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INNER AMENABILITY OF LAU ALGEBRAS

R. NASR-ISFAHANI

ABSTRACT. A concept of amenability for an arbitrary Lau algebra called
inner amenability is introduced and studied. The inner amenability of a dis-
crete semigroup is characterized by the inner amenability of its convolution
semigroup algebra. Also, inner amenable Lau algebras are characterized by
several equivalent statements which are similar analogues of properties char-
acterizing left amenable Lau algebras.

1. INTRODUCTION AND PRELIMINARIES

A complex Banach algebra A is called Lau algebra if it is the (unique) predual
of a W*-algebra M and the identity element u of M is a multiplicative linear
functional on A. The subject of this class of Banach algebras originated with a
paper published in 1983 by Lau [10] in which he referred to them as “F-algebras”.
Later on, in his useful monograph Pier [24] introduced the name “Lau algebra”.

The wide range of Lau algebras includes the Fourier algebra A(G), the Fourier-
Stieltjes algebra B(G), the group algebra L!(G) of a locally compact group G, and
the measure algebra of a locally compact semigroup or hypergroup. In particular,
it includes the semigroup algebra ¢1(S) of a discrete semigroup S.

As pointed out in Lau [10], M need not be unique. Nevertheless, we shall
identify the continuous dual A* of A with M if there is no confusion. The second
dual A** of A equipped with the first Arens multiplication ® is a Lau algebra [10,
Prop. 3.2], where © is defined by the equations

<F®H7f>:<F’Hf>7 <Hf7a'>:<H7fa>v <fa’b>:<f7ab>

forall FH € A**, f € A*, and a,b € A. Let P(A) be the set of all elements a in
A that induce positive functionals on the W*-algebra A*, and let P;(.A) be the set
of all elements a in P(.A) such that (u,a) = 1; note that P(A) ={a € A: |a] =
(u,a)}; see [25], 1.5.1 and 1.5.2.

An element M of P;(A**) is said to be a topological left (resp. two-sided) in-
variant mean if a © M = M (resp. a@ M = M ©@a= M) for all a € B (A). The
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Lau algebra A is called left (resp. two-sided) amenable if there exists a topological
left (resp. two-sided) invariant mean on A*.

The notion of left amenability of Lau algebras was introduced by Lau in [10]. In
the same paper he obtained several characterizations of left amenable Lau algebras.
See also Ghahramani and Lau [8], Lau [11], Lau and Wong [14], and the author
[19].

The purpose of this paper is to introduce and to study a concept of amenability
for Lau algebras. The idea behind our concept of amenability is quite simple.
Let us first recall that a discrete semigroup S is called inner amenable if there
is an element M of P;(¢>°(S)*) such that (M, zf) = (M, fz) for all z € S and
fet>(S), where (zf)(y) = f(yx) and (fz)(y) = f(xy) for ally € S. Such an M
is called an inner invariant mean on £°(S). Here £°(S) denotes the W*-algebra
of all bounded complex-valued functions on S which can be realized as the dual
of £1(9).

The study of inner amenability is initiated by Effros [7] and pursued by Akeman
[1], H. Choda [4], M. Choda [5, 6], Kaniuth and Markfort [9], Paschke [20], Pier
[22], and Watatani [27] for discrete groups and recently by Ling [15] for discrete
semigroups.

Observe that an element M of P (¢>°(S)*) is inner invariant if and only if
(M,af) = (M, fa) for all a € ¢*(S) and f € £°°(S); this is because fa =
Yowesa(x) frandaf =3 ga(z) xf.

We say that A is inner amenable if there exists M in B (A™) such that
(M, fa) = (M,af) for all a € P;(A) and f € A*. We call such an M a topo-
logical inner invariant mean (=TIIM) on A* and denote by TIIM(A*) the set of
topological inner invariant means on A*.

Thus the inner amenability of S is equivalent to the inner amenability of £1(S).
In fact, TIIM(¢€>°(S)) is exactly the set of all inner invariant mean on ¢°(S).

Note that an element M of P;(A**)is a TIIM on A* if and only if aOM = M ©a
for all @ € P1(A) (or equivalently a € A), and clearly, any topological two-sided
invariant mean on A* is a TIIM, and therefore two-sided amenable Lau algebras
are inner amenable.

We will show that many results concerning left amenability of Lau algebras have
similar analogues for inner amenability. We will also give a fixed point property
characterizing inner amenable Lau algebras. Finally, we study the relation between
inner amenability of two Lau algebras with inner amenability of their direct sum.

2. ELEMENTARY RESULTS

Throughout, A denotes a Lau algebra and u denotes the identity element of the
dual W*-algebra A*.

Proposition 2.1. A is inner amenable if and only if there is a nonzero self-
adjoint element F' of A such that a © F = F © a and ||a ® F|| = ||F|| for all
a€ P (.A)
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Proof. The “only if” part is trivial. To prove the converse, we suppose that F is
a nonzero self-adjoint element of A** with a® F = F ®a such that [|[a® F|| = || F||
for all @ € Py(A). Then there exist unique elements F and F~ of P(A**) such
that F = F* — F~ and |[F|| = [|[FT|| + ||[F~|| for a € P1(A) [25, 1.14.3]. Thus
a® Ft and a ® F~ are in P(A**), and
la® FIl = IF*+ Il = (F* )+ (P~ w)
(@oF u)+ (a0 F,u) =la® F'||+[la® F|.
Similarly, |[a ® F|| = [|[F* ® a|| + ||F~ ® a|. These equalities together with
aOF=a0F"—a0F =F"®a—-F ®Oa

imply that a © F* = FT ©a and a ® F~ = F~ ® a [25, 1.14.3]. So, if FT is
nonzero (say), then ||FT||71F7T lies in TIIM(A*). O

As a consequence of the proof of the above proposition, we have

Corollary 2.2. A* has a TIIM in P,(A) if and only if there is a nonzero self-
adjoint element b of A such that ab = ba and ||ab|| = ||b]| for all a € Pi(A).

Observe that for H fixed in A**, the mapping F' — F © H is weak*-weak*
continuous on A**. For F fixed in A**, the mapping H — F' ® H is in general not
weak*-weak® continuous on A** unless F is in A. The topological center Z(A*™)
of A** is defined as the set of all F' € A** such that the mapping H — F © H is
weak*-weak* continuous on A**.

Proposition 2.3. The following statements hold:
(a) Any M € TIIM(A***) restricted to A* is a TIIM on A*;
(b) TIIM(A*) N Z(A**) C TIIM(A***).

Proof. (a) is clear. To prove (b), suppose that M € TIIM(A") N Z(A**). Since
Pi(A) is weak* dense in P (A**) [11, Lemma 2.1}, for any N € P;(A**), there
exists a net (ay) in P;(A) with weak* limit IV, and therefore

NoM = weak —lim a,®M
¥
= weak" —lm MoOa, =MON
¥

by the definition of Z(A**). That is M € TIIM(A***). O

Recall that an element F of A** is called mized identity if a © F = E®a = a
for all a € A. It is easy to see that an element E of A** is a mixed identity if
and only if it is a weak* cluster point of a bounded approximate identity in A
[3, p. 146]. Furthermore, since we endowed A** with the first Arens product ©,
any mixed identity is a right identity of A** but not a left identity in general. It
follows from the following generalization of [8, Prop. 2.3] that any mixed identity
with norm one of A** is in TIIM(A*).
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Proposition 2.4. Suppose that A** has a right identity E. Then the following
statements are equivalent:

(a) | E| is a right identity;

(b) IE] = 1;

(c) Ee P(A™);
here | E'| denotes the absolute value of E regarded as an element in the predual of
the W*-algebra A*** [26, p. 143].

Proof. Fix a € P1(A), and use the multiplicativity of u on A** to conclude that
(B, u) = (a,u)(E,u) = (a© E,u) = (a,u) = 1.
Now the result follows immediately. |

When A** has a mixed identity with norm one, we say that A is strictly inner
amenable if there is a TIIM on A* that is not a mixed identity.

Let us recall that a locally compact group G is amenable if there is a left
invariant mean on the dual W*-algebras L>(G) of L'(G); that is an element
M of Pi(L*(G)*) such that (M, fz) = (M, f) for all f € L*(G) and = € G.
Examples of amenable locally compact groups include all solvable groups, abelian
groups and all compact groups; see Pier [23] for details.

Example 2.5. (a) If A** has a mixed identity F with |[|[F| = 1, then F is a
topological left invariant mean on A* if and only if A is one dimensional; it follows
that if A is two-sided amenable and has dimension more than one, then A is
strictly inner amenable.

In particular, if G is a non-trivial amenable locally compact group, then L!(G)
is strictly inner amenable; this follows from the fact that G is amenable if and
only if L'(G) is two-sided (or left) amenable [23, Theorem 4.19]. For example, the
group algebra ¢ (F,) of the free group on two generators F, is not strictly inner
amenable [7], and hence it is not two-sided amenable (see [23, Prop. 14.1] for a
direct proof of this fact).

(b) Let P be the discrete group of all permutations of N leaving all but a
finite number of elements unchanged. Then P x Fj is a non-amenable discrete
group and has an inner invariant mean M not equal to the Dirac measure at the
identity element of P x Fy [23, Prop. 22.37]. Therefore ¢1(P x Fy) is a strictly
inner amenable Lau algebra that is not left amenable.

Before stating the following consequence of Proposition 2.3, let us recall that A
is called Arens regularif Z(A**) coincides with A**.

Corollary 2.6. Suppose that A is Arens regular. Then

(a) A** is inner amenable if and only if A is inner amenable.
(b) If A** has a mized identity with norm one and is not strictly inner amenable,
then A is not strictly inner amenable.

Note that P;(A) endowed with induced norm topology of A and the product
of A is a topological semigroup. Let Cp(P;(A)) denote the Banach space of all
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bounded, and continuous functions on P (.A) with the supremum norm, and define
the left and right translation operators I, and 7, on Cy(Pi(A)) by (l,¢)(b) =
¢(ab) = (rpp)(a) for all a,b € Pi(A) and ¢ € Cp(P1(A)).

A function ¢ in Cyp(Pi(A)) is called additively uniformly continuous on P (A)
if given € > 0, there is § > 0 such that | ¢(a) — @¢(b) |< ¢ for all a,b € P,(A)
with ||la — b|| < 0. Let Cuyu(Pi(A)) denote the set of all additively uniformly
continuous functions on P;(A). Then Cyuy(Pi(A)) is norm closed, translation
invariant subspace of Cp(P;(A)) containing constants and restrictions of elements
in A* to P(A) [14]. An element m of Cyy(Pi(A))* is called a mean if (m,1) =
lm|| = 1; we call m inner invariant if, in addition, (m,l,¢) = (m,r,¢) for all
(b S Cau(Pl(.A)) and a € Pl(.A)

Now, we can present the main result of this section.

Theorem 2.7. The following statements are equivalent.
(a) A is inner amenable.
(b) There is a net (ay) in Pi(A) such that aya — aay — 0 in the weak topology
of A for all a € P1(A).
(c) There is a net (ay) in Pi(A) such that |aya — aay|| — 0 for all a € P1(A).

(d) There is an inner invariant mean on Cuy(P1(A)).

Proof. (a)=(b). Let M € TIIM(A*). Then, since P,(A) is weak* dense in
Py (A**), there is a net (ay) in P;(A) such that a, — M in the weak™ topology of
A*. It follows that aya — aay — 0 in the weak topology of A for all a € P;(A).

(b)=(c). We follow Namioka’s idea in [18]. Let Y be the vector space II{A :
be Pi(A)} and let T: A — Y be the linear map defined by T'(a)(b) = ba — ab for
all a € A and b € P;(A). By assumption, the weak closure of T(P(A)) contains
0. Since Y with the product of the norm topology is a locally convex space and
Py (A) is convex, the closure of T'(P;(.A)) in this topology contains 0. That is (c)
holds.

(¢c)=(d). Let (ay) be as in (c). If we define my € Coy(P1(A))* by (m,, ¢) =
¢(ay) for all ¢ € Cou(P1(A)), then any weak* cluster point of (m.,) in Cyy(P1(A))*
is an inner invariant mean.

(d)=(a). Let m be an inner invariant mean on C,, (P1(A))*, and define M €
A** by (M, f) = (m, f |p,(a)) for f € A", where f |p (a) denotes the restriction
of f to P1(A). Then M is a TIIM on A*. O

The equivalences (a)<(c) and (a)<(d) are similar analogues of Theorem 3.5
(a)<(b) in [10] and Lemma 2.1 in [14] for left amenability.

Remark 2.8. (a) Let us remark that if A has a bounded approximate iden-
tity (ey) in Pi(A), then (ey) satisfies the conditions (b) and (c) of the preceding
theorem.

(b) One can see easily that the following equivalent statements characterize
commutative Lau algebras in terms of topological inner invariant means.
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(1) Py(A™) = TIIM(AY).
(2) Py (A) C TIIM(AY).

(3) P1(A) is a commutative semigroup.

(4) Any mean on Cygy,(P1(A)) is inner invariant.

In particular, any commutative Lau algebra is inner amenable. For example, the
Fourier algebra A(G) and the Fourier-Stieltjes algebra B(G) of a locally compact
group G are always inner amenable.

(¢) Let G be a locally compact group. Then any mixed identity F with norm
one in L>°(G)* is an extension of J. from Cy(G) to L°(G), where §. denotes the
Dirac measure at the identity e of G; indeed an argument similar to the first part of
the proof of [16, Theorem 2] shows that (F, g) = g(e) for each continuous function
g with compact support, and then [16, Lemma 3] implies that (E, g) = g(e) for all
g € Cy(@G). Conversely, it is readily verified that any extension of J. to an element
in P1(L*(G)*) is a mixed identity. Consequently, the set of mixed identities with
norm one in L*(G)* are exactly the extensions of &, to elements of Py (L>°(G)*).

In the case where G is discrete, 4 is the only mixed identity with norm one in
£>(@G)*, and of course 0, is an inner invariant mean. However, a mixed identity
with norm one in L°°(G)* is not in general an inner invariant mean (i.e. an element
M of Pi(L>*(G)*) such that (M,xf) = (M, fx) for all z € G and f € L>(G)),
although it is a TIIM on L*°(G). Losert and Rindler [16] and Yuan [28] studied
the possibility of the extension of d, to an inner invariant mean on L*(G). See
also Bekka [2], Lau and Paterson [12, 13], Losert and Rindler [17], and Paterson
[21].

(d) There are many interesting and important relations between left invariant
means and topological left invariant means on L*°(G) of a locally compact group
G. For example, topological left invariant means on L°°(G) are special types of
left invariant means (with additional invariance properties), and left amenability
of L}(G) is equivalent to (left) amenability of G; see Pier [23] for details.

However, (in the non-discrete case) topological inner invariant means on L>*(G)
do not seem to be related to inner invariant means. Furthermore, G need not
be inner amenable whereas L!'(G) is always inner amenable. For example, non-
amenable connected locally compact groups are not inner amenable; this is because
that in this case, as shown in Losert and Rindler [17], amenability of G is equivalent
to inner amenability; i.e. existence of an inner invariant mean on L (G).

On the other hand, in the case where G is non-trivial and connected, L!}(G)
is strictly inner amenable if G is strictly inner amenable; i.e. there is an inner
invariant mean on L*° (@) that is not a mixed identity in L*°(G)*. Moreover, in
the case where G is amenable or discrete, L' (G) is strictly inner amenable if and
only if so is G. These observations lead us to ask:

Question. Ts strict inner amenability of L'(G) equivalent to strict inner ame-
nability of G7
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3. FiXxED PoINT CHARACTERIZATION OF INNER AMENABILITY

Let A be a Lau algebra and X be a left Banach A-module, i.e. a Banach
space X equipped with a bounded bilinear map from A x X into X, denoted by
(a,2) — a-z (a € A,z € X) such that a- (b-x) = (ab) -z for all a,b € A, and
x € X. Define

*k

(¥ a,z) = (x*,a-x), and (a-z™ z%) = (2" x" a)

foralla € A,z € X,z* € X*, and 2™ € X**. Let B(X**) denote the Banach
space of all bounded operators on X**. By weak* operator topology on B(X**),
we shall mean the locally convex topology of B(X**) determined by the family

{T —| (T, x*)|: " e X " e X"}

of seminorms on B(X**). We also denote by P(A, X**) the closure of the set
{As :a € Pi(A) } in the weak® operator topology, where A, € B(X**) is defined
by Ay(x**) = a - x** for all z** € X**.

Proposition 3.1. If A is inner amenable, then for each left Banach A-module
X, there is A € P(A, X**) such that AN, = A A for all a € Pi(A).

Proof. First note that if we identify B(X**) with (X** ® X*)*, then the weak*
operator topology of B(X**) coincides with the weak* topology of (X** ® X*)*.
So P(A, X**) is compact in the weak* operator topology. Using Theorem 2.7,
there exists a net (ay) in Pi(A) such that |jaya — aay|| — O for all a € P1(A).
Hence we may find A € P(A, X**) with [|A|| < 1 and a subnet (as) of (ay) such
that A,; — A in the weak™ operator topology. For each a € P;(A), we therefore
have Ay;Aq — AA, and AgA,; — AgA in the weak* operator topology. Also

[Aas A — Aol < Kllasa — aas|| — 0,

where K is a constant satisfying ||b - || < K||b|| ||z]| for all b € A and = € X.
Consequently, AA, = A A. O

We are now in a position to give a fixed point property characterizing inner
amenability of certain Lau algebras.

Theorem 3.2. Suppose that A has a bounded right approximate identity. Then
the following are equivalent.

(a) A is inner amenable.

(b) There exists A € P(A, A*™) such that AN, = A A for all a € P1(A).

(¢) For each left Banach A-module X, there exists A € P(A, X**) such that
AN, = AGA for alla € Pi(A).

Proof. By Proposition 3.1, (a) implies (b). That (b) implies (c) is trivial. Now,
suppose that (c) holds, and choose an element A of P(A, A*) such that AA, =
AgA for all @ € Pi(A). To prove (a), we follow the proof of [13, Theorem 5.1].
Choose a net (a,) in P;(A) such that A, — A in the weak™ operator topology of
B(A**), and let M be a weak* cluster point of (a,) in P;(A**). Then AF = MOF
for F € A**. Indeed, for each f € A*,
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<AF7.f> = li}sn<AaaF’f>:h§n<a5'F7f>
= lign(aa@F, fy= li§n<a5,Ff>
(M,Ff)=(MOF,f),

where (as) is a subnet of (ay) converging to M in the weak® topology.

We show that M is a TTIM on A*. To observe this, let E be a weak* cluster
point of a bounded right approximate identity of A in A**. Then E is a right
identity for A**, and for each a € A, we conclude that

Moa=M®0o (a@E)=AANFE
=AMNAE=a0(MOE)=a0O M. |

Remark 3.3. Since Pi(A) is weak* dense in P (A**) [11, Lemma 2.1], the
mapping ® from P;(A**) into P(A, A**), defined by ®(N)(F) = N @ F for all
N € Pi(A*) and F € A**, is a semigroup homomorphism. The proof of Theorem
3.2 shows that ® is onto. Also, if A** has a right identity F, then ®(M)(E) = M
for all M € Py(A**), and so ® is a semigroup isomorphism. Furthermore, if A4**
has a left identity F, then ®(E) = I4+«, the identity operator on 4**, and hence
Lpx € 73(./4, A**)

An application of the above remark gives the following characterization of strict
inner amenability.

Corollary 3.4. Suppose that A** has an identity with norm one. Then the
following assertions are equivalent.

(a) A is strictly inner amenable.
(b) There is A € P(A, A**) such that A # Ia and AN, = AA for all a €
Pl(.A).

4. INNER AMENABILITY OF DIRECT SUMS

Let A; and Ay be two Lau algebras. Define the direct sum of A; and As
denoted by A; @ Ay to be the complex algebra consisting of all ordered pairs
(a1,a2), a1 € A1,as € As, with coordinatewise addition, scalar multiplication,
and product

(Cll, a2)(b1, b2) = (albl + <U2, a2>b1 + <U2, b2>a1, a2b2),

where u; is the identity element of (A4;)* (¢ = 1,2). Then A; & Az with norm
(a1, a2)|| = |la1]| + ||laz]| is a Lau algebra which the linear functional (a1, as) +—
(u1,a1) + (ug,az) is the identity of (A; @ Az)* [10, Prop. 3.6].

Lemma 4.1. The semigroup Pi(A; & Az) is equal to all (t1a1,t2a2) such that
a; € {O} UPl(.Ai), ti Z 0 (Z = 1,2) and tlHale —|—t2H0,2H =1.

Proof. Let (b1, bs) € P1(A; ® Az). Then we have
1] + [[b2]] = (1, b1) + (u2,b2) = 1,
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whence | {(u1,b1) | + | (ug,b2) |= 1. It follows that (u;, b;) is a positive real number
for ¢ = 1,2. This implies that (u;,b;) = ||b;]] (i = 1,2).

Putting a; = ||b1H_1b1 and t; = ||b1H if b; 75 0, and choosing a; in Pl(.Al)
arbitrarily and t; = 01if b; = 0, we see that b; = tia;, a; € Pl(.Al) (Z = 1, 2), and
t1]|a1|| + t2]|az|| = 1. This proves the forward inclusion. The reverse inclusion is
trivial. |

We now give the main result of this section which is a similar analogue of Lau
[10, Prop. 4.5] concerning left amenability.

Proposition 4.2. The set TIIM((A; & A2)*) is equal to all (t1 My, taMs) in
Py ((A1 @ A2)*) such that M; € {0}U TIIM((A;)*) and ¢t; > 0 (i = 1,2). In
particular, Ay ® A is inner amenable if and only if Ay or As is inner amenable.
Proof. First note that the map J from the Lau algebra (A1 )** @ (A3)** onto the
Lau algebra (A; @ Az)** defined by

(J(F1, F2), (f1, f2)) = (F1, f1) + (F2, fa)  (Fi € (A)™, fi € (Ai)*, i=1,2)
is a linear isometry and algebra isomorphism [10, Prop. 3.5]. Now, let (a1,a2) €

Pl(.Al @AQ) If M; € {O}U TIIM((.A ) ) andt; >0 (Z =1 2) with (thl, tQMQ)
Pi((A; & Az)**), then

(a1,a2) © (1M1, 12 M)
= (t1(a1 © My) + (u2, a2)ti My + (taMs, us)as, ta(as © My))
= (t1(M1 © a1) + (t2Ma, uz)ar + (uz, az)t1 My, t2(Mz © az))
(*) = (t1 M1, t2M3) © (a1, az)

That is (thl,t2M2) S TIIM((Al &b AQ) )
Conversely, if (N1, N3) € TIIM((A; ®.A2)*), then by Lemma 4.1, we have N; =
t; M; for some M; € {0} U Py((A;)**) and ¢; > 0 (i = 1,2). Thus equalities similar
o (*) hold for all (a1, az2) € P1(A;1) x P1(Az); we therefore have a; ® M; = M; ®a;
whence M; € TIIM((A;)*) (i = 1,2). |
Note that (A; ® A2)** has a mixed identity with norm one if and only if As

has a mixed identity with norm one. Indeed an element (F, E) of (A; & Az)** is
a mixed identity for (A; @ Az)** if and only if F' = 0 and F is a mixed identity
for Ajp; this follows from the fact that a net (a,,ey) is a bounded approximate
identity for A; & Ay if and only if a4, — 0 and (ey) is a bounded approximate

identity for A3 [10, Prop. 3.4]. So, using the above proposition, we have

Corollary 4.3. Suppose that (A2)** has a mized identity with norm one. Then
A1 ® Ag is strictly inner amenable if and only if Ay is inner amenable or As is
strictly inner amenable.

Acknowledgment. The author would like to thank very much the referee of this
paper for valuable remarks.
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