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Hankel integral transforms of a new space of generalized
-functions of slow growth

JAVIER A. BARRIOS, JORGE J. BETANCOR

Abstract. In this paper the Hankel integral transformation is extended to a new space of
generalized functions of slow growth by employing the method of adjoints. Many of the
proofs are made by using the Mellin integral transformation.

Keywords: Hankel transformation, testing function space, generalized functions

Classification: 46F12

1. Introduction.
After Schwartz’s [12] extension of the Fourier transform to generalized functions,

the extension of classical integral transformations to generalized functions have
comprised an active and interesting area of research (see, for example, L.S. Dube
and J.N.Pandey [3], E.L. Koh and A.H. Zemanin (7], A.H. Zemanian [18] and J.M.

Mendez [9]).
The Hankel integral transformations defined by

(1) R (@)} () = / 2T (zy)f(z) de
and,
@ b (F(@)} ) = v / Ju(en)f(z) do

have been extended to spaces of generalized functions by I. Fenyo [6], J.M. Mendez

[9] and J.J. Betancor [1], amongst others.
Our main objective in this paper is to define the Hankel transformations (1) and

(2) on new spaces of generalized functions of slow growth.
We introduce two spaces of testing functions denoted by H, ; and F,; and it is
proved that the following diagram of isomorphisms

Ky
F,, — F,,

M| Jm
hyn
H,,y] — H ,1
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is commutative provided that u > 0, where M denotes the usual Mellin integral
transformation and the mapping K, is defined by

_ oe-1_Ls +4)/2)
K,(®) =2 ll‘(l v —-s)/2¢(2 -s), ($€F,)

We also establish that, for u > 0, h, 7 is an automotorphism on the space H, ;
of testing functions of structure similar to H, ;.

The Hankel transformations h,,; and h, satisfy the mixed Parseval equation

([91)
3 hu {fYW)9(y)dy = | f(z)hy2{g}(z)dz.
/ /

According to J.M. Mendey [9] the generalized transform h},,f of f € H, , is
defined, for p > 0, through the relation

(4) (hzl,lfv¢) = (fahn,2¢)v ¢€ Hp,2~

The generalized h, , transformation is defined on Hj, as the adjoint of the
classical transform h,; on H, ,, provided that 4 > 0. More exactly, if f € H,,,
then hj, , f is given by

®) (hu2f 8) = (fihu1d), ¢€Hu,.

Notice that definitions (4) and (5) appear as generalizations of the mixed Parseval
equation (3).

The notation and terminology of this work will follow that of [18]. I denotes
the open interval (0,00). (f(%), #(t)) denotes the number assigned to some element
#(t) in a testing function space by a member f of the dual space. D(I) is the
space of infinitely differentiable functions defined on I having compact support.
The topology of D(I) is that which makes its dual the space D'(I) of the Schwartz
distributions. E(I) denotes the space of infinitely differentiable functions defined
on I and E'(I) is the space of distributions on I whose supports are compact subset
of I. ’

2. The spaces H,; and F,; of testing functions and its duals.
In this section we introduce the testing functions spaces H,; and F,; and its
main properties are studied.

2.1. The space H, ;. Let u be a real number. H,; denotes the space of all
complex valued smooth functions ¢(t) on 0 < t < 0o such that for each nonnegative
integer k, D*¢(t) is of rapid descent as z — oo (i.e. D*¢(t) tends to zero faster
than any power of 1 as z — c0) and on which the functionals 7}, , defined by

7:1,5(¢) = S“PzellxmB:‘#'(x)I ’ mvk =07172»'--
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assume finite values, where B, = z7#~!Dz2#+1Dz~#,

H, 1 is a linear.space under the pointwise addition on functions and their multi-
plication by complex number. Each v}, , is clearly a seminormon H,; and v}, 5 isa
norm, for every m € N. Consequently, {7:,,,‘}:,‘=0 is a multinorm on H, ;. We as-
sign to Hy,) the topology generated by {7}, ;}o 1= thereby making it a countably
multinormed space.

The dual space H), , consists of all continuous linear functionals of H,,:. H}, , is
also a linear space to which assign the weak topology generated by the multinorm
{4}, where ng(f) = |(f, $)| and ¢ ranges through H,1.

It is obvious that the space D(I) is contained in H,, and the topology of D(I)
is stronger than that inducted on it by H, ;. Hence the restriction of any f € H,
to D(I) is in D'(I).

One can easily prove that if f(t) is a locally and absolutely integrable function
on I, then f(t) generates a member of H, ; through the definition

(f.9) = / fOd()dt . $e Hu.
0

We shall now derive a structure formula for an element of H,, |

Proposition 1. Let f be in H, ;. Then there ezist essentially bounded measur-
able functions g, k(z) defined on x > 0 for m,k = 0,1,2,...r, where r is some
nonnegative snteger depending on f such that

r

f=3 zBi(z™ " Dgm i(z))-

m.k=0

PROOF : Let f be in Hj, ;. In virtue of [18, Theorem 1.8-1] there exist a nonneg-
ative integer r and a positive constant C such that

(6) Kfid)l <C oJBBX Yo i(8), ¢ € Hyuy
Moreover
(7 z™Brg(z) = - / D(t™Blé(t))dt, z>0

because }Lngo z™Bk¢(z) = 0.
Hence, by (6) and (7), one follows

®) Kf. 9 < C | max DB, ¢ € Ha

where ||}l denotes the norm in the space L1(0, 00) of equzva.lenoe classes of abso-
lutely integrable measurable functions.

677
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If we define the mapping

¢ = Jé = (D(t" Byd(t))m k=0
then, in view of (8), the mapping
T:JH,, -»C
(D(t™ By (1)) k=0 = (f, )

is continuous, when JH,, ; is endowed with the topology induced in it by L1 (0, 00).
In virtue of the Hahn-Banach theorem the mapping T can be continuously ex-
tended to (L;(0, 00))(r+1)’,
On the other hand, since the dual of L;(0,00) is equivalent to Loo(0,00) (see
F.Treves [15]), there exist essentially bounded measurable functions Am ., m, k =
0,...,r such that

(£:8)=( Y hmui(z), DE™Bh¢(z))) =
m, k=0 .
=(- 3 =BEa""'Dhnu(2), #(2)), $€ Hyur.
m,k=0
By making gmk = —hmx (m,k = 0,...,r) the proof of this proposition is
completed. .

2.2,The space F,;. Let 4 > 0and 0 < ¢ < 1. Fy, is the space of all holomorphic
functions ¢ on the domain G = C — {—p —2k | k € N} having at most simple
poles in —u,—pu — 2,4 — 4,..., such that

one(®) = sup  [(8)uk®(s)] <00, (m,k=0,1,...)
5 € Ve(m, k)
where
Ve(m,k)={s€C/-2k+m+e<Re s<-2k+m+1+e¢}
and
1, ifk=0
@k ={ (+ms+rt2)..(s+nt2k-2(s—uws—p+2)...

c(s—p+2k-2), k<1

The a:,’",, are norms on Fy; ;. Moreover, Fy ; is understood to posses the topology
generated by the multinorm {0/ }% o, thus, F}, is a countably multinormed
space.

We can prove, by making use the maximum modulus theorem for the holomorphic
functions, that the space F};, is, actually, independent of €. Hence, in the sequel
we will denote by Fy,1, of, 4, V(m, k) to Fj; 1, a5 Ve(m, k), respectively.

We now list some properties of the space F), ;.
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Proposition 2. F,; is complete and therefore it is a Frechet space.

PRroOF : Let {®,}5% be a Cauchy sequence in F),; and let {2 denote an arbitrary
compact subset of G =C — {—p—2k: k€ }.
We can easily prove that

c=(Jvmou(lJvemuJva.n).

Hence, there exists ng € N such that
no no
ac(|Jvon)yuvan).
n=1 n=1

Let W = {(m,k): (k=0,m=0,...,n9)or (m€ {0,1},k=1,...,n)}.
Assume now without loss of generality that 0 < ¢ < min(1, #). Then, there exists
a constant A > 0 satisfying

9) [(8)ukl = A, Vs € V(m, k)NQ and (m,k) e W.
Therefore, given an n > 0,

(10) sup  (3)u,k(2u(8) — ui(s)) <
SEV(m,k)

for every v,v' > vy for some vy € N.

From (9) and (10) we can deduce that {®,}52, is uniformly regular on Q.

Hence, in virtue of the completeness of the space of holomorphic functions of G
(see J.B. Conway [2], pp. 151), there exists an analytic function € on G such that
{D*®,}%2, converges uniformly on Q to D¥®, for each k € N.

By using standard arguments we can prove that {®,}52, converges to  in the
space F, ;. The proof is completed. ]

Therefore F),; is a space of testing functions of G. F), ,, the dual of F,, is
a linear space to which we assign the usual (weak) topology. F},, is a space of
generalized functions.

Proposition 3. If n is an even nonnegative integer, then Fyyn,) C F, 1, and the
topology of Fuin,1 is stronger than the one induced on it by F, ;.

PROOF : To see this assertion we assume that u + 2 # € + k, for each integer k.
Let ® € F,‘.}.z,].
We must analyze the expression sup |(3),,x®(s)| with m,k € N.
s€V(m,k)

If we define

V(m,k) if p+2¢V(m,k)

Volm. k) = { Vim,k)—D(u+2r) if p+2€V(mk)
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where D(p + 2;7) = {: |z =

K =2| < r} C V(m,k), by applying the i
modulus theorem ([2]), then } (m. k) maximum

sup |(s),,k®(s)| =

2EV(m,k)
= (s+p)s—p+2k—2)
11 = sup |(s ® <
(11) neV~<m,k)|( Jutzi (3)(8 —p=2)(s+p+ 2k)l -
SC sup |(8)u+2,4%(s)l
s€EV(m,k)

for a suitable positive constant C.

Hence, @ in F), ;. Moreover (11) implies that the topology of Fj4,; is stronger
than that induced in it by F, ;.
- Therefore, our assertion is true for n = 2. The general case follows by induction
on n. ]

We can conclude that the restriction of f E’I"""Y1 to Fuyn,1 isin F, ., |, provided
that n is an even nonnegative integer.
2.3. The Mellin integral transformations and the spaces H,, and the
spaces F, ;.

In this paragraph we establish a paramount result of this paper: the Mellin
transformation is an isomorphism from H,, onto F, ;, provided that p > 0. This
fact allows to prove a let of properties for H,, ; in relation to other ones for F,, ;.

Theorem 1. If u > 0, then the Mellin integral transformation is an isomorphism
from Hy onto F, ;.

PROOF : Let ¢ € H, ;. Asit is well-known the Mellin transformation of ¢ is given
by

(12) B(s) = (M)(s) = / £ g(t) dt.

It is easy to see that the integral in (12) is absolutely convergent provided that
Res > 0.
Integrations by parts in (12) yield

tl+u+1

G-ps+a +

30 = [0 - D=+4(1)

(13) . o ot
— *+1B ¢(t)dt.
+(s-p)(s+u)°/t nd(t)
From (13) we can deduce that if Re s > u then
(14) (s e = )0(s) = [ £+ B00e)

0



Hankel integral transforms of a new space of generalized functions of slow growth 681

because D¥¢(t) is of rapid descent as £ — oo for each k € N and the function
21 Dz~#¢(z) is bounded on 0 < z < co. (14) also holds when s = u.

The right hand side of (14) defines an analytic function when Re s > —2. Hence
&(s) can be considered as an holomorphic function for Re s > —2 except at most
in 8 = —p, where ®(s) can have a simple pole.

By repeating above arguments one shows

(15) ()0 k8(s) = / £+2k=1 BRg 1) dt

for k € N and Re s > —2k. Moreover ®(s) is an analytic function on C except in
s=—p,—p—2,~u—4,... where ® can have simple poles.

From (15) it is inferred

P (8)uk ()] < C{vp 1($) + Ym42,4(4)}

for m and k belonging to N and C being a suitable positive constant independent
of ¢.

Hence the Mellin transformation defines a continuous mapping from H, ; in F,
when p > 0.

Let now ® be in F,; and let ¢ be a positive real number.

Define
1 c+ico
(16) ¢(t)=(M”<I>)(t)=§r—i / t*%(s) ds.

Notice that the integral in the right hand side of (16) is absolutely convergent
and it is independent of ¢ > 0. Moreover ¢ is an infinitely differentiable function.
By differentiating under the integral sign in (16), one has

c+ico
t™Dr4(t) = -(%11:3: / t7emkg(s 1 1).. (s 4+ k — 1)®(s)ds

from where, for every m,k € N and ¢ > max(u,m — k),
@17 [tmD*g(t)| < Mok, ()¢t *

for t > 0, where M is a positive constant no depending on ¢ and r is a nonnegative
integer such that
—2k—-2+4+r+e<c<-2k+r-1l+c¢

By (17), we get
Jim tmD*(t) =0
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or, in other words, D¥¢(t) is of rapid descent as z — co for every k.€ N.
By differentiating again under the integral sign in (16), one has

c+ico
1
(18) " BH(t) = 5 / tmem=2kg | 3(s)ds

c—ico

for every m,k € N.
To show that M ™! is a continuous mapping from F), ; into H, ; we must discern
two cases.
i) Assume t > 1 and choose ¢ > 0 such that —2k +m — ¢ < 0 and ¢ # p — 2k.
From (18) one follows

dn

thl: t t—2k+m-c m / i
" Bud(t)] < ) | TR e = o)

where r € N and
(19) —2k+r+e<c<-2k+r+1+e
Hence,

(20) sup |t"‘B"¢(t)[ < Mot 11 (9)

for a certain M > 0 and r is given by (19).
ii) Let now 0 < t < 1. We can write

m k
|t B:d)(t)l <|Bg¢(t)| for every m,k€N

being
1 c+ico
(21) B(t) = 5 / £-0-2K(s), B(s)ds
c—100

Let ¢; be a real number such that
—E[u]-2k-2+e<c;<-Efu]-2k-1

and consider the path C = Yi, i of the following figure
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—u — 2k

Notice that the function (s),,x®(s) has at most a simple pole in s = —u — 2k at
the inside of C. Hence, by Cauchy’s residues theorem, we get

5—:—; ‘/(s)“'k@(a)t"_z"ds = Res{(s)u s ®(s)t™*"%*;5 = —pu — 2k}.
c

Moreover the integral along I3 and I tends to zero as R — oo, because of our
hypothesis on ®(s). By combining these results we find that

BYg(t) = M, it* ,ql_il‘fl_“(s)u,k+1+8[u]‘I’(S)+

(22) c1+ico
+ o t_"“(s),,_k@(s)ds

€1 —i00
where
lim 1
ommpm2k (5~ p+2k) s+ + 2k +2)...
o (s—p+2k+2E[p))(s+ p+2k+2E[u)])

Since t € (0,1) and —2k —2 — Efu]+¢ < —p—2k < —2k — E[y] +¢, the following
inequalities

My =

(23) lt“M & '_.Ell'ﬁ_zk(-’)p,k+l+E[p]¢(s)l < |Mp,kl{ag[“],lq.k.’.z[,‘](q’)'*'

+ uE‘[u]+1.l+k+E‘[n](‘I))}

c1+ico

1 —.—
(24) Pl IR OWCTOTTES VT S C)

€y =100

683
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hold, for a certain M; > 0.
By combining (23) and (24) we can conclude

S )leqs(t)! < My{olh s (D)
#) 1o Bt 1,140+ £ (D)}

where M, > 0 is independent of &.
Hence, by (25) and (20) one inferres

Y t(®) SMa{05 ke m1(®) + OB 14k B (B)F

”r+z,k+1(‘1’)}

for suitable M3 > 0 and r € N is given by (19).

Therefore M ™! is a continuous mapping from F},; into H, ;.

Since M.M~Y(®) = (@), for ® € F,, and M~L.M(¢) = ¢, for ¢ € H,; (see
I.N. Sneddon [13]), the proof of this theorem is finished. ]

Some properties of H,,; can be now proved by using the Mellin transformation
and according to Theorem 1. In effect, by virtue of Proposition 2, H, ; is a complete
space and, hence a Frechet space, provided that y > 0. Moreover if 4 > 0 then
H,; C E(I) and the inclusion is continuous.

By invoking Proposition 3 we can state the following

Proposition 4. If n is an even nonnegative integer then H,yn 1 is stronger than
that induced in it by H, ;.

2.4. Some operations on H,; and H ",‘1. We now study some operators on the
spaces H,; and H, ;.

Proposition 5. Let u > 0 and p+ a > 0. The mapping

Io: Huy = Hyta,
¢ = (lag)(z) = z°¢(2)

is an isomorphism. Its inverse 1s I_,.

PROOF : As it is well known
M(Iag)(s) = M(8)(s + )

¢ being a suitable function. Hence, According to Theorem 1, I, is an isomorphism
from H, ; into Hy4a, if, and only if, the mapping

Vo : Fp,l b Fp+a.l
@ - Va(®)(s) = B(s + )

is an isomorphism.
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Let @ be in F, ;. Then Y,® is an analytic function in C — {—p—a —~2k : k € N}.
Ya® can have at most simple poles in the points —u — 2k with k € N.
On the other hand, for every m, k € N, one has

ot (Va®) = sup [()usar®(s +a)| =
s€V(m,k)

o = o1, 800

where
W(m,k)={s€C:-2k+m+a+e<Res<-2k+m+a+e+1}

and

5] { 1 ifk=0
Ik =\ (s+u)s—2a—p).. . (s+p+2%k—2)(s—p+2%k—2-2a ifk>1
By making use again the maximum modulus theorem we can deduce from (26)

that s
a”+a(y0¢) -<- M Zaxl;,k;(@)

m,k
=1

for certain M > 0 and m;, ki e N (¢ =1,2,3).
Therefore Y, is a continuous linear mapping from F,; into Fyta,1.
The proof can be easily finished.
Note that from Propositions 4 and 5 we can inferred the following

Corollary 1. If P(z) is a polynomial then the mapping
P H“,l — H, )1
¢ — P(¢)(z) = P(z?)¢(z)
is linear and continuous.

We define the operators
Tud(z) = 2Dz~ $(z)

Sub(z) = z* / =M g(t) dt

oo .

Ru¢(z) = 27+ 1 Dzt g(z)

By using arguments similar to the ones employed in Proposition 3 and 5 Theorem
1 it can be established
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Proposition 6. Let u > 0.

a) T, is an isomorphism from H, ; onto Hyy1,1 and its inverse is Sp.
b) R, defines a continuous linear mapping from Hyy1, into H, ;.
c) The operator B, is a continuous linear mapping from H,, into itself.

If we denote by T}, S, R}, and B} the adjoint operators of the classical ones T},
Su, R, and B, according to well known results concerning to operators on duals
of Frechet spaces (see A.H. Zemanian [18]), then

Proposition 7. Let u > 0.

a) Ty is an isomorphism from H, ., , onto H, , and S} is the inverse of T}.
b) R}, is a continuous linear mapping from H,, ; into H, ., .
¢) By is a continuous linear mapping from H,, , into itself.

3.The Hankel transformation h,; on H, ;.
This section is devoted to describe the behaviour of the h, ;-transformation on
the space H ; of testing functions. Previously we need to prove the following result

Lemma 1. Let > 0. The mapping
I\'“ : Fu,l bad F,,_]

. —ge1_L((#+39)/2)
[ 2 I&u(Q)(S) =2 1m@(2 - 8)

is an automorphism.

PROOF : Let ® be in F,; and let € € (0,1) such that

(e+k:ke)N({—p—-2k:keNyU{u+2k:keZ})=0.

Denote by ¥(s) = K,(®)(s).
As it is known I'(s) is a meromorphic function that has simple poles at the points

$=0,-1,-2,.... Hence ¥(s) is also a meromorphic function having simple poles
at s = —p, —p —2,... at most.
Moreover, if m,k € N then

e 8= e el 027 Tl
where
1 if k=0
lo = { (h+2-8)2—p—s)...(u+2k—-s)2k—p—s) k21
and

W(myk)={seC;2k-—m+1-—eSRes§2k—m+2—a}.
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Since

_(U Vin, 0))U(UV(0 n)) u(U V(1,n)).

n=0
there exists &€ nonnegative integer k; such that
Wimky C V(k1,0)UV (k1 +1,0)
(28) Wimgy CV(0,k)UV(L,k +1)
W(m,k) c V(0,k + nHu V(l, ky +1).
On the other hand (see A.Erdelyi (5],1.16(6)):
(29) [T(s)] 2 (27)!/2|Im s[Re "(’/2)exp(-—%|lm sl)  as|s| = co.
Assume that Wy, ) C V(k1,0)UV (k1 +1,0) = A(k;) and chose p € N such that
1— Re(s)+2k—2p< -1, for se€ A(ky).
Moreover, if z9 € A(k;) is a zero of the polynominal (s),, we choose a disc
centered in zo and contained in A(k;). We proved in a similar way if zp € A(k;)

is a pole of the function I'(1 + (4 — 5)/2)[s], ;. Notice that such poles are not in
W(m,k). We denote by B(k;) to the union of said discs provided that these ones
exist and A(k;)” = A(ky) — B(ky).

Now, by using the maximum modulus theorem we can deduce from (27) and (29)

T+ (u—9)/2)

ak (¥ sup — (8], , ®(s)2' | <
)< gy el T((u +5)/2)
[}k p1-s L+ (1 = 5)/2)
< sup - |22l sup [(8)u,p®(s)| £
R SR O ((PER T Rt
SM( sup |(8)uk®(s)|+  sup  [(s)u,pR(s)])
s€V(k1+2p,2) s€V(k1+12p,p) .
for a certain M positive constant.
A similar procedure can be followed in other cases in (28). .
Therefore K, is a continuous linear mapping from H, ; into itself.
Since K, = K;! the proof is finished. ]

A main result of this paper is presented in the following .

. . R
Theorem 2:. If u > 0, then h,-transformation is an automorphism in the space
Hy,,.

PROOF : This theorem can be proved by making use of Theorem 1 and Lemma 1.
In effect, according to I.N.Sneddon [13],
I(1+ (s —3)/2)

M(hua9)(s) = 27 —Fr s

M(¢)2~s), ¢ € Hun

or, in other words,
hua(e) = M—l'Kﬂ'M(¢)9 pEH,,
Therefore h, ; is an automorphism in the space H,,1 provided that u > 0.
We now study certain operational rules for the h, ;-transformation.



688 J. A. Barrios, J. J. Betancor

Proposition 8. Let u > 0. If ¢ € Hy 1, then
a) hyt1,1(t,®) = —yh,1(4)
b) Tuhyua(é) = huyri(—2¢)
) hy1(Bud) = —y*h,1(9)
d) Buhya(9) = hya(—2%¢) .
If ¢ € Hp+l,17 then
€) hu1(Rud) = yhyus11(4)
f) Ruhytv11(9) = hya(z¢).

4. The Hankel transformation h,; on the space H, ,.
The h,-transformation defined by (2) is related to the h, -transformation
through

(30) hu2($)(Y) = vhua (a7 ¢(2))(y).

In view of the equality (30) we define the space H,, of testing functions as
follows: ¢(z) is in H, if ¢(z)r~! belongs to H, ;. H,z is endowed with the
topology generated by the family of seminorms {3}, ;}3%°,_,, where

Mo k(8) =1 i(7'¢), ¢ € Hypo.

From Theorem 2 we can deduce.
Theorem 3. If 4 > 0 then h,; is an automorphism on the space H, ;.
Moreover the following operational rules for h, ; can be established.

Proposition 8. Let 4 > 0. If € H, 5, then
a) hui1,2(Ry0) = yhy2(9)
b} Ruhy2(8) = hutr,2(z¢)
) hu2(Bid) = —yhy2(¢)
d) Bphy2(4) = hyo(—2%¢).
If¢€ H,‘+1_2, then
e) Bua(t,8) = —yhuy1,2(9)
f) Tihpia,2(8) = hy2(—24).

5. The generalized Hankel transformation.
According to the ideas developed by J.M.Mendez [9] and in analogy to the relation
(3) we define the k), , transform b}, , f of f € H}, , by

(31) (h:A,lfv ¢) = (f) h}‘.2¢)7 € Hp.2'

' In words, we can say that the hj, ,-transform (h), , f) of a generalized function
f € H, , is defined as the adjoint of the classical transformation h,, 5.
From Theorem 3 we can infer:
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Theorem 4. The hj, ;- transformation is an automorphism onto the space H, ,
provided that u > 0.

Notice that if f isin H), ; the f generates a regular distribution in the space H,, ,
through

(32) (19) = [ f@)4@)ds, $€ Hoa
o
In effect, since z f(z) is an absolutely integrable function on (0, 0o0) one has
.8 < bo@) [ Vf(@rel e,
0

Therefore if f € H,; we can define h, f and k), , f the classical h, ;-transform

and the generalized hj, ,-transform of f, respectively. However, according to (31),
we have

(h;A,lfv ¢) = (fs hu,2¢>v ¢ € H;t,2

and in virtue of (32),
(R fr @) = 7f(x)hu,2(¢)(w)dz, ¢€H,,.
0
By invoking the mixed Parseval equation (3) one follows
(hyf d) = 7¢(r)hu,x(f)(2)d$ = (hu1f,4), € H,.
2

Hence hy, ; f and h,, ; f coincide in the sense of equality in H), ,
We now establish certain operational rules for the hj, ; transformation.

Proposition 10. Let u > 0. If f € H, ,, then

a) h;a+1.1(Tuf) = "‘yh:;.l(f)

b) Tnh:‘,l(f) = h;;+1.1("-"f)

c) h;;,l(BI‘f) = —yzh'p,l(f)

d) B, (f) = ha(=221).
Iff€H,,,,, then

e) h;‘,(R,.f) = yh’““‘,(f)

f) Rph'p+l,1(f) = h;.,l(-"f)~

689
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PROOF : We only prove a). The other operational rules can be proved in an
analogous way.
Let f € H,, ,. According to Proposition 9, ), we have

(Ryp11(Tuf)y 8) = (Tufo hug1,20) = (F, Thhuga29) =
=(fv hy,Z(_y¢)) = (_yh;;,lfy ¢)1 for every $€ Hu,2-

Note that the operational rules presented in Proposition 10 are extensions to
generalized functions of those ones established in Proposition 8.
In a similar way we can define the generalized h, z-transformation on the space

H, , provided that u > 0.
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