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ABSTRACT. Sometimes so-called cone invariance and squeezing properties
are used to show the existence of inertial manifolds for evolution equations.
We propose and motivate a modification of these properties for semiflows.
We show that the cone invariance and modified squeezing properties to-
gether with a coercivity assumption are sufficient for a general, continuous
semiflow to have an inertial manifold with exponential tracking property.
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1. INERTIAL MANIFOLDS FOR SEMIFLOWS

Let (X, [|-]|) be a Banach space and let S be a semiflow on X i.e., let S: Rso x X —
X, Stz := S(t,z) satisfy

(S1) (S")ers, is a strongly continuous semigroup of (nonlinear) continuous op-
erators, i.e.,

SO =1, S'S%=S"" forall t,0 >0,
and S(-,z) and S* = S(¢,-) are continuous for all z € X, ¢ € R>¢.
Our goal is to find a submanifold M of X with the following properties:

(M1) M is a finite-dimensional Lipschitz submanifold of X;
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(M2) M is positively invariant with respect to S, i.e.,
(1) Yue MVt>0: S'ue M,

(M3) M has the exponential tracking property, i.e., there is an n > 0 such that,
for every x € X, there are 2’ € M, ¢ > 0 with S'a’ € M and

|S*z — S*a'|| < ce™™  for all t > 0.

Obviously, such a manifold is a generalization of inertial manifolds for evolution
equations which were first introduced and studied by P. Constantin, C. Foias,
B. Nicoalenko, G.R. Sell and R. Temam [4,3,1], see also [14], and [6,12] for the
exponential tracking property.

As usual, we look for M as a trivial submanifold of X i.e., we look for

M = graph(m) := {{+m*(&): £ € mX}

as the graph of function m over a finite-dimensional subspace X; of X, where 7 is
a continuous projector from X onto X;. Moreover, m shall belong to the Banach
space G = Cp(m X, mX) of continuous, bounded functions and shall satisfy the
Lipschitz inequality

[m(&1) —m(&)ll < xl[§1 — &l for all &,8 € mX

with some fixed x > 0.

In Sect. 2, we introduce a modification of the cone invariance and squeezing
properties (called modified strong squeezing property) as a natural geometric as-
sumption on a semiflow to have an inertial manifold as graph of a bounded, globally
Lipschitz function over a finite-dimensional subspace. In Sect. 3, we show that this
property together with a coercivity property is actually sufficient for the existence
of an inertial manifold. In the both last sections, we give a short application to
evolution equations and we propose some extensions to more general results.

2. THE STRONG SQUEEZING PROPERTIES

Cone Invariance Property: If we look for m € G satisfying the Lipschitz con-
dition

(2) [m(&1) —m(&)]| < xllé — &l for all §,& € mX,

and if we don’t have additional boundedness properties, we have to look for m in
M, where M is the set of all m € G with (2). Introducing the cone

Cy = {z e X: ||mz| < x|lmzl},
we have

(3)  meMif and only if m € G and Vx € graph(m): graph(m) € z + C.
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The required positive invariance (1) and the equivalence (3) yield
x1, T2 € graph(m), t > 0 imply S'z; — S'zy € Cy.

Since we only know m € 9t and because of (3), we replace x; € graph(m) by
x1 — x2 € C and get the following relation

(CIP) x1 — x2 € C implies Sty — Stzy € Cy fort >0

as a natural assumption for the existence of the manifold.
Since (CIP) means the invariance of the cone C, with respect to the difference
of two positive trajectories, (CIP) is called cone invariance property.

Squeezing Properties: In order to motivate the squeezing properties, we
consider the following situation: We assume that S satisfies a cone invariance
property (CIP) with parameter y > 0, and we assume that we have a positively
invariant manifold M = graph(m), m € 9, with exponential tracking property.
Concretely, we assume that for each 21 € X\ M there is a &; € M with

(4) |5t a1 — S'E1|| < exdist(zy, M)e ™ for all t >0,

i.e., we assume that the exponential decays of the difference of the trajectory and
its asymptotic phase is estimated by the initial distance of x; to the manifold.

We sharpen the assumptions on m by the additional assumption that m actu-
ally has a Lipschitz constant L < .

Then there is a constant ¢o > 0 such that
(5) Vo,y,z € Xwithe —2¢ Cy,y—2€Cr: |lz—z| <cllz—y|.

Let 1 € X\ M and #; € M with (4) and z1 — 1 € C, and let § > 0 and
xo € M with S92 —S%x, ¢ CY. Then (CIP) implies S*zq —S'xy & C, fort € [0, 6].
With z = Stxy, y = S'%1, 2 = Stag and (5), we obtain

(6) ||St$1 - StﬂiQH S C2 HStﬂil — Sti‘lu S clcgdist(xl,M)e_”t
forall @ > 0,¢ € [0,0] and all 22 € M with S%zo — S%z; ¢ C,. Since dist(z1, M) <
|21 — 22| and [|z1 — z2|| < /14 x 72 ||m2[z1 — 22]||, we obtain

HStﬂil — Stl‘QH S C3 ||7T2[331 — 332]” e_"t

with some ¢z > 0 and for all # > 0, t € [0,0] and all x; € X\ M, 23 € M with
59331 — 5‘9332 §g OX'
For unknown M, this leads to the assumption

There are x2,7 > 0 such that § > 0, Sz — S%5 ¢ C,, imply

(SP)  Stay — Stas| < xa |malzs — @a]|| e~ for all £ € [0, 6]

called squeezing property.
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Let us restart with (6). Estimating dist(x1, M) < ||m2[z1 — x3]|| with 3 € M
and mx3 = ma1, replacing x3 € M by x3 — x2 € C,, and replacing SO —
Sz ¢ C, by the sharper assumption m Sz, = 7715‘93:2, we find the following
modification of squeezing property:

There are ya1, x22,m > 0 such that > 0, 7,5% = 715%, imply
(modSP)  ||m;[Stzy — Stas]|| < x2i ||m2]z1 — x3]|| e for all ¢ € [0, 6] and
all x3 with myx3 = mx, and 23 — 22 € Oy

called modified squeezing property.

The combination of the cone invariance property (CIP) with the squeezing
property (SP) is called strong squeezing property, see [11]. Analogously, the
combination of the cone invariance property (CIP) with the modified squeezing
property (modSP) is called modified strong squeezing property.

In the next section we will see the usefullness of the modified strong squeezing
property for the existence proof of an inertial manifold. Before this, we compare
the strong squeezing property with the modified strong squeezing property.

Checking the proofs of cone invariance properties found in [2,5,6,10,11,14], one
can see that the number y usually is a solution of an inequality F'(x) > 0, where
F': 10,00 — R is a smooth function. Obviously, at least in these cases a second
cone invariance property is satisfied. At least in [11, Proposition 3], such a second
cone invariance property is explicitly used.

Lemma 1. Let the cone invariance property (CIP) and the squeezing property
(SP) be satisfied with the parameter x > 0. Suppose, there exists X' > x such that
we have a second cone invariance property with x' instead of x. Then the modified

squeezing property (modSP) is satisfied with x21 := %, X22 = ;(‘,2};(,

Proof. Let x1, xo € X with 1152, = 71525 and w572, #+ 795%25. Then S92, —
SOxy ¢ Cy and SOxy — S0z, & C\. The cone invariance property implies Stz —
Stay & Cy and Stz — Stay & Cy for all ¢ € [0, 6], i.e., we have

(7)  x||m[S'z = S'a]|| < X' ||mi[STar — Staa]|| < ||ma[Star — Stas]||
for all t € [0,0]. Let x5 € X with mz3 = mz1 and z3 — z2 € C), Le.,
(8) [malwe — 3]|| < x[lmi[ze — 1] -

Using (7) and (8), we find x" [|71[z1 — @2]|| < [[m2[z1 — @3]l + x [Imi[21 — 22][| and,
hence,

1
[m1[r1 — 2] || < 7 [ ma[z1 — 23] -

By the squeezing property (SP) and (7), we have
(|2 Sta1 — S'as]|| < x2e™ (||malz1 — @3]|| + [|72lzs — x2]])
< x2e (|| mefay — @3]l 4 x |mifer — 22]|])
!
< ),CQ—Xe"t [malz1 — @3],
X —X
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for all t € [0,0], i.e., (modSP) holds.

Thus, the strong squeezing property together with a second cone invariance
property implies our modified strong squeezing property, i.e., in general, the mod-
ified strong squeezing property is the weaker assumption.

3. CONSTRUCTION OF INERTIAL MANIFOLDS

Let S be a semiflow on the Banach space X. Let X; be a finite-dimensional subspace
of X, ma continuous projector from X onto X; and let mo = I — m;. We assume
that S satisfies the cone invariance property (CIP) and the modified squeezing
property (modSP) with fixed x > 0. As technical assumptions we need

(S2) S satisfies the coercivity property ||m1 S*z| — oo as ||m1z|| — oo in X for ¢ >
0.
(83) There is a positively invariant strip > = {z € X : ||mz| < o}.

Theorem 1. Under the above assumptions, there is an inertial manifold M =
graph(m) with bounded m: mX — mX satisfying a global Lipschitz condition with
constant x. Moreover, for each x1 € X, there is a xo € M with

Hm[St:rl - Stxg]H < x2i |21 — m*(mimy) || e” ™ for all t > 0.
Proof. We devide the proof into the following three steps:

Step 1: The Graph Transformation Mapping. We wish to construct M =
graph(m*) by an graph transformation mapping, i.e., m* shall be the fixed point
of suitable mappings G?: M — G, § > 0, with

graph(G?m) = S%graph(m) for all m € 9.
where 9 is the set of all m € G with (2) and graph(m) C 3. Concretely, we wish
to define G? by (GYm)(€) := 8% if mS%2 = €. For it, we have to show that,
for any £ € mX, 8 > 0, m € 9, the boundary value problem

9) x € graph(m), mS%r=¢

has a unique solution x = X (0,&,m).
Let 0 >0, £ € mX, m € M, and z1, x5 with

m18%2; = m1.5%, =¢ and a9 € graph(m).

If we choose z3 := mx1 +m(m21), then the modified squeezing property (modSP)
implies

(10) Hm[Stxl - Stxg]H < xoi ||[maz1 — m(mazy)| e” ™ for all t € [0,6].
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In particular, for 21 € graph(m), we have mox; = m(m21) and (10) implies
(11) VO > OVxq,zo € graph(m): mS%z = mS%20 = 21 = 29,

ie., for each 6 > 0, m € M, £ € m X there is at most one x € graph(m) with
mSlr = &.

Let 0 > 0, m € 9 be fixed and let H: mX —: mX be defined by H(() :=
m1.8%(C +m(Q)).

By the continuity of S, H is continuous with inverse H~! given by H1(¢) =
mX(0,£,m) on HmX. In order to show HmX = mX, we wish to show the
continuity of H~'. Suppose, there is a £ € 7 X such that H~! is not continuous
at & Then there are ¢ > 0 and a sequence (& )ren in m X such that £ — & as
k — oo and

(12) I —Ckl| >e forallkeN

where ¢ := X (0,¢,m), (x := X(6,&,m).

First we suppose that there is a subsequence of ((x)ren, denoted for shortness
again by (Cx)ken, with ||(x]| — oo as k — oo. Then the coercivity property (S2)
implies ||m1.5%(Cx +m(¢k))|| — oo in contradiction to S?(Cx + m(¢r)) — S9(¢ +
m(())-

Remains the boundedness of ({j )ren. Since 7 X is finite-dimensional space m; X,
there is a convergent subsequence, denoted for shortness again by ((x)gen, with a
limit (o € m1X. By the continuity of S?, we have S?((oo +m (o)) = S (CH+m(C)),
and hence ¢ = ( in contrast to (12) and (11).

Therefore, H and H~! are continuous. Because of (S2), we have ||H(£)|| — oo
for ||€|| — oo. Thus, H is a homeomorphism from m; X onto 71X and hence we
have Hm X = m;X. Therefore, for each 8 > 0, m € M, £ € m; X, we have a unique
solution X (0,£,m) of (9), and we can define the graph transformation mappings
GY by

(Gm) (&) = 18X (0,6,m) for 6 >0,m e M, e mX.

Step 2: Fixed-Points of the Graph Transformation Mapping. Let 6§ > 0,
m € M, &,& € mX be arbitrary. By (S3) we have graph(GPm) C Y. By the
cone invariance property (CIP), we have

[(G%m) (&) = (G"m) (&) < x [[m[SX (0,61, m) — S"X (6. &2, m)]|
=x &1 — &,

i.e., GY maps 9 into itself for each > 0.
Now let 6 > 0, £ € m X, my, ms € M, and x1, x5 with

m18% = m.8%, =¢ and x; € graph(m;).
If we choose x3 := mx1 + ma(miz1), then x3 — z9 € Cy, and (modSP) imply

Hﬂ'g[seitl — Seirg]H < Xx22 ||m1(7r1x1) — mg(mml)H 67779 for 6 > 0.
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Thus
1(GPma) (&)= (GPma) (€)]] < x22e™ [Ima(m1 X (6, €,m1)) —ma(m X (6,6,m1))]
ie.,

|GPmy — GPmal|, < K(0) [m1 — mallg  for all § > 0 and my, my € M,

where #(6) := x20e". Since 1 > 0, there is a 6y > 0 with k() < 1 for § > 6.
Thus, for § > 6y, GY is a contractive self-mapping on the closed subset 9t of the
Banach space G. Hence, for each 8 > 6, there is a unique fixed-point m(® of G?
in 9.

Let p € Nug. Then m(? is a fixed-point of GP? and hence m®?) = m(® for
0 >0y and p € Nyg. Let ¢ € N5o. Because of

¢ (GH'm®) = G+ (G'm®) = Gi¥m®

and the uniqueness of the fixed-point m® of G?, m® is the unique fixed-point
of G4 for 6 > 6y and each ¢ € Nyg. pThus, for each # > 0, there is a unique
fixed-point m(® of G? and we have m'«? = m® for § > 0 and all p,q € Nug.
Hence,

Safy e graph(m(®))  for u € graph(m'%)) and m,n € N
and the continuity of ¢t — S’y yields
5% e graph(m(%))  for > 0 and z € graph(m%)).

Thus, m* := m(®) = m for all § > 0, and M = graph(m*) is positively invariant
with respect to S.

Step 3: Existence of Asymptotic Phases. Let 71 € X and let (¢x)gen be
a monotonously increasing sequence of real numbers ¢; with t; — oo for k — oc.
Further, let ¢y := 71 X (tx, St 21, m*). By (10), we have

|milStar — S* X (tr, S a1, m*)]|| < xa2i [|m221 — m*(mya1)|| ™™ for all ¢ € [0, t).

In particular, we find ||mi21 — (il < xo1 [|mexr — m*(mx1)]|. If mX is finite di-
mensional, then the bounded and closed set

{¢emX: |lmzr — ¢l < xo1 l|mews — m™(miw1)||}

is compact. Thus, there is subsequence of (tx)xen, denoted again by (¢x)ken, such
that ((x)ren is converging to some ¢* € mX. Let a9 := (* + m*(¢*). Then

(|73 [Stay — Stay]||
< ||mi[Stzy — STX (tg, Stexy, m*)]|| + ||m:[SEX (tx, Stra1, m*) — Stas]||
< Xai lmazy — m* (man) || e + [|m[S*(Ce +m* (G) — SU(C* +m*(¢H)]l
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for all @ > 0, ¢t € [0,60] and all k£ € N5 with ¢, > 0. By the continuity of m* and
S, and because of (;; — (*, the second term can be made arbitrary small on [0, 6]
choosing k large enough. Therefore,

| mi[ Sty — S'as]|| < xai [|m2xr — m* (m@y)|| e for all 6 > 0,t € [0, 6],

i.e., t — Stzy is an asymptotic phase of ¢ +— Stz in M.

4. APPLICATION TO EVOLUTION EQUATIONS

We consider the evolution equation
(13) i+ Au= f(u)

with selfadjoint, positive definite densly defined linear operator A in the separa-
ble Hilbert space (H, | - |o). Further let f € Cp(D(A%),H) satisfy the Lipschitz
inequality

|f(u) = f(u)]o < Llu—1'|s for all u,u’ € D(A),
where a € |0, %] Let m be the orthogonal projection from H onto the N-dim-
ensional subspace of H spanned by the N eigenvectors belonging to the first N
eigenvalues \; < Ao < --- < Ay of A, counted with their multiplicity.

Then (13) generates a semiflow S on X = D(A®) satisfying (S1), cf. [7,9,8] for
(S1). The coercivity property (S2) follows from the variation of constant formula,
the boundedness of f and |m e~ 4*u| > Ce™V!|mu|. Studying the quadratic form
Qy(u) = |mul?2 — x?|miul? along the difference of solutions of (13), in [8] was
shown, that there is a x > 0 with

d

(14) T

Qx(S'ur — S'uz) < A(x)Qy (S'uy — S'uz) and A(x) < 0
if the spectral gap condition
(15) /\N+1 — Ay >cL ()\%+/\?V+1)

holds with ¢ = 1. Romanov showed in [13], that the spectral gap condition (15) is
sharp in the following sense: For each ¢ € [0, 1], there are two-dimensional evolution
equations (13) in X = R? without inertial manifold (i.e., here instable manifolds)
but satisfying (15).

In particular, we may choose x = xo = /A§yAyT,- Moreover, in [8] was
shown that (14) implies the modified strong squeezing property (CIP), (modSP)
of S. In particular, for x = xo we may choose 1 := —Any1+ LAY, 1, X21 := L

.— _Xo
X22 ¢ Xo—x’

Xo—Xx’

where y <\ are the positive solutions of

v = An)* % = L2 (F +1) (A +XAR) -
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5. EXTENSIONS

Let X be densely imbedded in the Banach space Y. If the cone invariance and
modified squeezing property are required only with respect to the weaker norm
|||y, we need an additional smoothing property of S in the form that there is
a function ¢o: ]0,00[ — ]0, 00[ with [[S™ully < co(t) ||ully for v € X and ¢ > 0.
This approach allows « € [0, 1] for the evolution equation (13) if Y = D(A") with
v € [0, min{a, £}], see [8].

Another approach consists in the construction of a manifold M = graph(m)
with bounded domain D(m) C X; as an overflowing invariant manifold, see [8].
For it we need some overflowing and inflowing properties of the semiflow on the
boundary of a subset V' of X in which the manifold shall be constructed. Then
the technical assumption (S2) can be removed, since the needed bijectivity of
the corresponding mapping H can be shown by the homotopy theorem. For the
evolution equation (13), this allows to replace the global boundedness and Lipschitz
assumptions on f by corresponding assumptions on V.
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