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ARCHIVUM MATHEMATICUM (BRNO)Tomus 32 (1996), 85 { 103MAPPINGS RELATED TO CONFLUENCEJ. J. CharatonikAbstract. Necessary and su�cient conditions are found in the paper for a map-ping between continua to be monotone, conuent, semi-conuent, joining, weaklyconuent and pseudo-conuent. Three lists of these conditions are presented. Twoare formulated in terms of components and of quasi-components, respectively, ofconnected closed subsets of the range space, while the third one in terms of con-nectedness between subsets of the domain space. Some basic relations concerningthese concepts are studied.A mapping (i.e. a continuous function) f : X ! Y between metric continua Xand Y is called:{ conuent provided that for each subcontinuum Q of Y each component of theinverse image f�1(Q) is mapped onto Q under f ;{ semi-conuent provided that for each subcontinuum Q of Y and for every twocomponents C1 and C2 of the inverse image f�1(Q) we have either f(C1) � f(C2)or f(C2) � f(C1);{ joining provided that for each subcontinuum Q of Y and for every two com-ponents C1 and C2 of the inverse image f�1(Q) we have f(C1) \ f(C2) 6= ;;{ weakly conuent provided that for each subcontinuum Q of Y there is acomponent of the inverse image f�1(Q) which is mapped onto Q under f ;{ pseudo-conuent provided that for each irreducible subcontinuum Q of Ythere is a component of the inverse image f�1(Q) which is mapped onto Q underf . The above de�nitions of the discussed classes of mappings are formulated interms of continua, and are applicable rather to mappings between continua (com-pare [L2] and [L3], for example) than to mappings between arbitrary topologi-cal spaces, because studying continua requires a combination of two properties:compactness and connectedness. So, it is hard to work with these concepts whenmappings between topological spaces (without any additional assumptions) arestudied. Therefore, it is natural to ask about a possibility to reformulate these1991 Mathematics Subject Classi�cation : 54C10, 54F15.Key words and phrases: conuent, connected, continuum, joining, mapping, monotone,pseudo-conuent, quasi-component, semi-conuent, weakly conuent.Received May 18, 1995.



86 J. J. CHARATONIKconcepts in such a way that the new de�nitions could be applied to mappingsbetween topological spaces and that they would coincide with old ones in the casewhen mappings between continua are under consideration.There were some e�orts in this direction, made �rst for the most importantfrom among the above recalled classes of mappings, viz. the class on conuentones, in [L1]. Namely a modi�cation of the de�nition of the concept has beenproposed there which was expressed in terms of connectedness between sets ([L1],p. 223). The same idea was later used by Lelek and Tymchatyn in [LT] for somerelated classes of mappings, and it was applied to study mappings of hereditarilynormal spaces and mappings onto locally connected ones (compare Chapters 2 and3 of [LT]). The obtained results have led to new theorems in continuum theory(Chapters 4 and 5 of [LT]). Also the paper [G] by Grispolakis contains extensionsof the concepts of conuent, weakly conuent and pseudo-conuent mappings tothe case when both domain and range are general topological spaces.Let f : X ! Y be a mapping and let Q � Y be a connected closed subsetof Y . In [LT] two kinds of such extensions are introduced. One (de�nitions (c),(w), and (p), p. 1336 of [LT]) is formulated in terms of connectivity of f�1(Q)between some of its subsets; the other (de�nitions (c0), (w0) and (p0), p. 1337of [LT]) uses condition related to quasi-components of f�1(Q). The paper [G]is a large study of several concepts of (perfect) mappings between topologicalspaces related to conuence (conuent, weakly conuent and pseudo-conuent),but notions introduced and discussed there are formulated in a di�erent mannerthen the corresponding concepts considered previously in [LT]). Roughly speaking,conditions concerning quasi-components of f�1(Q) are considered if the set Q � Yis assumed to be merely either nonempty (H-conuent, H-weakly conuent andH-pseudo-conuent), or connected (h-conuent, h-weakly conuent and h-pseudo-conuent), without being closed ([G], p. 113). Neither [LT] nor [G] contains anysimilar treatment of semi-conuent and of joining mappings. The class of semi-conuent mappings is intermediate between classes on conuent and of weaklyconuent mappings (when considered as de�ned on continua), and the class ofjoining mappings is larger than the class of semi-conuent ones (see [M] , 3.3, 3.4and Theorem 3.8, p.13).The aim of the present paper is to extend the known de�nitions of these twoclasses of mappings, viz. semi-conuent and joining ones, to the general case ofmappings between arbitrary topological spaces. Three kinds of such new de�nitionsare presented in the paper. The �rst two are formulated in terms of components andof quasi-components of connected closed subsets of the range space, respectively,while the third one is formulated in terms of connectedness between subsets of thedomain space. We also present some basic relations concerning these concepts.Reections about semi-conuent and joining mappings lead us to another set ofde�nitions, expressed in a similar way as previous ones in [LT] for conuent, weaklyconuent and pseudo-conuent mappings. Since notation used in [LT] and [G] aredi�erent, we do not follow any of them, and we label the discussed conditions with(C), (SC), (J), (WC) and (PC) when referred to conuent, semi-conuent, joining,weakly conuent and pseudo-conuent mappings, respectively.



MAPPINGS RELATED TO CONFLUENCE 87At the end of the paper we discuss interrelations between various de�nitions ofmonotone mappings, either known in the literature of formulated along the ideaspresented for other classes of mappings.The author expresses his gratitude toW.J. Charatonik for numerous stimulatingdiscussions regarding the topic of this paper.1. Preliminaries.A topological space X is said to be connected between two its subsets A and Bprovided there is no closed and open subset in X that contains A and is disjointwith B (see [K], p. 142). In other words, a space X is connected between A andB provided that there are no subsets A0 and B0 of X, both closed and opensimultaneously, such thatA � A0; B � B0 A0 \B0 = ; and X = A0 [B0 :Clearly, connectedness of a space X between points is an equivalence relationon X. The equivalence classes of this relation are called quasi-components of thespace, i.e., a quasi-component of a space X containing a point p 2 X is the set ofall points x 2 X such that the space X is connected between fpg and fxg. In otherwords, a quasi-component of a space X containing a point p 2 X is the intersectionof all closed and open subsets of X containing p. The reader is referred to [K], x46,IV and V, p. 142-151 for a detailed information concerning further properties ofthese concepts. In particular, the following statements are known (compare [K],x46, IV, Theorems 1a { 1d, p. 143, and V, Theorem 1, p. 148).1.1. Statement. If a topological space is connected between its subsets A andB, then A 6= ; 6= B, and if A � A1 and B � B1, then the space is connectedbetween A1 and B1.1.2. Statement. A topological space is connected if and only if for each twopoints a and b the space is connected between fag and fbg.1.3. Statement. The component containing a point p of a topological space iscontained in the quasi-component of the space containing p.1.4. Statement. Let subsets A and B of a topological space X be given. If thereexists a quasi-component of X that intersects both A and B, then X is connectedbetween A and B.Proof. Let C stand for the quasi-component of X such thatA \C 6= ; 6= B \C :Take a 2 A \ C and b 2 B \ C. Since a and b are in C, the space is connectedbetween fag and fbg by the de�nition, whence X is connected between A and Bby Statement 1.1. �



88 J. J. CHARATONIK1.5. Remark. Connectedness of a space X between its subsets A and B does notimply the existence of a quasi-component C of X that intersects both A and B,even if X is a compact metric space. In fact, letH = f0g [ f1=n : n 2 Ng ;put X = H � [0; 1] (with the usual topology inherited from the plane), and takeA = f(0; 0)g and B = (Hnf0g)� (0; 1]. Then the space X is compact and metric,and it is connected between A and B, while the component f0g � [0; 1] of Xcontains A and is disjoint with B.1.6. Remark. Note that in the example of Remark 1.5 the space X, being con-nected between the sets A and B, is not connected between any pair of singletonsfag and fbg such that a 2 A and b 2 B. This holds because the set B is not closed.The above remark is related to a property of topological spaces, which is dueto S. Mazurkiewicz (see e.g. [K], footnote (1) on p. 168).(M) If a space X is connected between its closed subsets A and B, then thereare points a 2 A and b 2 B such that X is connected between fag andfbg.The following results are known (see [K], x47, II, Theorem 1, p. 168, and The-orem 2, p. 169).1.7. Statement. Every compact Hausdor� space X has property (M).1.8. Statement. If a topological space has property (M), in particular if it is acompact Hausdor� space, then their quasi-components coincide with the compo-nents.As a consequence of Statements 1.4 and 1.8 we get the next one (compare [K],x47, Theorem 3, p. 170).1.9. Statement. A space with property (M) (in particular a compact Hausdor�space) is connected between its closed subsets A and B if and only if there existsa quasi-component (i.e. a component) C of the space such thatA \C 6= ; 6= B \C :Below we extend the concepts of mappings named in the beginning of the pa-per by considering mappings between topological spaces X and Y , replacing asubcontinuum of Y by a connected closed subset of Y , and replacing componentsby quasi-components. Therefore, the extended concepts coincide with the originalones if mappings between continua are under consideration. More precisely, weformulate conditions (C1), (SC1), (J1), (WC1) and (PC1), as well as conditions(C2), (SC2), (J2), (WC2) and (PC2), related to mappings between topologicalspaces, which are equivalent to the condition that the mapping is conuent, semi-conuent, joining and pseudo-conuent correspondingly, when applied to mappingsbetween continua (i.e. compact connected Hausdor� spaces).



MAPPINGS RELATED TO CONFLUENCE 892. Confluent mappings.Conuence of a mapping f : X ! Y between topological spaces X and Y canbe de�ned by the following conditions.(C1) For each connected closed nonempty subset Q of Y each component of theinverse image f�1(Q) is mapped onto Q under f .(C2) For each connected closed nonempty subset Q of Y each quasi-componentof the inverse image f�1(Q) is mapped onto Q under f .(C3) For each connected closed nonempty subset Q of Y and points x 2 f�1(Q)and y 2 Q the set f�1(Q) is connected between fxg and f�1(y).2.0. Remark. Note that condition (C2) is just (c0) of [LT], p. 1337 and (c_) of[G], p. 113, as well as (C3) coincides with (c) of [LT], p. 1336.To formulate relations between the three conditions let us recall that if f : X !Y is a mapping between topological spaces X and Y , then a subset A of X is saidto be an inverse set provided A = f�1(f(A)). Obviously for each subset Q of Ythe set f�1(Q) is an inverse set (compare [W], p. 137).2.1. Theorem. Let f : X ! Y be a surjective mapping between topologicalspaces X and Y . Then:(a) (C1) implies (C2).(b) (C2) implies (C3).(c) If both X and Y are Hausdor� spaces and if each inverse closed subset ofthe space X has property (M), then (C3) implies (C1).Proof. (a). Apply Statement 1.3.(b). Assume (C2) and let Q, x and y be as in (C3). Take the quasi-component Cof f�1(Q) that contains the point x. Then f(C) = Q by (C2), whence C\f�1(y) 6=;. Thus f�1(Q) is connected between fxg and f�1(y) according to Statement 1.4,so (C3) holds.(c). Assume (C3). Let a nonempty subset Q of Y be connected and closed, andlet C be a component of f�1(Q). Obviously f(C) � Q. To show that Q � f(C)take a point y 2 Q, and choose a point x 2 C. By (C3) the set f�1(Q) is connectedbetween fxg and f�1(y). By continuity of f the set f�1(Q) is a closed subset ofX,and therefore it has property (M) by assumption. By Statement 1.8 we infer that Cis a quasi-component of f�1(Q). Since f�1(y) is closed, property (M) implies theexistence of a point x0 in f�1(y) such that f�1(Q) is connected between fxg andfx0g. According to the de�nition of a quasi-component we have x0 2 C, whencey = f(x0) 2 f(C), and therefore Q � f(C) as needed. �2.2. Corollary. For mappings f : X ! Y between compact Hausdor� spaces Xand Y conditions (C1), (C2) and (C3) are equivalent.2.3. Corollary. For a mapping f : X ! Y between continua X and Y each ofconditions (C1), (C2) and (C3) is equivalent to conuence of f .Assumptions in Theorem 2.1 (c) and in Corollary 2.2 are essential. This will beshown in Example 3.6 and Remark 3.7.



90 J. J. CHARATONIKThe following result is known (see [LT], Corollary 1.4, p. 1337).2.4. Theorem. Let f : X ! Y be a surjective mapping between topologicalspaces X and Y such that f�1(y) is compact for each y 2 Y . Then conditions(C2) and (C3) are equivalent.2.5. Question. Does (C2) imply (C1) for surjective mappings f : X ! Y withcompact point inverses between topological spaces X and Y ?3. Semi-confluent mappings.Now we are going to discuss some conditions related to semi-conuence of amapping f : X ! Y . Let us consider the following three conditions.(SC1) For each connected closed nonempty subset Q of Y and for every twocomponentsC1 and C2 of the inverse image f�1(Q) we have either f(C1) �f(C2) or f(C2) � f(C1).(SC2) For each connected closed nonempty subset Q of Y and for every twoquasi-components C1 and C2 of the inverse image f�1(Q) we have eitherf(C1) � f(C2) or f(C2) � f(C1).(SC3) For each connected closed nonempty subset Q of Y and points x1 and x2 inf�1(Q) the set f�1(Q) is connected either between fx1g and f�1(f(x2))or between fx2g and f�1(f(x1)).3.1. Theorem. Let f : X ! Y be a surjective mapping between topologicalspaces X and Y . Then:(a) (SC1) implies (SC2) .(b) (SC2) implies (SC3) .(c) If both X and Y are Hausdor� spaces and if each inverse closed subset ofthe space X has property (M), then (SC3) implies (SC1) .Proof. (a). Assume (SC1) and suppose on the contrary that (SC2) is not satis-�ed. Thus there are a connected closed nonempty subset Q of Y and two quasi-components D1 and D2 of the inverse image f�1(Q) such that f(D1)nf(D2) 6=; 6= f(D2)nf(D1).Take points q1 2 f(D1)nf(D2) and q2 2 f(D2)nf(D1), and let p1 2 D1 and p2 2D2 be such that f(p1) = q1 and f(p2) = q2. Denote by C1 and C2 the componentsof f�1(Q) that contain points p1 and p2 respectively. Then by Statement 1.3 wehave C1 � D1 and C2 � D2. Condition (SC1) implies that either f(C1) � f(C2) orf(C2) � f(C1). In the former case we have q1 = f(p1) 2 f(C1) � f(C2) � f(D2);if the latter one holds, then similarly q2 = f(p2) 2 f(C2) � f(C1) � f(D1). Inboth we get a contradiction with the choice of q1 and q2.(b). Assume (SC2) and let Q, x1 and x2 be as in (SC3). Denote by C1 and C2the quasi-components of f�1(Q) that contain the points x1 and x2 respectively.If f(C1) � f(C2), then f(x1) 2 f(C2), whence f�1(f(x1)) \ C2 6= ;. By thede�nition of a quasi-component, the set f�1(Q) is connected between fx2g and apoint of f�1(f(x1))\C2, and so it is connected between fx2g and f�1(f(x1)) (seeStatement 1.1). If f(C2) � f(C1), the proof is the same.



MAPPINGS RELATED TO CONFLUENCE 91(c). Assume (SC3). Let a nonempty subset Q of Y be connected and closed, andlet C1 and C2 be quasi-components of f�1(Q). For every i 2 f1; 2g take pointsyi 2 f(Ci) and choose points xi 2 Ci such that f(xi) = yi. By continuity off the set f�1(Q) is a closed subset of X, and therefore it has property (M) byassumption . Thus its quasi-components coincide with components; in particular,C1 and C2 are components of f�1(Q). Further, continuity of f implies that the setsf�1(f(xi)) are closed subsets of f�1(Q). If the set f�1(Q) is connected betweenfx1g and f�1(f(x2)), then property (M) applied to f�1(Q) implies that there isa point x�2 2 f�1(f(x2)) such that f�1(Q) is connected between fx1g and fx�2g.By the de�nition of a quasi-component we infer that the points x1 and x�2 are inthe same quasi-component of f�1(Q), so x�2 2 C1. Since f(x�2) = f(x2) = y2, andsince y2 is an arbitrary point of C2, we see that f(C2) � f(C1). If the set f�1(Q)is connected between fx2g and f�1(f(x1)), we get the opposite inclusion in thesame way. �As a consequence of Statement 1.8 we get a corollary.3.2. Corollary. For mappings f : X ! Y between compact Hausdor� spaces Xand Y conditions (SC1) - (SC3) are equivalent.3.3. Corollary. For a mapping f : X ! Y between continua X and Y each ofconditions (SC1) - (SC3) is equivalent to semi-conuence of f .3.4. Questions. Assume a mapping f : X ! Y between topological spaces Xand Y has compact point inverses. Does a) (SC2) imply (SC1), b) (SC3) imply(SC2)?3.5. Proposition. Let f : X ! Y be a surjective mapping between topologicalspaces X and Y . Then:(a) (C1) implies (SC1); (C2) implies (SC2); (C3) implies (SC3).(b) If both X and Y are Hausdor� spaces and if each inverse closed subset ofthe space X has property (M), (in particular if X and Y are compact), then eachof conditions (C1) - (C3) implies each of (SC1) - (SC3).Proof. (a). The �rst two implications are consequences of the de�nitions. To showthe third one �x arbitrary points x1 and x2 in f�1(Q). Putting y = f(x2) we seethat f�1(Q) is connected between fx1g and f�1(y) by (C3) and Statement 1.1.(b) follows from (a) and from Theorems 2.1 and 3.1. �3.6. Example. There exist a metric space X and a surjective mapping f : X ![0; 1] which satis�es condition (C2) (thus (SC2)) but not (SC1) (thus not (C1)).Proof. Denote by C the middle-third Cantor set in the closed unit interval [0; 1].In the Cartesian coordinates (x; y) in the plane R2 for each n 2 N put In =f(x; 1=n) : x 2 [0; 1]g and I0 = f(x; 0) : x 2 C g, and de�neX =[fIn : n 2 f0g [ Ng :Let ' : C ! [0; 1] be the Cantor-Lebesgue mapping of C onto [0; 1] (see e.g.[E], 3.2. B, p. 146; [W], p. 35) and denote by '� : [0; 1] ! [0; 1] the monotone



92 J. J. CHARATONIKextension of ' (i.e. '�jC = ' and '� is constant on each component of [0; 1]nC ).De�ne a mapping f : X ! [0; 1] byf((x; y)) = � '(x) if (x; y) 2 I0 ;'�(x) if (x; y) 2 In for n 2 N :Let a connected closed nonempty subset Q of [0; 1] be given. The set f�1(Q)has countably many quasi-components Cn where n 2 f0g[N, such thatCn � In for each n 2 f0g [N :If n 2 N the sets Cn are continua, so they coincide with the components off�1(Q), while C0 is a closed, but in general not connected, subset of I0. Eachsingleton f(x; 0)g 2 C0 forms a separate component of f�1(Q). Further, by thede�nition of the mapping f we have f(Cn) = Q for each n 2 f0g [ N, so fsatis�es (C2) (and, by Proposition 3.5 (a), also (SC2) ). If Q = [0; 1=2], then thesingletons f(0; 0)g and f(1=3; 0)g are two components of f�1(Q), and we see thatf(f(0; 0)g) = f0g and f(f(1=3; 0)g) = f1=2g, which shows that f does not satisfy(SC1) (and consequently, by Proposition 3.5 (a), it does not satisfy (C1) ). �3.7. Remark. The above Example 3.6 shows that (C2) does not imply (C1) andthat (SC2) does not imply (SC1). Furthermore, note that since f satis�es (C2),it satis�es (C3) by Theorem 2.1 (b), and that the set f�1([0; 1=2]) is an inverseclosed subset of the space X which does not have property (M), so the corre-sponding assumption is essential in Theorem 2.1 (c). Finally, since X of Example3.6 is Hausdor� while not compact, the same example shows that compactness isindispensable in Corollaries 2.2 and 3.2.4. Joining mappings.This class of mappings f : X ! Y between arbitrary topological spaces X andY can be de�ned by the following conditions.(J1) For each connected closed nonempty subset Q of Y and for every two com-ponents C1 and C2 of the inverse image f�1(Q) we have f(C1)\ f(C2) 6= ;.(J2) For each connected closed nonempty subset Q of Y and for every two quasi-components C1 and C2 of the inverse image f�1(Q) we have f(C1)\f(C2) 6=;.(J3) For each connected closed nonempty subset Q of Y and points x1 and x2 inf�1(Q) there exists a point y 2 Q such that f�1(Q) is connected betweenfx1g and f�1(y) and between fx2g and f�1(y).4.1. Theorem. Let f : X ! Y be a surjective mapping between topologicalspaces X and Y . Then:(a) (J1) implies (J2) .(b) (J2) implies (J3) .



MAPPINGS RELATED TO CONFLUENCE 93(c) If both X and Y are Hausdor� spaces and if each inverse closed subset ofthe space X has property (M), then (J3) implies (J1).Proof. (a). Apply Statement 1.3.(b). Assume (J2) and let Q, x1 and x2 be as in (J3). Denote by C1 and C2the quasi-components of f�1(Q) that contain the points x1 and x2 respectively.Then f(C1)\ f(C2) 6= ;. Choose a point y in the set f(C1)\ f(C2). Then C1 andC2 intersect f�1(y), whence we conclude by Statement 1.4 that condition (J3) issatis�ed.(c). Assume (J3). Let a nonempty subset Q of Y be connected and closed, and letC1 and C2 be components of f�1(Q). Choose points x1 2 C1 and x2 2 C2. Let y bea point of Q as in (J3). Since the sets f�1(Q) and f�1(y) are closed by continuityof f and since f�1(Q) as a closed and inverse set has property (M) by assumption,then by Statement 1.8 the components C1 and C2 are quasi-components of f�1(Q),and there are points x�1 and x�2 in f�1(y) such that f�1(Q) is connected betweenfx1g and fx�1g as well as between fx2g and fx�2g. By the de�nition of a quasi-component we infer that x�1 2 C1 and x�2 2 C2. Since f(x�1) = f(x�2) = y, it followsthat y 2 f(C1) \ f(C2) 6= ;, and thus (J1) is proved. �4.2. Corollary. For mappings f : X ! Y between compact Hausdor� spaces Xand Y conditions (J1), (J2) and (J3) are equivalent.4.3. Corollary. For a mapping f : X ! Y between continua X and Y each ofconditions (J1), (J2) and (J3) is equivalent to the condition that f is joining.4.4. Questions. Assume a mapping f : X ! Y between topological spaces Xand Y has compact point inverses. Does a) (J2) imply (J1), b) (J3) imply (J2)?4.5. Proposition. Let f : X ! Y be a surjective mapping between topologicalspaces X and Y . Then:(a) (SC1) implies (J1); (SC2) implies (J2); (SC3) implies (J3).(b) If both X and Y are Hausdor� spaces and if each inverse closed subset of thespace X has property (M), (in particular if X and Y are compact), then each ofconditions (SC1) - (SC3) implies each of (J1) - (J3).Proof. (a). The �rst two implications are consequences of the de�nitions. Toshow the third one assume (SC3) and consider two cases. If f�1(Q) is connectedbetween fx1g and f�1(f(x2)), put y = f(x2), and observe that since x2 2 f�1(y),the set f�1(Q) is connected between fx2g and f�1(y) simply by de�nition. Theother case, if f�1(Q) is connected between fx2g and f�1(f(x1)), is symmetric tothe previous one.(b) follows from (a) and from Theorems 3.1 and 4.1. �4.6. Remark. The mapping f : X ! [0; 1] of Example 3.6 satis�es (SC2) andso it does (J2) by Proposition 4.5 (a). Using the same components f(0; 0)g andf(1=3; 0)g of f�1([0; 1=2]) it can be observed that f does not satisfy condition (J1).Thus (J2) does not imply (J1), and again, similarly as in Remark 3.7, the sameexample shows that the assumption concerning property (M) in Theorem 4.1 (c)as well as compactness in Corollary 4.2 are essential.



94 J. J. CHARATONIK5. Weakly confluent mappings.Weak conuence of a mapping f : X ! Y between topological spaces can beformulated as follows.(WC1) For each connected closed nonempty subset Q of Y there is a componentof the inverse image f�1(Q) which is mapped onto Q under f .(WC2) For each connected closed nonempty subset Q of Y there is a quasi-component of the inverse image f�1(Q) which is mapped onto Q underf .(WC3) For each connected closed nonempty subset Q of Y there is a point x 2f�1(Q) such that for each point y 2 Q the set f�1(Q) is connectedbetween fxg and f�1(y).5.0. Remark. Note that condition (WC2) is just (w0) of [LT], p. 1337 and (w.c.)of [G], p. 113, as well as (WC3) coincides with (w) of [LT], p. 1336.Using the same argument as in the proofs of previous theorems one can showthe following theorem and corollaries. Details are left to the reader.5.1. Theorem. Let f : X ! Y be a surjective mapping between topologicalspaces X and Y . Then:(a) (WC1) implies (WC2).(b) (WC2) implies (WC3).(c) If both X and Y are Hausdor� spaces and if each inverse closed subset ofthe space X has property (M), then (WC3) implies (WC1).5.2. Corollary. For mappings f : X ! Y between compact Hausdor� spaces Xand Y conditions (WC1), (WC2) and (WC3) are equivalent.5.3. Corollary. For a mapping f : X ! Y between continua X and Y eachof conditions (WC1), (WC2) and (WC3) is equivalent to weak conuence of themapping f .The following result is known (see [LT], Corollary 1.4, p. 1337).5.4. Theorem. Let f : X ! Y be a surjective mapping between topologicalspaces X and Y such that f�1(y) is compact for each y 2 Y . Then conditions(WC2) and (WC3) are equivalent.5.5. Question. Does (WC2) imply (WC1) for surjective mappings f : X ! Ywith compact point inverses between topological spaces X and Y ?Recall that compactness of point inverses is an indispensable assumption inTheorem 5.4, i.e., condition (WC2) is essentially stronger than (WC3); for detailssee Remarks on p. 1337 of [LT]. Another example showing this is constructed asExample 3.5 of [LT], p. 1342. Since the example is needed for further purposes, werecall it here for the reader convenience. Namely, the following is known.5.6. Example. There exists a metric space X and a mapping f : X ! [0; 1]such that the sets f�1(0) and f�1(1) are degenerate, each quasi-component ofX is compact and none of them is mapped by f onto [0; 1]. Moreover, for each



MAPPINGS RELATED TO CONFLUENCE 95connected nonempty subset Q of [0; 1] there is a point x 2 f�1(Q) such that foreach point y 2 Q the set f�1(Q) is connected between fxg and f�1(y).Proof. In the Cartesian coordinates (x; y) in the plane putX =f(0; 0); (1; 0)g[ f(2�n; 0) : n 2 Ng[ f(1� 2�n; 0) : n 2 Ng[[ ff(x; 2�n) : x 2 [2�n; 1� 2�n]g : n 2 Ngand de�ne f : X ! [0; 1] by f((x; y)) = x for (x; y) 2 X.To see interrelations between conditions (SC1), (SC2) and (SC3) from one sideand conditions (WC1), (WC2) and (WC3) from the other, we begin with an ex-ample.5.7. Example. There exist a locally compact, arcwise connected metric spaceX and a surjective mapping f : X ! [0; 1) which satis�es condition (SC1) (thus(SC2) and (SC3)) but not (WC3) (thus neither (WC1) nor (WC2)).Proof. In the Cartesian coordinates (x; y) in the plane R2, for each n 2 N putJn = f(x; 1=n) : x 2 [0; 1� 1=n]g and J0 = f(0; y) : y 2 (0; 1]g ;and de�ne X =[ fJn : n 2 f0g [Ng :Thus X is a locally compact and arcwise connected subset of the plane. Further,let a mapping f : X ! [0; 1) be de�ned by f((x; y)) = x for each point (x; y) 2 X.The reader can verify that f satis�es the condition (SC1), whence (SC2) and (SC3)follow by Theorem 3.1 (a) and (b). To see that (WC3) does not hold let us takeQ = [1=2; 0). Then puttingKn = f(x; 1=n) : x 2 [1=2; 1� 1=n]g � Jn for each n 2 Nnf1gwe have f�1(Q) = SfKn : n 2 Nnf1g g, and we see that the sets Kn are quasi-components (and components) of f�1(Q). Thus for each point p 2 f�1(Q) thereis an index m 2 Nnf1g such that p = (x; 1=m) 2 Km. Taking a point q 2(1� 1=m; 1) � [0; 1) we get f�1(q) = f(x; y) 2 X : y = qg. PuttingA = f(x; y) 2 f�1(Q) : 1=m � yg and B = f(x; y) 2 f�1(Q) : 1=m > ygwe see that p 2 A; f�1(q) � B; A \B = ;; f�1(Q) = A [Band that A and B are simultaneously closed and open in f�1(Q). Thus f�1(Q)is not connected between fpg and f�1(q), so (WC3) is not satis�ed, whence itfollows that also (WC1) and (WC2) are not, by Theorem 5.1 (a) and (b). �



96 J. J. CHARATONIKNote that neither the domain nor the range space of the mapping f of theabove example is compact. Ma�ckowiak has shown (see [M], Theorem 3.8, p. 13)that for metric continua X and Y each semi-conuent mapping from X onto Y isweakly conuent. The proof presented there is valid for compact Hausdor� spacesas well. Since for these spaces conditions (SC1), (SC2) and (SC3) are equivalent byCorollary 3.2, as well as conditions (WC1), (WC2) and (WC3) are equivalent byCorollary 5.2, we have the following proposition, part (a) of which is a consequenceof Example 5.7, and part (b) is just Ma�ckowiak's result mentioned above, andformulated in a general setting.5.8. Proposition. Let f : X ! Y be a surjective mapping between topologicalspaces X and Y . Then:(a) Every of (SC1), (SC2) and (SC3) implies no one of (WC1), (WC2) and (WC3).(b) If both X and Y are compact Hausdor� spaces, then each of conditions (SC1)- (SC3) implies each of (WC1) - (WC3).One can ask if the implication from semi-conuence to weak conuence holdsfor larger classes of spaces then compact ones. Remarks below are related to thisquestion.5.9. Remark. (a) Note that both spaces X and Y in Example 5.7 are locallycompact, so compactness cannot be relaxed to local compactness.(b) It can be veri�ed that closed subsets of the range space X in Example 5.7have property [M] (and therefore their quasi-components coincide with compo-nents by Statement 1.8), so these properties are not strong enough to show theimplication in matter.(c) Since compactness is an invariant under continuous functions, it is enough toassume in Proposition 5.8 (b) only that X is compact. So a question can be askedwhether the discussed implication holds if only the range space Y is compact. Anegative answer is shown by an example below.5.10. Example. There exist a locally compact, arcwise connected metric spaceX, a metric continuum Y and a surjective mapping f : X ! Y which satis�escondition (SC1) (thus (SC2) and (SC3)) but not (WC3) (thus neither (WC1) nor(WC2)).Proof. Both spaces X and Y will be constructed in the plane R2. Given twopoints p and q in R2, we let pq to denote the straight line segment joining p withq. We describe the continuum Y �rst. In the Cartesian coordinates (x; y) in theplane, for each n 2 N pute = (�1; 0); v = (0; 0); e0 = (1; 0); en = (1; 1=(n+ 1));Yn = ee0 [[fvek : k 2 f1; : : : ; ngg and Y =[fYn : n 2 Ng :Thus each Yn is a tree with n + 2 end points, and Y is a continuum which ishomeomorphic to the well-known harmonic fan (see e.g. [HY], Figure 3-5, p. 109).



MAPPINGS RELATED TO CONFLUENCE 97Now we will construct the space X. To this aim for each n 2 N let tn denotethe translation of the plane R2 along the y-axis of n units up, i.e., the paralleldisplacement by the vector h0; ni. Put X0 = f(�1; y) : y � 0g and, for each n 2 N,let Xn = tn(Yn). De�ne X = X0 [[fXn : n 2 Ng ;and let f : X ! Y be described as follows. The partial mapping f jX 0 shrinksX0 to its initial point e. For each n 2 N the partial mapping f jXn moves backXn onto Yn, i.e., f jXn = (tnjXn)�1 : Xn ! Yn. Thus f(X0) = feg, and for eachpoint (x; y) 2 Xn � X0 we have f((x; y)) = (x0; y0), where x0 = x and y0 = y � n.One can verify that all the required conditions are satis�ed. In particular, takingQ = f(x; y) 2 Y : 0 � y � 1=2g we see that none component of f�1(Q) ismapped onto Q under f , so f does not satisfy (WC1). Further, for each pointp 2 Xm \ f�1(Q) for some m 2 N one can take a point q 2 (Ym+1nYm) \Q suchthat f�1(Q) is not connected between fpg and f�1(q), and therefore condition(WC3) is not satis�ed. �5.11. Remark. Observe that each closed subset of the domain space X of Exam-ple 5.10 has property (M). Thus compactness ofX in the implication of Proposition5.8 (b) cannot be weakened to property (M) for closed subsets of the space X.5.12. Remark. No example does exist of a mapping f : X ! Y with (SC1) andwithout (WC3) for which Y = [0; 1]. Indeed, let Q be a connected closed nonemptysubset of [0; 1]. Then Q = [a; b] with a � b. Let Ca and Cb be components of f�1(Q)such that a 2 f(Ca) and b 2 f(Cb). Then by (SC1) we have either f(Ca) � f(Cb)or f(Cb) � f(Ca) and thus in any case both end points a and b are in the imageof one component of f�1(Q), whence (WC1) follows. The above observation canbe generalized to get a result below. Before we formulate it, we recall a neededconcept. A connected closed subset S of a space is said to be irreducible about a�nite set if there exists a �nite set F � S such that no connected closed propersubset of S contains F . In particular, if F consists of some two points a and b only,then we say that S is irreducible between a and b, or shortly that it is irreducible.5.13. Proposition. Let f : X ! Y be a surjective mapping between topologicalHausdor� spaces X and Y . If Y is compact and if each connected closed nonemptysubset of Y is irreducible about a �nite set, then(a) (SC1) implies (WC1);(b) (SC2) implies (WC2).Proof. In both cases (a) and (b) the proof is the same. We shall argue for (a).So, assume (SC1) and let Q be a connected closed nonempty subset (i.e. a sub-continuum) of Y . Then Q is irreducible about a �nite set, say fy1; : : : ; yng. LetC1 and C2 be the components of f�1(Q) such that y1 2 f(C1) and y2 2 f(C2).Then by (SC1) we have either f(C1) � f(C2) or f(C2) � f(C1), and thus inany case both points y1 and y2 are in the image of one component of f�1(Q).Label this component C1;2 and assume that for some k 2 f1; 2; : : : ; ng a compo-nent C1;2;:::;k of f�1(Q) has been found such that fy1; : : : ; ykg � f(C1;2;:::;k). Let



98 J. J. CHARATONIKCk+1 be the component of f�1(Q) such that yk+1 2 f(Ck+1). Again by (SC1) wehave either f(Ck+1) � f(C1;2;:::;k) or f(C1;2;:::;k) � f(Ck+1). In the either case allk+1 points y1; : : : ; yk; yk+1 are in the image of one component of f�1(Q), which isthen labelled C1;2;:::;k+1. Thus by induction we infer that there exists a componentC1;2;:::;n of f�1(Q) such thatfy1; : : : ; yng � f(C1;2;:::;n) ;whence it follows from irreducibility of Q about fy1; : : : ; yng thatf(C1;2:::;n) = Q ;i.e., that (WC1) holds. �5.14. Corollary. Let f : X ! Y be a surjective mapping between topologicalHausdor� spaces X and Y . If each inverse closed subset of the space X has prop-erty (M), if Y is compact and if each connected closed nonempty subset of Y isirreducible about a �nite set, then (SC3) implies (WC1), (WC2) and (WC3).Proof. Condition (SC3) implies (SC1) by Theorem 3.1 (c). Further, (SC1) implies(WC1) by Proposition 5.13 (a). Finally (WC1) implies (WC2) and (WC3) byTheorem 5.1 (a) and (b). �5.15. Remark. It follows from Example 5.10 that the assumption concerning thestructure of connected close subsets of Y , viz. �niteness of sets connected closedsubsets of Y are irreducible about, is essential in Proposition 5.13.6. Pseudo-confluent mappings.Pseudo-conuence of a mapping f : X ! Y between topological spaces canbe formulated by the following three conditions which are analogous to conditionsconsidered in the previous sections.(PC1) For each irreducible connected closed subset Q of Y there is a componentof the inverse image f�1(Q) which is mapped onto Q under the mappingf .(PC2) For each irreducible connected closed subset Q of Y there is a quasi-component of the inverse image f�1(Q) which is mapped onto Q underthe mapping f .(PC3) For each irreducible connected closed subset Q of Y and points y1 and y2in Q the set f�1(Q) is connected between f�1(y1) and f�1(y2).Besides, let us consider two conditions discussed in [LT], p. 1336-1337.(p) For each connected closed nonempty subset Q of Y and for each two pointsy1 and y2 in Q the set f�1(Q) is connected between f�1(y1) and f�1(y2).(p0) For each connected closed nonempty subset Q of Y and for each two pointsy1 and y2 in Q there is a quasi-component C of the inverse image f�1(Q)such that fy1; y2g � f(C).



MAPPINGS RELATED TO CONFLUENCE 996.0. Remark. For conuent as well as for weakly conuent mappings some of theconsidered conditions (C1) - (C3) and (WC1) - (WC3) were the same as certainconditions in [LT] and [G] { see Remarks 2.0 and 5.0. It is not the case for pseudo-conuent mappings. The reason for this is that the starting point for formulationof (PC1) - (PC3) was not the original de�nition of a pseudo-conuent mapping asgiven in [LT], p. 1336 using the condition (p), but another condition, formulatedin Theorem 5.3 of [LT], p. 1346, which was shown to be equivalent to (p) formappings from a compact Hausdor� space X onto a compact metric space Y , andwhich was taken in [M], (iii), p. 25, as the de�nition of pseudo-conuent mappingsbetween metric continua.6.1. Theorem. Let f : X ! Y be a surjective mapping between topologicalspaces X and Y . Then:(a) (PC1) implies (PC2).(b) (PC2) implies (PC3).(c) (p0) implies (p).(d) (p) implies (PC3).(e) If the mapping f is such that f�1(y) is compact for each y 2 Y , then (p)implies (p0).(f) If the mapping f is closed, if both X and Y are Hausdor� spaces and ifeach inverse closed subset of the space X has property (M), then (PC3) implies(PC1).Proof. (a). Apply Statement 1.3.(b). Assume (PC2). Take an irreducible connected closed subset Q of Y , andlet C be a quasi-component of f�1(Q) with f(C) = Q. Let y1 and y2 be arbitrarypoints ofQ. Then f�1(y1)\C 6= ; 6= f�1(y2)\C, whence we conclude by Statement1.4 that f�1(Q) is connected between f�1(y1) and f�1(y2). Thus (PC3) holds.(c). Apply Statement 1.4.(d). This implication is obvious.(e). This is known, see [LT], Corollary 1.4, p. 1337.(f). Assume condition (PC3) is satis�ed. Let a connected closed subset Q of Y beirreducible between points y1 and y2. Then f�1(Q) is connected between f�1(y1)and f�1(y2). Again by continuity of f the sets f�1(Q), f�1(y1) and f�1(y2) areclosed. Since f�1(Q) is an inverse set, it has property (M) by assumption, whenceif follows by Statement 1.9 that there is a component C of f�1(Q) such thatf�1(y1) \C 6= ; 6= f�1(y2) \C :So, fy1; y2g � f(C) � Q. Note that f(C) is connected and, since the mapping fis closed, it is also closed. Therefore by irreducibility of Q we infer that f(C) = Q,and so the proof is �nished. �6.2. Corollary. For mappings f : X ! Y between compact Hausdor� spaces Xand Y conditions (PC1), (PC2) and (PC3) are equivalent, as well as conditions (p)and (p0) are equivalent, and every of (p) and (p0) implies every of (PC1), (PC2)and (PC3).The following result is known (see [LT], 5.3, p. 1346).



100 J. J. CHARATONIK6.3. Theorem. Let a mapping f : X ! Y map a compact Hausdor� space Xonto a compact metric space Y . Then condition (PC1) implies (p).6.4. Corollary. Let a mapping f : X ! Y map a compact Hausdor� space Xonto a compact metric space Y . Then conditions (PC1), (PC2), (PC3), (p) and(p0) are equivalent.6.5. Corollary. For a mapping f : X ! Y between continua X and Y each ofconditions (PC1), (PC2), (PC3), (p) and (p0) is equivalent to pseudo-conuenceof f .6.6. Remark. Note that the mapping f of Example 5.6 satis�es the condition(p) (thus (PC3)), while not (PC2). Hence (p) (and (PC3)) implies neither (PC1)nor (PC2). Taking y1 = 0 and y2 = 1=2 we see that there is no quasi-componentC of X such that f(C) contains both y1 and y2, so neither (p) nor (PC3) implies(p0). It follows that compactness of point inverses is an indispensable assumptionin the implication (e) of Theorem 6.1.6.7. Example. There exists a metric space X and a mapping f : X ! [0; 1] suchthat the condition (p0) is satis�ed, each quasi-component of X is compact andnone of them is mapped by f onto [0; 1].Proof. In the Cartesian coordinates (x; y) in the plane R2 for each n 2 N putLn = f(x; 2�n) : x 2 [0; 1� 2�n]g and Rn = f(x; 3�n) : x 2 [1� 3�n; 1]g :Let X = f(0; 0); (1; 0)g [Sf(Ln [ Rn) : n 2 Ng and de�ne f : X ! [0; 1] byf((x; y)) = x for (x; y) 2 X. �6.8. Remark. Example 6.7 shows that (p0) does not imply (PC2), so it does notimply (PC1), too.In connection with implications (e)and (f) of Theorem 6.1 we have the followingquestions.6.9. Questions. Assume a mapping f : X ! Y between topological spaces Xand Y has compact point inverses. Does a) (PC2) imply (PC1), b) (PC3) imply(PC2) ?6.10. Questions. Assume that a mapping f : X ! Y between Hausdor� spacesX and Y is closed, and that each inverse closed subset of the space X has property(M). Does (p) imply (p0) ?6.11. Proposition. Let f : X ! Y be a surjective mapping between topologicalspaces X and Y . Then:(a) (WC2) implies (p0); (WC3) implies (p) .(b) (WC1) implies (PC1); (WC2) implies (PC2); (WC3) implies (PC3) .(c) If both X and Y are Hausdor� spaces and if each inverse closed subset ofthe space X has property (M), (in particular if X and Y are compact), then eachof conditions (WC1) - (WC3) implies (p), (p0) and each of (PC1) - (PC3).Proof. (a). The �rst implication is obvious. The second one is stated in [LT], p.1336.



MAPPINGS RELATED TO CONFLUENCE 101(b). The �rst two implications are consequences of the de�nitions. The thirdone follows from (a) and from (d) of Theorem 6.1. We show a direct proof of thisimplication. Assume (WC3) and suppose on the contrary that (PC3) does nothold. Then there are an irreducible connected closed subset Q of Y and pointsy1 and y2 of Q such that f�1(Q) is not connected between f�1(y1) and f�1(y2).Thus there is a closed and open subset F in f�1(Q) such that f�1(y1) � F andF \ f�1(y2) = ;. By (WC3) there is a point x 2 f�1(Q) such that f�1(Q) isconnected between fxg and f�1(y1) for each point y 2 Q. In particular f�1(Q)is connected between fxg and f�1(y1), so each closed and open subset of f�1(Q)containing f�1(y1) must contain fxg. Thus x 2 F . Then the set f�1(Q)nF is bothclosed and open in f�1(Q), it contains f�1(y2) without intersecting the singletonfxg. Consequently f�1(Q) is not connected between fxg and f�1(y2), contrary tothe de�nition of the point x.(c). By Theorem 5.1 conditions (WC1) - (WC3) are mutually equivalent. ByProposition 6.10 (a) and (b) each of them implies both (p) and (p0) as well as(PC1) - (PC3). �7. Monotone mappings.A mapping f : X ! Y between metric continua X and Y is called monotoneprovided that the inverse image of each subcontinuum of Y is a subcontinuum ofX. Obviously, each monotonemapping between continua is conuent. Monotoneityof a mapping f : X ! Y between topological spaces X and Y can be de�ned inseveral ways. Consider the following ones.(M1) For each connected closed subset Q of Y the inverse image f�1(Q) is con-nected.(M2) For each connected closed subset Q of Y the inverse image f�1(Q) consistsof one quasi-component.(M3) For each connected closed subset Q of Y and points x1 and x2 in f�1(Q)the set f�1(Q) is connected between fx1g and fx2g.(M4) For each connected closed subset Q of Y the inverse image f�1(Q) isconnected;(Kuratowski [K], p. 131).(M5) For each point y 2 Y the inverse image f�1(y) is connected;(Engelking [E], p. 358; Hocking and Young [HY], p. 137).(M6) For each point y 2 Y the inverse image f�1(y) is continuum;(Whyburn [W], p. 70 and p. 127).Interrelations between the above conditions are collected in the following theo-rem.7.1. Theorem. Let f : X ! Y be a surjective mapping between topologicalspaces X and Y . Then:(a) (M1), (M2) and (M3) are equivalent.(b) The following implications hold and none of them can be reversed:(M6) �! (M5)  � (M4) �! (M1) .



102 J. J. CHARATONIK(c) If Y is a T1-space, then (M1) implies (M5).(d) If the mapping f is either open or closed, then (M5) implies (M4).(e) If X and Y are compact Hausdor� spaces, then all six conditions (M1) -(M6) are equivalent.Proof. (a). Apply Statement 1.2.(b). All three implications are obvious. We show that no other implicationbetween the considered conditions is possible in general. Let S1 stand for the unitcircle, i.e., the set of complex numbers of module 1. The mapping f : [0; 1)! S1de�ned by f(t) = exp(2�it) for t 2 [0; 1) satis�es (M6) (thus (M5)), while neither(M4) nor (M1). Therefore (M6) and (M5) do not imply (M4) or (M1). The mappingf of the real half line [0;+1) onto [0; 1] de�ned by f(t) = t for t 2 [0; 1] andf(t) = 1 for t > 1 satis�es (M4) (thus (M5) and (M1)) while not (M6). To see that(M1) does not imply (M4) consider the following example.In the Cartesian coordinates (x; y) in the plane R2 put a = (�2;�1), b =(0;�1), c = (0; 1), and let ab and bc stand for the straight line segments. PuttingS = f(x; y) 2 R2 : y = sin(1=x) and x 2 (0; 1]g, de�ne X = ab[S and Y = bc[S.Let a mapping f : X ! Y be de�ned by the conditions: f(a) = c, f(b) = b,f jab : ab ! bc is linear, and f jS : S ! S is the identity. Then both X andY are connected subsets of the plane, Y is compact, and f is one-to-one. It canbe veri�ed that f satis�es (M1). But fcg [ S is a connected subset of Y andf�1(fcg [ S) = fag [ S, so (M4) does not hold.(c). Singletons are closed in T1-spaces.(d). See [E], Theorem 6.1.29, p. 358. Compare [K], x46, I, Theorem 9, p. 131.(e). This is a consequence of (b), (c) and (d). �7.2. Proposition. Let f : X ! Y be a surjective mapping between topologicalspaces X and Y . Then:(a) Each of conditions (M1) - (M4) implies each of (C1) - (C3).(b) If the mapping f is either open or closed, then each of (M5) and (M6)implies each of (C1) - (C3).Proof. (a). Since (M1) obviously implies (C1), this is a consequence of the The-orems 7.1 (a) and (b) and 2.1 (a) and (b).(b). This follows from Theorem 7.1 (d) and (b) and from (a) above. �References[E] Engelking, R., General topology, Heldermann Verlag Berlin, 1989.[G] Grispolakis, J., Conuent and related mappings de�ned by means of quasi-components,Canad. J. Math. 30 (1978), 112-132.[HY] Hocking, J. G., Young, G. S., Topology, Addison-Wesley, 1961.[K] Kuratowski, K., Topology, vol. 2, Academic Press and PWN, 1968.[L1] Lelek, A., On conuent mappings, Colloq. Math. 15 (1966), 223-233.
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