(H)) tóe» un-*u tn IOO(QT)/ 
ii) Ifd*u 6 LooiQr) then \\un - tiJloo.Qr « ^ í i ) -
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