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Distinguishing example for the Tillmann product
of distributions

JiRf JELINEK

Abstract. The Tillmann product of Schwartz distributions is more general than the Kamini-
ski product.

Keywords: Distribution, Tillmann product, Kaminski product
Classification: 46F05

Several ways to define the product of distributions by mollification have been
investigated. Let S,T, W be distributions on R” . We say that W =5 - T iff

(1) (Wyw) =Lm((S % ¢e)(T * c),w)

for all w € D(R™) and for all nets {¢c}e>0, {¥e}e>0 which vary in certain classes of
nets of smooth functions and converge to the Dirac measure. Recently this definition
with the condition

(2) Pe = ¢e

has become important because of its relations to the Colombeau algebras. With
this conditions we call this product to be Kamiiiski product iff

0 vel2) = (5,

¢ € D, [ = 1. Wawak [2] has proved that equivalently one can subject the nets
to the conditions (2),

) /% 1,

©) supp g, — {0} s £ 10
and
© il @ e < M

for all @ € N2, ¢ > 0 . Equivalently, the relations (1), (2) can be replaced by
(see [2])

(7) (W,w) = gg;(%[(s % 0 )T + S(T % pe)lsw).
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The Kaminski definition is also equivalent to the Colombeau one [4] : W is associ-
ated with the product S ® T in the Colombeau algebra.

Further, in dimension n = 1, one can define the Tillmann product by (1) with
(2) and (3) valid for one mollifier ¢ only,

1
e(z) = o(z) == @)

As g has not a compact support, the convolution in (1) is not defined for arbitrary
R,S € D'. M. Oberguggenberger has shown that in the case R,S € D', the
existence of the Kaminski product implies its equality with the Tillmann product.

The aim of this paper is to give an example of distributions $,T € D'(R?) (S = §)
having the Tillmann product but not the Kaminski product. So the Tillmann prod-
uct is strictly more general. It gives the answer to one of the questions asked by
M. Oberguggenberger during the International Conference on Generalized Func-
tions... Dubrovnik 1987. I have presented this example on the International Con-
ference on Generalized Functions... Oberwolfach 1989 and I thank M. Oberguggen-
berger and R. Wawak for having carefully read the example and proposed some
simplifications of the calculation.

Definition 1. Put T = Y2 . T, € D'(R), where

n=1

®) Ta(z) = es" (re‘s"&(lxl —e )= &(lnrf!lz—ll—ﬁ;—s"))-) )

Here 6(|z| — a) for @ > 0 denote §(z —a) + 6(z + a). Choose a functionn € D, n =1
on [—1,1], n = 0 outside [-2,2], > 0 and denote

1 z? |
ofz) = m(22 +1)’ o(a) = n(z6 +1)°

Wehavefg:fa:l.

2. In the sequel ¢, is meant always by (3) (n = 1).
Note. We will prove that the Kaminski product §-T does not exist but the Tillmann
product § - T = 0. The last assertion means that

(9) lim 0.(T % g¢) = 0
¢ e]0

in D’. We can replace the distribution T by the distribution with compact support
nT without changing the assertion above. Indeed, as

sin(n(ln |z| + 8™)) <L

(10) In|z| + 8" -8

for |z| > 1,

T is a bounded function outside [-1,1].



Distinguishing example for the Tillmann product of distributions

Proposition 3. T is o distribution of order 0 (end a bounded function outside
(-1,1]). *

PROOF : Let us write
T, = nX{z;z>0} T TnX(z;z(O} =: T: +T,.
For ¢ € D([-A4, A]) we have

(1) (T o) = e (retp(e) - [T SO o) ar)

and it is sufficient to estimate the integral.

/ IS‘“(:’,EZ‘i;’f"” @ w—/ o[ |

< e™"n-max|e(z)| + A_4"+—8" max |¢(z)],
which gives the result. n
Proposition 4. lim. (T, p.) = 0.
PROOF : for T*. We have
1 1
(12) oe(z) = —- i E

From (11) we obtain after the substitution z = e’¢

(13) (T e) =

P 1 /°° sin(n(s + lne + 8")) 1
= et — . dS .
Tt S —o0 s+Ine+ 8" m(e? +e?)

Writing
(14) ‘sinn(s + lne + 8") = Im e (s1n e+8")

we calculate the integral by the residue theorem integrating over the rectangle with
vertexes 2k, £km+kni 1(k — oo) but avoiding the simple pole at s = —Ine—8".

—km + kmwe km + ki

—kn s 0 kr
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The others simple poles are at i( 3 + jm) (J € Z), where the function }TJ'TI-E-_')'
has residues equal to L{—:,X We obtain

oo ein(a+lne+8") 1
v.p./ .s+ln€+8"‘7r(e’+e")=

T ( 1)] ln(l +ijr+Ine+8™)

= 2
7r(e—lne —8" 4 elne+8n) + g - 272 z; +ijm +1lne + 8" ’

which implies due to (13) and (14)
-n¥  _—njr
+ < e e
el < e Z;, Frlmer s
e~3-%) 1

< = . .
T iF+lne+8 1—e "

and similarly for T, .

Hence,
©  —n(3-1) 1
BT el <2 D e T e T
L 1
nmt eld i +Ine+ 87 1—e*

by the Lebesgue majorating theorem: the serie is majorated by the summable serie

3B

oo
Z ."21 ‘1—6‘”'

Remark 5. g, % 9, = 0c+a (for £, a > 0).
Lemma. lim,o{(T % g.)o:,0) = 0.
PROOF : This limit is equal to
1 € ) x €
(a:2 +1) w(z?+e2) " w(z? +e2)
(o~ o) ¥ )
1r2(1—62) 22+e? 22 +1' " n(z?+¢2)"

m(T(z), ( ) =

hm(T(z),

Now the lemma follows from the remark and from the proposition above and from
the fact that the functions g14. form a bounded set in £ and in L; (see Proposi-
tion 3). =
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Theorem 6. The Tillmann product 6 -T = 0.

PROOF : By (9), we have to prove lim,jo{0:(T % ¢.),¢) =0 (p € D). As T
is an even distribution, we can replace p(z) by 1(¢(z) + ¢(—z)), so we suppose
without loss of generality that ¢ is even. Let us write ¢ = ¢(0) + 9 for to have
¥(0) = ¢'(0) = 0. Hence

z2

14 z2

(15) P(z) < A

for some A > 0. Due to Proposition 4 and Remark 5 we have
(6 - T,1) = lim(p(T * ¢.),1) =0,

so

(16) (6-Tp) = (6T, %) = Iim(T, (Yee) X ¢c) -

We are going to show that the last testing functions go to zero uniformly and in L,
which will give the result due to Proposition 3. By (15)

z? € 1 e (2

[¥(=)ee(=)l < A7 22 m(@t+ed) l4a? 7w (B +1

<

b

Ae
™
50 |1hge % g¢| < 4, too. Further, due to Remark 5 and (15), |thoe % 0] < Agz..

= o
]

Proposition 7. For the function o(z) = Tr(?%ﬂ the assertion lim,o(T,0.) =0 s
not true.

PROOF : We have

1 1
1 ()= — s -
(an )= Ty
From (11) we obtain after the substitution ¢ = ece®

(T:vJC) =

N 1 _/°° sinn(s +1lne +8") ds
T (P () S stlmedsr w(ette™) )

€

The function has simple poles at

1
w(eS4e—

s=i(g +i3) (€2
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with residues equal to (-E-}r?.-l—. Using the same method as in the proof of Proposition 4,

we obtain
o ein(ig+ijF+nets™) (1)

T+, e) = — L 2mi .
(T 0e) = —e@ m.; T EfiZtlets 6m

.) and denote

Choose e, = ™8 (m = 1,2,..
-nj§ . ein(8"—8"‘)

(=1 e
Anj = 3 CTE T - e
15 +yr+8r-8
So we have
(18) (T, 0.) _—ZZImA,.,
n=1 j=0
with following estimations: \
m—1 oo m—-1 oo -z
1 e773 2 m 1
|Anjl < Z. <. —. —,
L M L 25 T <5 e T
11
Am,O = 52_61'1
e =] e ) -— y X x
1 e™3 2 e ™3
Al < - < = s
;' J| —_ ;3 % = r l_e_z.
oo oo o <) [s<) . X
1 e73 2 1 g—m-1
Z Z'Amls P =37 _-x° 1
n=m+1 j=0 n=§+11203 581: 3 1-e73 1—43

From (18) and from the above estimations one sees that

3N

Jim (T*,0,,) = lim(~Im Am,) =

Remark 8. The sets of functions
{z > LIRS 0 <1
2o ;), <e<
1 'z
zHga(;); 0<e<l
restricted on the interval (2, 8), are bounded in B((2,8)). It means

|(.(%)u (2159(—::-))] <M, (z€(28),a€eNy,0<e<1)

and similarly for o.
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Proposition. If a distribution F € £'(R) has a value equal to v at 0, then
lexfg(F, 0c) = 151{13(1’, oe) =v.

PROOF : Without loss of generality we can suppose that

(19) supp F C {z;|z| < 1}.
By the assumption, we have
(20) liﬁ])(F, Pe) =V~ /ga forpeD.
Let us decompose (as for n see Definition 1)
oo

(21) o(z) = p(ko,) + Y olk, ),

k=ko
where
(22) w(ko,z) = o(z) - n(27"2),
(23) o(k,z) = e(z) (n(27*"2) — n(27"2)) .
So

= 1 z
(24) (F, ec) = (Fype(ko, o)) + 3 (F(2), Zelk, 2))-
k=ko

By the above remark, the set of functions
{z = (2" 0(k,2* '2); k=1,2,...}
is bounded in D([-8,—2] U [2,8]). The set of distributions
{D([-8,-2]U [2,8]) 3 ¢ = (F,pc); €>0}

is bounded in D'([-8,—2] U (2,8]), betause ¢ =+ {F,p,) is a continuous function
which goes to 0 as ¢ | 0 and which is equal to zero for ¢ > } (due to (19)). This
implies that for some ¢ > 0 (independent on ¢, k)

1 ., 4z
|(F(@), 21k, 221 2 <,
or, putting ¢ instead of 2~ %+1¢,
|(P(), 2ok, 2))| < 27+

From this, by (24) we obtain
2—ko+1c

I
1 2

|(F$ Ql) - (Fv V’e(ko,'))l <

Passing to the limit as €¢ | 0 and kg — oo, we obtain from (20) and (22) the result
for the function p. As for o, the proof is similar. n
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Theorem 9. If T =T € £' is an even distribution for which the Kamiriski product
with § exists, then T has at 0 a value v (and it’s known that § - T = vé).

PRrROOF : Using (7) for the definition of the Kaminski product for w = 1 in a neigh-
bourhood of zero, we obtain the existence of the limit (and its independence on
p€D, [p=1)

.1 .1 o .
I:g)l 5[(T3 ‘PC) +T % ‘PC(O)] = lelﬁ)l '2—[(Ta W:) + (T’ ‘Pe)] = lelﬂ,l(T’ Soe) .

Consequences 10. From Propositions 4, 7, 8 we obtain that T has not a value
at 0. By Theorem 9, the Kaminski product é - T does not exist, while the Tillmann
pz:oduct 6 -T = 0 by Theorem 6.
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