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THE NATURAL TRANSFORMATIONS T7T() — TT()

WLODZIMIERZ M. MIKULSKI

ABSTRACT. For natural numbers » > 2 and n a complete classification of natural
transformations A : TT (") — TT(") over n-manifolds is given, where T () is the
linear r-tangent bundle functor.

0. In [1], Gancarzewicz and Koldf obtained a classification of all natural affi-
nors on the extended linear r-tagent bundle functor E("M = (J"(M,R))* over
n-manifolds. From the mentioned classification one can easily deduce that any
natural affinor A : TT")M — TT)M on the linear r-tangent bundle functor
T M = (J'(M,R)y)* over n-manifolds is a linear combination (with real coeffi-
cients) of the identity affinor idppy, : TTVM — TT) M and the affinor being
the composition TTM — TOM xy TM C TOM xy TOME=VTOM C
TT" M, where the arrow is the system (7!, Tx), 77 : TT"M — TWM is
the tangent bundle projection, 7 : UM — M is the bundle projection and
the inclusion i : TM C T M is given by the dualization of the jet projection
J"(M,R)o — JY(M,R)o.

Clearly, any natural affinor A on 7" M is a natural transformation A : 77 M
— TT") M such that A is a tensor field of type (1,1) on T) M.

If r = 1, the natural transformations TT'M — TTM are in bijection with the
Weil algebra homomorphisms TTR — TTR, see [2].

The purpose of this note is to give a complete classification of natural transfor-
mations A : TT WM — TT"™) M over n-manifolds in the case where r > 2.

In Item 1, we prove that any natural transformation A : TT"M — T M
over n-manifold is a linear combination of 77 : TT"WM — TM and i0 T :
TTM —TM C TTM.

In Item 2, as a corollary of the result of Item 1, we prove that if » > 2, then
any natural transformation A : TT(") M — TM over n-manifolds is proportional
toTm: TT"M — TM.

If A: TTM — T M is a natural transformation, then a natural transfor-
mation A : TT M — TT M is called to be over A iff 770 A = A. In Item 3, we
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define two natural transformations (of vertical type) A™ := (4, 77) : TT") M —
TOM x3 TOM = VIOM ¢ TTOM and A°T™ .= (A,ioTx) : TTM —
TOM xp TOM =VTOM ¢ TTU M over A. Then, as a corollary of the result
of Item 1, we prove that any natural transformation A : TTWM — VT"M C
TT" M over A is a linear combination of A”T and AT,

In Item 4, if » > 2 and )\, & € R, we construct a natural transformation AX#)
TTMM — TTT M over A= AT + p(i o T) of not vertical type.

In Item 5, applying the result of Items 2 and 3, we prove that if » > 2 and
X\, € R, then any natural transformation A : TT"M — TT"M over A =

AT + pu(i o Tm) is a linear combination of A™ , A®T™ and AO#).

Throughout this note the usual coordinates on R” are denoted by z!, ..., 2™ and
0= 2=, i=1,..n.
All manifolds and maps are assumed to be of class C'°°.

1. The tangent bundle projection 77 : 7T M — T") M is a simple example of
a natural transformation 77" M — T(") M over n-manifolds. Another example is
ioTr : TTM — TM c T")M, where 7 : T M — M is the bundle projection
and the inclusion i : TM=TMW M — T M is the dual map of the jet projection
J"(M,R)o — JY(M,R)o.

Proposition 1. Any natural transformation A : TT"M — T"M over n-
manifolds is a linear combination (with real coefficients) of 77 and i o T,

Proof. Any natural transformation A as in the proposition is uniquely deter-
mined by the (A(u),j5y) € R for any v : R® — R with v(0) = 0 and any
ue (TTOR)p=R" x (VITR™)p=R" x T\ R" x T{""R", where = denotes the
standard trivialization and the canonical identification. By the rank theorem jjz!
has dense orbit in Jj(R"™, R)g. Then , by the naturality, A is uniquely determined
by the (A(u), jyzt) for any u € (TTR™)g=R" x TéT)R” X TéT)R”.

Any element from 7, éT)R” is a linear combination of the (jiz*)* for all o €
(NU{0})" with 1 < || < r, where the (j52®)* form the basis of T,"'R™ dual to the
basis jiz® € J;(R™, R)o. By the naturality of A with respect to the homotheties
ap = (tral, .., t"am), t = (£, ...,t") € R2, we have (A(TT")(a;)(u)), joxt) =
t1(A(u), jox') for any t = (¢,...,t") € R. For any t € R" and any o € (N U
{0})™ we have T (a;)((joz®)*) = t*(jo2*)*. Then by the homogeneous function
theorem, see [2], we deduce easily that

(*) <A(u)a]5xl> = Au% + U2 eq + vu3g. e,

for some real numbers \,u,v, where u = (u1,us,us) € (T(TR?))=R" x
TO(T)R” X TO(T)R", up = (ul,...,ul) € R", ug, is the coefficient (with respect
to the basis) of us € TO(T)R” corresponding to (jix®)* and us , is the coefficient
of uz € TO(T)R” corresponding to (j5z*)*, e1 = (1,0,...,0) € (NU{0})™.
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Replacing A by A — i o T — urm! we can assume that A = g = 0. Then (in
particular)

(**) (A0 1), dozt) = (Aler,w,0), jgz') = 0

for any w € TO(T)R", where ()¢ is the complete lifting of vector fields to T,
It remains to show that v = 0, i.e. that (A(0,0, (j5z1)*),j5zt) = 0.
For showing this, we prove

0= (A + () 0)E). ') = (A ), o)
= <A(Ov W, (.]gxl)*)ngxl> = <A(07 0, (jgxl)*)ngxl> )
where w = (j5(x1)")*.
The second and the fourth equalities are clear as in the formula (*) A = p = 0.
We can prove the first equality as follows. Vector fields & + (z!)"d; and 9,
have the same (r — 1)-jets at 0. Then, by the result of Zajtz [3], there exists a
diffeomorphism ¢ : R™ — R" such that jj¢ = id and ¢.0; = 91 + (21)"01 near 0.
Clearly, o preserves jyx! because of the jet argument. Then, using the naturality
of A with respect to ¢, from (**) it follows the first equality for any w € TéT)R".
It remains to prove the third equality. Let ¢; be the flow of (!)"9;. For any
B e (NU{0})™ with 1 < |F]| < r we have

(@Y da’) = (5 TO(p)(w).35e”)
[t=0
d d

= Elt:0<T(’”) (p) (), Ggz”) = E“:O(o.),jg(xﬁ o ¢1))
= (wdo %ﬁzoxﬁ 0 p1)) = (w, 5 (((2")"n)a?))

Because of the definition of w, the last term is equal to 1 if ji2® = jiz! and it is
equal to 0 in the other cases. Then ((xl)’”al)fu = (joo')* under the isomorphism

V(T (T)R")ETO(T)R". It implies the third equality. O

2. The tangent map T'w : TT") M — T M of the bundle projection 7 : T M —
M is a natural transformation over n-manifolds.

Proposition 2. If r > 2, then any natural transformation A : TT "M — TM
over n-manifolds is proportional (by a real number) to T.

Proof. Applying the inclusion i : TM C T M, we have A : TT"M — TM C
T M. Then, by Proposition 1, A = Ar? + u(i o T'w). Since r > 2, A is not
surjective. Then A = 0. 0

3. Let A: TT™ M — T M be a natural transformation over n-manifolds.
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We say that a natural transformation A : 7T M — TT™) M over n-manifolds
is over Aif 7T 0 A = A.

If B: TT™M — T M is another natural transformation over n-manifolds,
we define a natural transformation

AP = (A, B) : TTM — TWM xp, T M=yTOM c TTWM .

Clearly, AP is over A. We call A® the B-vertical lift of A.

In particular, considering the natural transformations «* : TT(" M — T M
and ioTr : TT M — T(") M, we produce natural transformations A“T s TT™ M
— TTWM and A®T™ . TTM — TTC)M over A.

The above natural transformations AZ are of vertical type, i.e. they have values
in VT M.

IfA:TTOM — VIO METTM x5 TCM is a natural transformation of
vertical type over A, then A = (A, B) for natural transformation B = pry 0 A :
TTWM — TWM, ie. A= AP for some B.

Then applying Proposition 1 we obtain the following proposition.

Proposition 3. Let A : TT")M — T(")M be a natural transformation over n-

manifolds. Any natural transformation A : TT "M — VT(") M over n-manifolds
T

of vertical type over A is a linear combination (with real coefficients) of A™ and

AiOT‘n"

In the next item it will be presented an example of a natural transformation
A:TTUM — TT M over n-manifolds over A which is not of vertical type.

4. Assume 7 > 2. Let A, p € R. f A = M\l + p(ioTw) : TTM — T M,
then we define a natural transformation AM* . TTU M — TTOM over n-
manifolds over A as follows.

Let u, € T,,T"M, w, € ng:)M, 2, € M. There exists a vector field X and
an element 7 € ng:)M such that u, = Xlgo + (wo,n) under VT M=TT) M x

T M, where ( )€ is the complete lifting of vector fields to 7M. We put

A()\’#)(UO) = Xﬁwoﬂn‘(X‘%) + (Awo + pi( Xz, ), An — .UUX) )

where i : TM — T M is the inclusion and oX € T "M is given by (X, 77 )
= X(Xv)(z,) for any v : M — R with v(z,) = 0. (¢ is defined as r > 2.)

The definition of A®#) is correct. For proving this, we consider another X =
X + X' with X{, = 0 and §j € Ts)'M such that u, = XC_+ (o). Then
(X/)Euo = (wo,n—1). We have to show that Xﬁw#m(x‘zo) + (Awo + pi( Xz, ), An—
po) = Xlgwo+ui(X\zo) + (Awo + pi(Xiq, ), A — o).

It is sufficient to show that

(X/)|CA%+M(X\%) = (Awo + pi(Xjz, ), A(n — 1) — ,U(UX - UX)) .
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Let ¢; be the flow of X’. Denote (X/)lcmwm(x‘%) = (Awo + pi(Xz,),0),
RS ng:)M. Then for any v : M — R with v(z,) = 0 we have

- d r : -
0,50 v = <£|OT£O)%(M0 + 1i(X(2,))s G, )

. b d
= (Mo + pi(Xja, ), Jr, (o 70 00))
o
= Mo Jg, (X'7)) + 1{i( Xz, ), 3, (X)) -
From (X)¢ = (w,,n — 1) we have

|Wo

~ 7 d r . -
(n—1,40.7) = <E|OT£O)%(W0)J%7> = (wo, Ji, (X'7)) .

On the other hand we have
(0% — 0%, 55,70 = X (X7)(20) — K (X7)(w0) = =X (X7) ()
= (X Jo, (X)) = —(i(Xja, ), d7, (X))
modulo the isomorphism 7'M = T M.
Then 6 = \(n — 77) — p(cX — o). That is why AX#) is well-defined.

5. We end the paper by the following proposition.

Proposition 4. Let \,u € R. Put A := " + pu(ioTr): TT"IM — T M. If

r > 2, then any natural transformation A : TT" M — TT() M over n-manifolds
T .

over A is a linear combination (with real coefficients) of A™ , A°TT and ACH),

Proof. Let A : TT™M — TT) M be a natural transformation over n-manifolds
over A. The composition Tw o A : TT("M — TM is a natural transformation.
By Proposition 2, there exists the real number p such that Two A = pT'w. Clearly,
TroAXH = Tr. Then A — pAXH . TTWM — TTUM is of vertical type.
Then Proposition 3 ends the proof. O

Remark. Clearly, any natural transformation 7' TOM — TT M is over A =
71 o A. Then Proposition 4 together with Proposition 1 gives a complete descrip-
tion of all natural transformations 7T M — TT() M over n-manifolds in the
case where r > 2.
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