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On isomorphisms between c-ideals on w;

MAREK BALCERZAK

Abstract. Two o-ideals on w) are called n-isomorphic if there is an isomorphism between
them expressible as a composition of n involutions. It is proved that any two isomorphic
o-ideals in wy are 2-isomorphic. Further, we consider o-ideals with bases of cardinality uy
and study the cases when two o-ideals are isomorphic, 1-isomorphic, properly 2-isomorphic.
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0. Introduction.

We use the standard set-theoretical notation (see e.g. [K]). The phrase
“a g-ideal on w,” will mean that we speak of a o-ideal Z C P(w;) such that wy ¢ T
and {z} € T for all £ € w;. A subfamily F of T is called a base of Z if each member
of T is contained in a member of F. If the unions of all countable subfamilies
of a family H C P(w;) form a base of Z, we say that T is generated by H. For
F1,F2 € P(w;), we denote by F; @ Fy the family of all sets E C w; such that
E C A; UA; for some A; € F;,1=1,2. Observe that if Z nd J are o-ideals on w;
and wi ¢ T® J, then T @ J is the o-ideal generated by TU J.

Let T and J be o-ideals on w;. We say that:

(1) T and J are orthogonal if T® J = P(w,) or, equivalently, if there are A € T
and B € J such that AU B = wy;

(ii) Z has property (P*) if the complement of each member of T contains an
uncountable member of T {gee [Ba); cf. also condition (), Theorem H4
in [M]);

(iii) Z and J are isomorphic if there is a bijection f :w; — w; such that, for the
bijection f* : P(w1) — P(w1) given by f*(E) = f[E] (the image of E) for
E € P(w;), we have f*[I] = J; then f is called an isomorphism between T
and J (cf. [BTW]);

(iv) a bijection f : X — X is an involution if f = f~! (or, equivalently, if f o f
is the identity);

(v) T and J are p-isomorphic, where n is a positive integer, if there are involu-
tions f; : w; = w; (1 =1,2...,n) such that f;0f,0---0f, is an isomorphism
between T and J;

(vi) 7 and J are properly n-isomorphic if they are n-isomorphic and either n = 1
or T and J are not (n — 1)-isomorphic;

(vii) 7 and J are strongly isomorphic if they are n-isomorphic for some n.

Obviously, if 7 and J are strongly isomorphic, the are isomorphic. Concerning
the converse implication, the problem arises whether every bijection f : w; — w; can
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be composed from a finite number of involutions. The author would like to thank
Professor P. Simon for bringing him the solution which considerably simplified the
previous version of the paper (he does not know where the fact stated in the solution

can be found).

Proposition 0.1. For any set X, every bijection f : X — X is composable from
two involutions.

PROOF : At first, consider the case when f is a shift from the set Z of all integers
onto Z, given.by f(n) =n+1. Then f = hog where g and k are involutions given
by g(n) = —n and h(n) = —n + 1. Next, consider a general case. If f(z) = y,
we write briefly + — y. We shall find a set T C X and a partition of X into sets
A(z), for z € T, such that € A(z) for any z, and every A(z) is either of the form
A(z) = {z0,...,2n} where n € w and

(1) Tog — T3 — -+ — T, — Tg,
or of the form A(z) = {z; : i € Z} where
2 e T =TT ...

(in both cases, z;’s are distinct). This can be done inductively. Consider any
z9 € X. Let z9p € T and define a sequence zg — z; — --+- — z; — ... as long as
possible to have all z;’s distinct. Then we get either (1), if the procedure if finite,
or (2), if it is infinite. All terms of (1) or of (2) form A(zo). Next, if possible,
consider any z, € X \ A(zo). Let z, € T and define A(z.) analogously as A(zo).
The procedure will stop if the union of all constructed A(z)’s is X. Observe that
(1) can be written in the form

(1) e Ty Ty Ty DTy =Ty = Tg ... .

For each z € T, the function f | A(z) is a bijection on A(z) and can be expressed
as h(® 0 g(#) where ¢g(*) and h(#) are defined for (1’) or (2), analogously as g and h
for the shift on Z. It is easy to verify that ¢{*) and h(*) are well-defined involutions
on A(z). Finally, observe that the mappings g and h on X such that g | A(z) = g®
and h | A(z) = h(® for z € T are involutions and f = hog. =

From Proposition 0.1 we get

Corollary 0.2. Two o-ideals T and J on w, are isomorphic if and only if they are
strongly isomorphic. Moreover, if T and J are isomorphic, they are 2-isomorphic.

An interesting fact on isomorphisms between o-ideals is contained in the Sierpin-
ski-Erdés theorem (see [S], [E], [O], [M]) concerning Lebesgue null sets and meager
sets on the real line R. Note that Continuum Hypothesis (CH) is assumed there. If
R is replaced by w;, then CH may be omitted and the general version of the theorem
is the following (cf. [O]):
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Theorem 0.3. Any two o-ideals on wy with bases of cardinality wy and with
property (P*) are isomorphic. If, additionally, they are orthogonal, then they are
1-isomorphic.

Note that a o-ideal on w; with a base of cardinality wy and with property (P*)
has a nice characterization. Before we give it, let us recall some definitions.

A family F C P(w,) is called almost disjoint (in abbr. a.d.) on w; if |A| = w,
for each A € F, and |AN B| < w; for any distinct A, B € F. It is known that there
is no maximal (with respect to inclusion) a.d. family on w; of cardinality wy. So,
there are a.d. families on w; of cardinalities > w; and, among them, the maximal
family obtained by Zorn’s lemma. For details, see [K]. By a partition of w; we mean
a family of pairwise disjoint subsets of w; with the union equal to w;.

Proposition 0.4. Let I be a o-ideal on w;. The following statements are equiva-
lent: .

(a) T has (P*) and a base of cardinality w,,

(b) T is generated by a partition of wy into w; uncountable sets,
(c) T 1is generated by an a.d. family of cardinality wy,

(d) T has (P*) and is generated by a family of w, uncountable sets.

PROOF : The only nontrivial implication among (a) = (b) = (c) = (d) = (a) is
the first one and it was established in [S] (see also [O]). ‘ =

Note that the implication (a) = (b) is a crucial point in the proof of 0.3.

Theorem 0.3 suggests several problems concerning isomorphisms between o-ideals
and, among them, the following questions for o-ideals 7 and J on w; with bases of
cardinality w;:

1° Assume that 7 and J have not (P*). When are they isomorphic, properly
n- isomorphic (n = 1,2)?
2° Assume that 7 and J have (P*) and are not orthogonal. When are they
properly n-isomorphic (n = 1,2)?
In the paper we try to give the answers.

Notice that o-ideals generated by a.d. families on w; of cardinality > w; are
natural examples of o-ideals without bases of cardinality w;. Other examples can
be derived from [BTW]. It seems that there are many various nonisomorphic o-
ideals without bases of cardinality w; (see e.g. Theorem 5.10 in [BTW]) and this
can enable one to describe the corresponding equivalence classes in a simple way.
Note that some new conditions guaranteeing isomorphisms between o-ideals on w;
which have no bases of cardinality w; are obtained in [P].

1. Simpler cases.
At first, note that if A C w; and 7 is a o-ideal such that among subsets of A only
countable sets belong to T, then Z N P(A) = [A]<«1.

Lemma 1.1. Let T be a o-ideal on w, with an uncountable member and with a base
of cardinality w,. Then I has not (P*) if and only if

T="P(4)® [w \ A<
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for some A C w; such that |[A] = |w; \ A] = wy.

PROOF : Necessity. If 7 has not (P*), there is A € Z such that among subsets of
wi \ A only countable sets belong to Z. Of course, w; \ 4 is uncountable (otherwise
wy € T). The set A is also uncountable, since, in the opposite case, T would consist
of countable sets only. Thus it follows that 7 is of the desired form.

Sufficiency. The set A belongs to Z and its complement contains no uncountable
member of Z. Thus 7 has not (P*). Let w; \ A = {zo : @ < w;}. The family
{A}U{{z, : v < a} : @ < w;} forms a base of . ]

Proposition 1.2 (cf. Theorem H4 in [M]). Let T and J be o-ideals on w; with
bases of cardinality wy. Then I and J are isomorphic if and only if ezactly one of
the cases holds:
(1) I=J =],
(2) T = P(A) @ [w1 \ A]<“t, T = P(B) ® [w1 \ B]<“t for some A C w; and
B C wy such that |A| = |w1 \ 4] = |B| = |w1 \ B| = wi,
(3) T and J have (P*).

PROOF : Sufficiency.. In case (1), the assertion is trivial. In case (2), choose
bijections g : A - Band h:w; \ A — w1 \ B. Then f : w; — w; equal to g on
A and to h on w; \ A is the desired isomorphism. In case (3), recall the proof of
the first statement in Theorem 0.3 (see [S]). By Proposition 0.4, we get partitions
{Xa:a<w}and {Y,: @ <w} of w; into uncountable sets, generating Z and J,
respectively. Consider bijections fo : Xo — Yo for @ < wy and let f : w; — w; be
equal to fy on X,,a <w;. Thus f is the desired isomorphism.

Necessity. Assume that (1) does not hold. Thus both 7 and J possess uncount-
able members. Assume that (3) does not hold. Then at least one of the o-ideals
T and J has not (P*). If neither of them has (P*), then (2) holds by Lemma 1.1.
So assume that, for example, Z has not (P*) and J has (P*). By Lemma 1.1, we
get T = P(A) ® [wy \ A]<“! for the respective A. Suppose that f is an isomorphism
between T and J. Since A € Z, the set B = f[A] belongs to J. By (P*), choose an
uncountable E C w; \ B belonging to J. Of course, E = f[D] for some D C w, \ A.
Since f is an isomorphism between Z and J, we have D € Z, hence D is countable.
Thus E is countable, a contradiction. n

Proposition 1.2 describes, in fact, the equivalence classes (given by (1), (2)
and (3)) when the relation “to be isomorphic” is restricted to the set of all o-
ideals on w,;.with bases of cardinality w;. Next, one can ask the question when
these o-ideals are properly n-isomorphic for n = 1,2. To answer it, we consider
cases (1), (2) and (3) separately.

In case (1), the situation is trivial: the o-ideal [w;]<*! is 1-isomorphic to itself.
Next, let us study case (2).

Proposition 1.3. Assume that T and J fulfil (2). Then

() if either |JAAB| < wy or |A\ B| = |B\ A| = w1, then I and J are

1-isomorphic;

(B) if either |[A\ B| <w; = |B\ A| or |[B\ A| <wy =|A\ B|, then I and J are

properly 2-isomorphic.
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PROOF of (a): If |JAAB| < wi, then T = J and the identity is the f.iesi.red
isomorphism. So, assume that |4 \ B] = |B\ A| = w;. Consider a bijection
g: A\ B — B\ A and define f : w; — w; by the formula

g on A\ B
f={ g} on B\ A
the identity on w; \ (AAB).

This is the desired isomorphism.

PROOF of (8): From 0.2 it follows that Z and J are 2-isomorphic. However, we
now give a short proof. Put ¢ = w; \ (AU B). From (2) and the assumptions
of (B) we easily deduce that |C| = |w; \ C| = w;. Define K = P(C) @ [w; \ C]<*1.
Since |A\ C| = |C\ 4] = w1 = |B\ C| = |C \ B|, therefore, by (a), there are
isomorphisms f and g such that f*[I] = K, f = f! and ¢*IK] = T, 9 = ¢,
respectively. The composition g o f guarantees that 7 and J are 2-isomorphic. To
show that they are properly 2-isomorphic, suppose that there is an isomorphism h
between T and J such that h = h~1. Let, for instance, |A \ B| < |B \ 4| = w;.
Since ANB € INJ, we have h([AN B] € TN J. From the definitions of Z and J
it follows that |h[A N B]\ (AN B)| < w;. Since h o k is the identity, we have

(+) (AN B)\ kAN B]| < w;.

From B € J we get h[B] € Z, and thus |h[B]\ A| < w;. Moreover, |h[B]\(ANB)| <
wy since [A\ B| < wy. Now, by (*), we have |h[B]\h[ANB]| < w;, which is impossible
because |h[B] \ h[AN B]| = |A[BN A]| = |B\ A| = w;. . =

Proposition 1.3 gives a complete characterization of properly n-isomorphic pairs
of o-ideals (for n = 1,2) in case (2) of 1.2. It seems more difficult to obtain
a respective result for case (3). This will be discussed in the next section.

2. Strong isomorphisms of normal o-ideals.

In the sequel, o-ideals on w; with the property (P*) and with bases of cardinal-
ity w; will be called normal.

Theorem 0.3 shows that orthogonality is a sufficient condition for two normal
o-ideals to be 1-isomorphic. However, this condition is not necessary, which follows
from the next two propositions.

Proposition 2.1. If T and J dre orthogonal normal o -ideals, then INJ is normal.

PROOF : Let {X,:a <w;} and {Y,: @ <w;} be the respective partitions of w,,
associated with 7 and J by Proposition 0.4 (b). Since Z and J are orthogonal, we
can choose these partitions so that Xo UYp = w; and XoNYy = 0. Then it is easily
seen that ZNJ is generated by the partition {Xy : 0 < a <w; }JU{Ya:0 < a < w;}.
Hence the assertion follows from Proposition 0.4. ]

Proposition 2.2. For each normal o-ideal I, there ts a normal o-ideal J suck
that INJ = [w1]<“?, and T and J are 1-isomorphic.

PROOF : Let {X, : @ < w;} be the respective partition of w,, associated with T
by Proposition 0.4. Assume that X, = {zJ : 7 <w;}, @ < w;. Define Y, = {z :

47
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a <wy}, ¥ <wi, and let J be the o-ideal generated by the partition {Y, : v < w1 }.
Then J is normal by Proposition 0.4 and it is easily seen that TN J = [wy]<“*.
The involution f : w; — w, given by f(z$) = = for (a,7) € w1 X wy, is the desired
isomorphism between Z and J. ]

Let us give a simple criterion for two normal o-ideals to be properly 2-isomorphic.

Proposition 2.3. If T and J are normal o-ideals such that T G J, then I and
J are properly 2-isomorphic.

PRrOOF : By Corollary 0.2, the o-ideals 7 and J are 2-strongly isomorphic How-
ever, let us give a direct proof. Let {X, : @ < w;} and {Y, : @ < w;} be the
respective partitions of w;, associated with Z and J by Proposition 0.4. By the
assumption, we may suppose that Xy = Y. Since w; X w; and w; are equipotent,
we can partition Xy into disjoint uncountable sets Z,, 0 < a < w;. Consider bijec-
tions fo : Zo = X, and go : Z, — Y, for 0 < @ < w;. Define f : w; — w; and
g:w; — w; by

f={f°' on Zy, 0<a<w

fat on Xo, 0<a<uw

and
_{ga on Z,, 0<a<uw
g gt on Y, O<a<uw.

Thus f and g are involutions and (g o f)* [Z] = J (cf. (iii) in Section 0).
To finish the proof, suppose that h : w; — w; is an isomorphism between I and
J such that h = h~!. Then we have J = h*[Z] G h*[J]| = I, a contradiction. =

Problem 2.4. Characterize the set of all 1-isomorphic (or properly 2-isomorphic)
normal o-ideals on w;.
Finally, note one more property of normal o-ideals.

Proposition 2.5. If T and J are nonorthogonal normal o-ideals, then T ® J 1is
normal. -

PROOF : By Proposition 0.4, let us associate with 7 and J the respective partitions
{Xo : @ < w1} and {Ya : a < wy}. It suffices to find a respective partition
{Zy:a<w}forT@ J. Since T and J are not orthogonal, we have

(x) forany A€ Z@®J, there are a < w; and f < w; such that
*k
I(Xa UYp)\ A] = wi.
Fix a well-ordering < of w; X w; isomorphic to the natural ordering of w;. Define
Zp = XoUYy. Next, assume that 0 < v < wy, and that thesets Z, € I®J fory < v

are defined. By (#x), choose the first (with respect to <) pair (a,8,) € wy X wy
for which |(Xa, UY3,)\ U, <, Zy| = w1. Put

z,= |J Xau¥p)\lJ 2.

(a,8) X(a,8.) r<v

This ends the induction. It easily follows that the sets Z,, @ < w; form the required
partition. .
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