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HOMOTOPIES OF COMMUTATIVE n-ADIC GROUPS

ANTONI CHRONOWSKI

(Received January 6, 1988)

ABSTRACT. This paper is mainly concerned with two topics: some properties of
retracts of n-adic groups and extensions of homomorphisms and homotopies com-
mutative divisible n-adic groups.

In the paper we deal with some theorems on extensions of homomorphisms
and homotopies of commutative n-adic groups under additional assumptions of
divisibility of n-adic groups. The definitions, theorems, and notations related to
the n-adic group theory are based on papers (1], [2], [3], [5], [7], [8]. The symbol a
denotes a skew element in an n-adic group.

According to the Hosszii theorem (cf. [5]) for an arbitrary n-adic group A()
there exist a binary group (4,-), an automorphism a € Aut(A4,-), and an el-
ement a € A such that a(a) = a, a®!(z) = aza~! for every z € A, and
(21,22,23,---,Zn-1,Zn) = 21 -a(zz) -a3(zs)-.. a" 3(2p-1)-a- 2z, for all :;,c:,
Z3,...,8n-1,Tn GA .

The system (4, -,a,a) is said to be a binary retract of the n-adic group A( )
(cf. [3]). For the sake of simplicity a binary retract we shall call a retract and often
treat it as a group. Insted of (4, -, @, a) we shall also write (4, a,a). ' '
The retract can be used to the construction of n-adic groups (cf: [5]). - ,

Notice that if (A, -, a,a) and (A, -, a;,a;) are retracts (with the: same opeuuon ).
of an n-adic group A( ), then'a = a; and a = a;. Ideed, (21, 22,...) Znu1, 8a) = 21"
a(z3)-...-a" % (zp-1)-a-zy and (21,23,...,2n-1,2Zn) = Z1-a1(23)-. . AT }(gn1)-
a1 -z, forallzy,29,...,2,-1,2, € A. Puttmg zi=lzs=1,... ,Ep-t=l, 20 =1
we get a(z3)-a = al(zg) - @y for an arbitrary z2 € A. For z3 = 1 we have a = a;,
hence a = a;.

. Toretira ek
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Sokolov (cf. [8]) gave a very useful method of constructing a retract (4, o, a,a)
for an n-adic group A( ). Namely,

zo y = (z’pn"z, y))
a(z) = (B,z,p" %),
, a=(p")
for an arbitrary fixed element p € A and for all z,y € A. The set A with the
‘operation o forms a group for which p is an identity.

We shall present a few remarks on the Sokolov method of constructing retracts
because it will play an important role in our considerations.

Proposition 1. A retract (A, «,a) of an n-adic group A( ) can be constructed
by means of the Sokolov method if and only if there exists an element p € A such
that :

(a) pn—2 = a“l,
(b) a(p)=p.

Proof. Assume that the retract (A, a,a) can be constructed by means of the
Sokolov method. Then there exists an element p € A such that zy = (z,p"~2,y) =
z a(p) a®(p) ...a""%(p) ay and a(z) = (p, z,p"~2) for every z,y € A. Notice that
a(p) = (p,p"~!) = p. Setting z = y = 1 in the above equality we have p"~2 = a~!.

Assume that conditions (a) and (b) are fulfilled. Then z oy = (z,p""2,y) =
za(p) a®(p)...a""?(p)ay = zp"~2ay = zy for every z,y € A. Thus the retract
(A, o, @, a) constructed by means of the Sokolov method with respect to the element
p is identical with the retract (4,a,a). O

Proposition 1 yields immediately the following

Corollary 1. Every retract (A, a,a) of a 3-adic group A( ) can be constructed
by means of the Sokolov method.

From the proof of Proposition 1 we obtain the folowing

Corollary 2. A retract (A, a,a) of an n-adic group A( ) can be constructed by
means of the Sokolov method with respect to an element p € A if and only if the
following conditions are satisfied

(.) pn—z = a-lv

() a(p)=p. . | ~

-

Proposition 2. For every natural number n > 3 there exist n-adic groups and
their retracts which cannot be constructed by means the Sokolov method.

Proof. Consider the group (FZn_.:,+) of integers modulo n — 2 for n > 3. In the
set Z,_2 we define the n-ary operation as follows:

(31,3‘2,...,1‘"):21+32+...+:n+l
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for all z1,25,...,2, € Zp 2.
Zn-2( ) is an n-adic group for which (Z,-2,+,idz,_,,1) is a retract. From Propo-
sition 1 we immediately deduce that the retract (Z,-2,+,idz,_,,1) cannot be
constructed by means of the Sokolov method.

If an n-adic group A( ) is commutative, then every retract of A( ) is of the form
(A,id4, a) for a certain a € A.
Indeed, let (A, @, a) be a retract of a commutative n-adic group A( ).

Then (z1,22,23,...,Zn-1,2n) = z10(22) a?(23) ...a" " %(2n-1) az, for all 2,, 2,
Z3...,Zp-1,%n € A. Taking z3 = 24 = -+ = zp-1 = 1 and 2, = a~! we
obtain (z1,z2,1,...,1,a"Y) = (z3,21,1,...,1,a7!) for every z,,z2 € A. Hence

z1a(z2) = z2a(zy) for all z1,z2 € A. Putting z; = 1 we get a(z,) = z, for every
z) € A.

Now we pass on to the definition and some properties of devisible n-adic groups.
For the sake of the uniform notation we shall use the multiplicative notation, also
for the divisible groups (cf. [4]) and so instead of the symbol nz we shlal write z"
forne N. 7 '

Let A( ) be an n-adic group. We begin with the following inductive definition:

(i) ()0 =¢

(ii) (z,p""z, z)“"‘l) = ((z’pn—z’ z)("),p"'z, z)
for arbitrary p,z € A and k € Ng.

We say that an n-adic group A( ) is divisible by a natural number k € N if

1) VVYVGeri)t=y.

PEA yEA z€EA

Theorem 1. An n-adic group A( ) is a divisible by a natural number k € N _if
and only if there exists a retract of the n-adic group divisible by the number k.

Proof. (i) Assume that an n-adic group A( ) is divisible by k € N i.e. condition
(1) holds. We construct the retract (A,o,a,a) of A() by means of the Sokolov
method with respect to the element p € A fulfilling condition (1):

zoy=(z,p" %),
a(z) = (p,z,p""%), .
a=(p")

for arbitrary z,y € A.
By condition (1) we get

AV v

YyEA r€EA

where z¥F = zozo--- oz (k times). ‘ ‘
Thus, the retract (4,0, a,a) is a group divisible by k'e' N, ' 7 i
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(ii) Assume that there exists a retract (4, o, a) of the n-adic group A( ) which is
a group divisible by k € N. Let p € A be an arbitrary fixed element. We construct -
the retract (A, o, 3,b) of A( ) by means of the Sokolov method putting

zoy=(z,p" %),
B(z) = (p,z,p""?),
b=(p")

for allz,y € A.
Since the retracts (A, a,a) and (4,0, 3,b) are isomorphic, the retract (4,0, 3,b)

is a group divisible k, i.e.
AV ==y,

yE€EA €A

where z¥ = zozo.-.0z (k times ).

In virtue of this condition we get condition (1) and so A( ) is an n-adic group
divisible by k. O

Since all retracts of an n-adic group A( ) are isomorphic, Theorem 1 implies
the following corollaries.
Corollary 3. An n-adic group A( ) is divisible by a natural number k € N if and
only if all the retracts of A( ) are groups divisible by the number k.

Corollary 4. Let A() be an n-adic group. Condition (1) is equivalent to the

following condition:
AAYV @ 2agt-N=y.
PEA y€A €A

Taking into account Proposition 1 we get tha following

Corollary 5. If a commutative n-adic group A() (n > 3) is divisible by n — 2,
then every retract of A(') can be constructed by means the Sokolov method.

If an n-adic group A( ) is divisible by every natural number k € N, then A()
is called divisible.

In virtue of Theorem 1 and Corollary 3 we obtain
Theorem 2. An n-adic group A() is divisible if and only if there exists a retract
of the n-adic group A( ) which is a divisible group.

It follows from the foregoing that the following statement is valid.

Corollary 6. An n-adic group A( ) is divisible if and only if the tretracts of A( )
are divisible groups. )

Now we pass on to the extensions of the homomorphisms and the homotopies
of the commutative n-adic groups.

We begih with the following theorem.



ON EXTENSION OF HOMOMORPHISMS AND ... 143

Theorem 3. Let f: A — B be an epimorphism of a divisible n-adic group A( )
onto n-adic group B[]. Then B[] is a divisible n-adic group.
To prove this theorem it is enough to notice that the condition

| (20", 2)®) = [f(2), F(p)"72, f(@)P
for all p,z € A and k € N is fulfilled.

We can formulate Theorem 1 of Corovei [2] in the following equivalent form.

Theorem 4. Let A() and B[ ] be n-adic groups with retracts (A,a,a) and
(B, B,b), respectively.
A function f : A — B is a homomorphism of the n-adic groups A( ) and B[] if
and only if there exists a homomorphism ¢ : A — B of the groups (A, a,a) and
(B, B,b) and an element a; € B such that

(3) f(z) = a1p(),

(b) (pa)(2)B(a1) = B(a1) (By) (=),

(c) . p(a) = B(a1) B(ar) ... "*(a1) bay
for every z € A.

Proposition 3. Let (A,a,a) and (B, 3,b) be arbitrary fixed retracts of n-adic
groups ( ) and B[ ], respectively.

For an arbitrary homomorphism f : A — B of the n-adic groups A( ) and B[]
there exist a unique homomorphism ¢ : A — B of the groups (A, a, a) and (B, S, b),
and a unique element a; € B such that

() f(z) = a19(z)
for every z € A.

Proof. The Corovei theorem guarantees the existence of a homomorphism ¢ and
" an element a;. Suppose that f(z) = a1¢(z) and f(z) = a2¢’(z) for z € A. Putting
z =1 we get a1p(1) = a2¢'(1), i.e. a; = az. Hence p = ¢’. O

Remark 1. On the whole, the homomorphism ¢ and the element a; will be changed
in formula (2) if the retracts of the n-adlc groups A( ) and B[] are changed.
We shall give a suitable example.

Example. Let A = {e,a,b,c} be the Klein group i.e.

CRA K- K]
OQ'QQ"G
lalals]s
IQOA?O'O"
slajojoa o
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In the set A we define the 3-ary operations ( ) and [] as follows:

(21, %2,23) = z1x2230

[1, 22, 23] = z12223b

for all £1,2,,2, € A.

A( ) and B[] are 3-adic groups with the retracts (A,ida,a) and (A,id,,b). The
function ¢ : A — A is defined by setting: @(e) =€, p(a) = b, ¢(b) = ¢, ¢(c) = a.
The function ¢ is a homomorphism (an automorphism) of the groups (4, id,4, a)
and (A, ida,b). Notice that the homomorphism ¢ and the element ¢ € A satisfy
conditions (b) and (c) of Theorem 4, and so the function f(z) = cp(z) forz € Ais
* a homomorphism of the 3-adic groups A( ) and A[ ]. For the 3-adic group A( ) we
construct the retract by means of the Sokolov method with respect to the elemen
c€E A: :

zoy=(z,c,y)=zyb

for all z,y € A. ,

Since ¢ = b we have (¢, ¢, ¢) = (b, b,b) = c. We have obtained the retract (4, 0,id4,
¢) of the 3-adic group A( ) with the identity b. It follows from Theorem 1 of Corovei

~ [1] that there exists a homomorphism ¥ : A — A of the groups (A, o,idy,¢)

and (A,ida,b) such that f(z) = f(b)¥(z) for z € A. Since f(b) = e we get

f(z) = ey(z) for z € A, hence ¢ = f. Thus f(z) = cp(z) and f(z) = e ¢¥(z) for

z € A, where ¢ # e and ¢ # 9. '

Theorem 5. Let A;( ) be an n-adic subgroup of a commutative n-adic group A( ).
Let f : Ay — B be an arbitrary homomorphism of the n-adic group A;( ) into
a commutative divisible n-adic group B[ ]. Then there exists a homomorphism
f : A — B of the n-adic groups A( ) and B[ ] which is an extension of the
homomorphism f.

Proof. We construct the retract (A, id4,a) of the n-adic group A( ) by means of
the Sokolov method with respect to an arbitrary fixed element p € A;:

n-—2

zy=(z,p
a= (")

'Y),

for all z,y € A. »
Then (Aj,id4,, a) is a retract of the n-adic group A;( ). Notice that (A;,id4,,a)is
a subgroup of the group (A, id4, a). Let (B, idp, b) be an arbitrary fixed retract of
the n-adic group B[ ]. It follows from Theorem 4 that there exists a homomorphism
¢ : Ay — B of the groups (A,,id4,,a) and (B,idp,}), and an element ay € B
such that f(z) = a; ¢(z) and p(a) = (a;)"~1b. Since the group (B,idp,b) is a
commutative divisible group, it follows from Theorem 16.1 (cf. [4], P- 59) that there
exists a homomorphism @ : A — B of the groups (4, id4, a) and (B, idg, b) which
is an extension of the homomorphism ¢. Let us put f(z) = 616(z) for z € A.
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Since conditions (a), (b) and (c) of Theorem 4 are satisfied for every z € A, then
f : A — B is a desired homomorphism of the n-adic groups A( ) and B[ ].

In general, the homomorphism  is not uniquely determined (cf. [4], p. 69), thus
the homomorphism f is also not uniquely determined.

We shall consider a homotopy of n-adic groups.

A homotopy of n-adic groups A( ) and B[ ] we call a sequence of functions
ai,az,...,aps1 0 A — B such that any1((21,22,...,20)) = [a1(21), @2(22),. ..
.. oyan(zp)] for all 2, 2,,...,2, € A.

A homotopy will be denoted by (a1, az,...,an41).

For commutative n-adic groups Theorem 6 of Chronowski [1] has the following
form.

Theorem 6. Let A( ) and B[ ] be commutative n-adic groups with retracts
(A,id4,a) and (B, idp, b), respectively. If a sequence of functions (a1, az, ...

.-y @n41) Is a homotopy of the n-adic group A( ) into the n-adic group B[], then
there exist a homomorphism ¢ : A — B of the groups (A, id4,a) and (B, idg,b),
and elements a,, a,,...,a, € B such that

ailz) =.akga(z) for k=1,2,...,n-1,
(3 an(z) = app(az),
n41(2) = aTbp(2)

for every z € A.
If p: A —» B is a homomorphism of the groups (A,id4,a) and (B,idp,b),
and a;,as,...,a, € B are arbitrary elements, then the sequence of functions

(@1,a3,...,ant1) of the form (3) is a homotopy of the n-adic group A( ) into the
n-adic group B[ ].

Remark 2. Let (A,id4,a) and (B,idg,b) be arbitrary fixed retracts of commuta-
tive n-adic groups A( ) and B[ ], respectively.

For an arbitrary homotopy (a1, a3,...,an4+1) of the n-adic group A( ) into the
n-adic group B[ ] there exist uniquely a homomorphism ¢ : A — B of the groups
(A,id4,a) and (B, idg,b), and elements a;,ay,...,an € B such that (3) holds.

Theorem 7. Let Ay( ) be n-adic subgroup of a commutative n-adic group A( ) .
Let (a3, az,...,an41) be a homotopy of the n-adic group A;( ) into a commutative
divisible n-adic group B[ ]. Then there exists a homotopy (&1, &2, - - -, &n41) of the
n-adic group A( ) into the n-adic group B[] which is an extension of the homotopy

(a1, a2,...,0n41).

Proof. We construct the retract (A, idA,a) of the n-adic group A( ) by means of
the Sokolov method with respect to an arbitrary fixed element p € A;:

zy = (z,p""2y),
a=(p")
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for all z,y € A.

(Aj,id4,,a) is a retract of the n-adic group Aj( ). Moreover, (A;,id4,,a) is a
subgroup of the group (A, id4,a). Let (B,idp,b) be an arbitrary fixed retract of
the n-adic group B[ ].

It follows from Theorem 6 that there exist a homomorphism ¢ : A; — B of the
groups (Aj,ida,,a) and (B,idp,b), and elements a;,as,...,a, € B such that
(3) is valid for z € A;. Since the group (B, idp,b) is commutative and divisible,
it follows from Theorem 16.1 (cf. [4], p. 59) that there exists a homomorphism
@: A — B of the groups (A,ids,a) and (B,idp,b) which is an extension of
the homomorphism ¢. To construct a homotopy (@1,@3,...,@&n+1) Which is an
extension of the homotopy (a1, az2,...,an41) we put:

ar(z) = arp(z) for k= l.,2, coyn—1,
an(z) = anp(az),
an41(z) = abg(z),

for an arbitrary z € A. 0O

We say that n-adic group A( ) is uniquely divisible by a natural number k € N
if
@ V A Vier2at =y

PEA yEA z€EA

Proposition 4. An n-adic group A( ) is uniquely divisible by a natural number
k € N if and only if there exists a retract of the n-adic group A() uniquely
divisible by the number k.

The proof of this proposition is similar to the proof of Theorem 1.
Since all retracts of an n-adic group A( ) are isomorphic, the following corollaries
are valid.

Corollary 7. An n-adic group A() is uniquely divisible by a natural number
k € N if and only if every retract of A( ) is uniquely divisible by the number k.

Corollary 8. Let A( ) be an n-adic group. Condition (4) is equivalent to the

following condition:
AN ViEr?)t=y.
PEA yEA €A .

Let Ai( ) be an n-adic subgroup of an n-adic group A( ). Consider the following
condition:

®) VOV A @rhaeiea

PEA; keEN z€A
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Theorem 8. Let Ai( ) be an n-adic subgroup of a commutative n-adic group A( )
for which condition (5) is fulfilled. Let B[] be a commutative n-adic group uniquely
divisible by the natural number k € N (from condition (5)). Let f : Ay — B be
a homomorphism of the n-adic groups A;( ) and B[ ]. The there exists a unique
homomorphism f : A — B of the n-adic groups A( ) and B[] which is an extension
of the homomorphism f.

Proof. Let (A,id4,a) be a retract of the n-adic group A( ) constructed by means
of the Sokolov method with respect to the element p € A; which satisfies condition
(5). Let (B,idpg,b) be an arbitrary fixed retract of the n-adic group B[ ]. Notice
that (Aj,ida,,a) is a retract of the n-adic group A;( ). Moreover, (A;,id4,,a)
is a subgroup of the group (A4, ida,a). It follows from condition (5) that there
exists a number k € N such that zF € A, for every z € A. By Theorem 4
f(z) = a1p(z) for z € A, where ¢ : A} — B is a certain homomorphism of the
groups (A;,idy,,a) and (B, idp,b), and a; € B. According to Theorem 4 (cf. [6),
p. 481) there exists a unique homomorphism @ : A — B of the groups (4, id4,a)
and (B, idp,b) which is an extension of the homomorphism ¢. Thus, it is enough
to put f(z) = a1p(z) for all z € A and we get the desired homomorphism f. Let
a homomorphism g : A — B of the n-adic groups A( ) and B[] be an extension
of the homomorphism f. It follows from Proposition 3 that there exist a unique
homomorphism 9 : A — B of the groups (4,id4,a) and (B,idp,b), and a unique
element b; € B such that g(z) = b19¥(z) for = € A. Since g|A; = f, applying
Proposition 3 we obtain a; = b; and ¥|A; = . Thus, if g(c) # f(c) for a certain
c € AN Ay, then ¢(c) # @(c) which contradicts Theorem 4 ( cf. [6], p. 481). We
have obtained the uniqueness of the extension of the homomorphism f. O ‘

Theorem 9. Let A1() be an n-adic subgroup of a commutative n-adic group A( )
for which condition (5) is fulfilled. Let B[] be a commutative n-adic group uniquely
divisible by the number k € N (from condition (5)). Let (ay,az,...,an41) be a
homotopy of the n-adic group A;( ) into the n-adic group B[ ]. The there exists a
unique homotopy (&1, @2, ..., @nt1) of the n-adic group A( ) into the n-adic group
B[] which is an extension of the homotopy (a1, @z, ..., an41).

The proof of this theorem is similar to the proof of Theorem 8. It is enough to
use Theorem 6, Theorem 4 (cf. [6], p. 481) and Remark 2,

Remark 3. Using formula (16) ~(cf. [6], p. 481) we can give the formulas for the
extensions f of the homomorphism f and (&, &3,...,&,41) of the homotopy -
(a1,@2,...,0an41) occuring in Theorems 8 and 9.
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