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ON F–DIFFERENTIABLE FREDHOLM

OPERATORS OF NONSTATIONARY

INITIAL–BOUNDARY VALUE PROBLEMS

VLADIMÍR ĎURIKOVIČ AND MONIKA ĎURIKOVIČOVÁ

We are dealing with Dirichlet, Neumann and Newton type initial-
boundary value problems for a general second order nonlinear evolution equation.
Using the Fredholm operator theory we establish some sufficient conditions for
Fréchet differentiability of associated operators to the given problems. With help
of these results the generic properties, existence and continuous dependency of so-
lutions for initial-boundary value problems are studied.

Introduction

The questions of existence, uniqueness and qualitative properties for different
initial-boundary value problems of the parabolic type were and are the study
object of many authors (see [1], [4], [5], [7], [8], [9], [10], [11]). Moreover to these
standard questions quantitative and qualitative set properties for the solutions of
operator equations are investigated (see [3], [12], [15]).

In the present paper we are interested in Dirichlet and Newton (or Neumann)
type problems for a broad class of quasilinear dynamic equations (not necessarily
of the parabolic type). Using the general Fredholm differentiable operators theory
from V. Šeda [15] and some results from author’s paper [6] we study the generic
properties of above mentioned problems to which Fréchet differentiable Fredholm
operators are associated. The derived results can be applied to the diffusional and
heated models, to the reaction - diffusional equations, shock waves as well as to
different technical models (dynamic deformations, vibrations).

1. General results on Fredholm operators

In our considerations we use some general results of Fredholm operators which
we introduce in this part. They are presented by V.Šeda in [15] as consequences of
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the Nikolskij decomposition theorem from [17], p.233, of the Ambrosetti theorem
from [2], p.216 and of the Smale-Quinn theorem from [14], p.862 and [13].

To the formulations of these results we use the following conditions:
Let (X, ‖ · ‖X), (Y, ‖ · ‖Y ) be Banach spaces and let A : X → Y,B : X → Y be

operators satisfying the assumptions:
(i) A is a linear bounded Fredholm operator of zero index;
(ii) B is completely continuous;
(iii) F = A +B is coercive;
(iv) B is a continuously Fréchet differentiable operator.

Proposition 1.1 ([15], Lemma 3.2, Remark 3.2). Let X and Y be both real or
complex Banach spaces and let the assumptions (i), (ii), and (iv) hold. Then the
following statements are true:

(j) The mapping F = A+B ∈ C1(X,Y ) (continuously Fréchet differentiable)
is a Fredholm operator of zero index.

(jj) The point u ∈ X is singular of the Fredholm operator F if and only if the
equation F ′(u)h = 0 has a nonzero solution h 6= 0, h ∈ X (i.e. if and only
if u is a critical point of F ).

(jjj) The set S of all singular points of F is equal to the set of all critical
points, i.e.

S = {u ∈ X;F ′(u)h = 0 has solution h 6= 0, h ∈ X} .

Also the set RF = Y − F (S) of all regular values F is dense in Y .
(jv) The set Σ ⊂ X of all not locally invertible points is a subset of S, i.e.

Σ ⊂ S.

Here F ′(u) is the Fréchet derivative of F at the point u. Recall, that u0 ∈ X is
a regular point of F if F ′(u0) is linear homeomorphism X onto Y . If u0 is not a
regular point then we call it a singular point of F .

Proposition 1.2 ([15], Theorem 3.3). Let X and Y be both real or complex
Banach spaces and let the hypotheses (i), (ii), (iii) and (iv) hold. Then

(vj) The operator F is proper C1-Fredholm of zero index;
(vjj) The cardinal number cardF−1({g}) is constant and finite (it may be zero)

on each connected component of the open and dense subset RF = Y −F (S)
(for S see (jjj) from Proposition 1.1);

(vjjj) For each u ∈ X − S (an open set), the operator F is a local C1-diffeo-
morphism at u;

(jx) If S = ∅, then F : X → Y is a C1-diffeomorphism;
(xj) The set F (S) of all singular values of F is closed and nowhere dense in

Y .

Recall, that an operator F : X → Y is proper if for each compact K ⊂ Y the
set F−1(K) is compact. We say that F is a local C1-diffeomorphism at u if there
exists a neighbourhood U1(u) of u and U2(F (u)) of F (u) such that F bijectively
maps U1(u) onto U2(F (u)) and both F and F−1 are C1-maps.
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Proposition 1.3 ([15], Corollary 3.5). Let X and Y be both real or complex
Banach space with dimY ≥ 3. Further, let the conditions (i), (ii), (iii) and (iv)
hold together with

(vi) Each point u ∈ X is either a regular point or an isolated critical point of
F .

Then F is a homeomorphism of X onto Y .

2. The formulation of problem and preliminary results

Through this paper we assume that the set Ω ⊂ Rn for n ∈ N is a bounded
domain with the sufficiently smooth boundary ∂Ω. The real number T is positive
and Q := (0, T ]×Ω,Γ := [0, T ]× ∂Ω.

We use the distinction Dt for ∂/∂t and Di for ∂/∂xi and Dij for ∂2/∂xi∂xj
where i, j = 1, . . . , n and D0u for u. The symbol clM means the closure of the set
M in Rn.

We consider the nonlinear differential equation (not necessarily of parabolic
type)

(2.1) Dtu−A(t, x,Dx)u+ f(t, x, u,D1u, . . . , Dnu) = g(t, x)

for (t, x) ∈ Q, where the coefficients aij, ai, a0 for i, j = 1, . . . , n of the operator

A(t, x,Dx)u =
n∑

i,j=1

aij(t, x)Diju+
n∑
i=1

ai(t, x)Diu+ a0(t, x)u

are continuous functions from the space C(clQ,R). The function f is continuous
from the space C(clQ× Rn+1, R) and g ∈ C(clQ,R).

Together with the equation (2.1) one of the following homogeneous boundary
conditions is fulfilled: Either the first boundary condition - Dirichlet condition

(2.21) B1(t, x,Dx)u|Γ := u|Γ = 0

or the second boundary condition - Newton or for b0 = 0 Neumann condition

(2.22) B2(t, x,Dx)u|Γ := ∂u/∂ν + b0(t, x)u|Γ = 0

where ν := (0, ν1, . . . , νn) : Γ→ Rn is a vector function for which the value ν(t, x)
means the inner normal vector to Γ at the point (t, x) ∈ cl Γ and ∂/∂ν means
derivative with respect to the normal ν. Here b0 ∈ C(Γ, R).

In addition to the boundary condition we require for the solution of (2.1) to
satisfy the homogeneous initial condition

(2.3) u|t=0 = 0 on cl Ω .
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We shall use the notation

〈u〉st,µ,Q := sup
(t,x), (s,x)∈clQ

t6=s

|u(t, x)− u(s, x)|
|t− s|µ

〈u〉yx,ν,Q := sup
(t,x), (t,y)∈clQ

x6=y

|u(t, x)− u(t, y)|
|x− y|ν

〈f〉s,y,vt,x,u := |f(t, x, u0, u1, . . . , un) − f(s, y, v0, v1, . . . vn)|

〈f〉s,y,v(s,y)
t,x,u(t,x) := |f [t, x, u(t, x), D1u(t, x), . . . , Dnu(t, x)]

−f [s, y, v(s, y), D1v(s, y), . . . , Dnv(s, y)]|

where t, s > 0, x = (x1, . . . , xn), y = (y1, . . . , yn) are from Rn and |x − y| =[∑n
i=1(xi − yi)2

]1/2
and µ, ν ∈ R and we define the following Hölder spaces (see

[4], p.147):

Definition 2.1. Let α ∈ (0, 1).
1. By the symbol Cα/2,αt,x (clQ,R) we shall denote the vector space of continuous

functions u : cl Q→ R which have the finite norm

(2.4) ‖u‖α/2,α,Q = sup
(t,x)∈clQ

|u(t, x)|+ 〈u〉st,α/2,Q + 〈u〉yx,α,Q

2. By the symbolC(1+α)/2,1+α
t,x (clQ,R) we denote the vector space of continuous

functions u : clQ→ R which have continuous derivatives Diu for i = 1, . . . , n on
clQ and the norm

‖u‖(1+α)/2,1+α,Q :=
n∑
i=0

sup
(t,x)∈clQ

|Diu(t, x)|+ 〈u〉st,(1+α)/2,Q

+
n∑
i=1

〈Diu〉st,α/2,Q +
n∑
i=1

〈Diu〉yx,α,Q(2.5)

is finite.
3. The symbol C (2+α)/2,2+α

(t,x) (cl Q,R) means the space of continuous functions
u : cl Q → R for which there exist continuous derivatives Dtu,Diu,Diju on
clQ, i, j = 1, . . .n and the norm

(2.6)

‖u‖(2+α)/2,2+α,Q :=
n∑
i=0

sup
(t,x)∈clQ

|Diu(t, x)|+ sup
(t,x)∈clQ

|Dtu(t, x)|

+
n∑

i,j=1

sup
(t,x)∈clQ

|Diju(t, x)|+
n∑
i=1

〈Diu〉st,(1+α)/2,Q + 〈Dtu〉st,α/2,Q

+
n∑

i,j=1

〈Diju〉st,α/2,Q + 〈Dtu〉yx,α,Q +
n∑

i,j=1

〈Diju〉yx,α,Q
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is finite.
4. The symbol C (3+α)/2,3+α

t,x (clQ,R) means the vector space of the continu-
ous functions u : clQ→ R for which the derivatives Dt, Diu,DtDiu,Diju,Dijku,
i, j, k = 1, . . . , n are continuous on clQ and the norm

(2.7)

‖u‖(3+α)/2,3+α,Q :=
n∑
i=0

sup
(t,x)∈clQ

|Diu(t, x)|+
n∑

i,j=1

sup
(t,x)∈clQ

|Diju(t, x)|

+
n∑
i=0

sup
(t,x)∈clQ

|DtDiu(t, x)|+
n∑

i,j,k=1

sup
(t,x)∈clQ

|Dijku(t, x)|

+ 〈Dtu〉st,(1+α)/2,Q +
n∑

i,j=1

〈Diju〉st,(1+α)/2,Q

+
n∑
i=1

〈DtDiu〉st,α/2,Q +
n∑

i,j,k=1

〈Dijku〉st,α/2,Q

+
n∑
i=1

〈DtDiu〉yx,α,Q +
n∑

i,j,k=1

〈Dijku〉yx,α,Q

is finite.
The previous norm spaces are Banach ones.

For i = 1, 2 we define two linear mappings Ai : Xi → Yi by the equation (see
(2.1))

(2.8) Aiu = Dtu− A(t, x,Dx)u, u ∈ Xi

where

Xi = (D(Ai), ‖ · ‖(i+1+α)/2,i+1+α,Q)

Yi = (H(Ai), ‖ · ‖(i−1+α)/2,i−1+α,Q)

and

D(Ai) =
{
u ∈ C(i+1+α)/2,i+1+α

t,x (clQ,R);Bi(t, x,Dx)u|Γ = 0, u|t=0 = 0 on clQ
}

H(Ai) =
{
v ∈ C(i−1+α)/2,i−1+α

t,x (clQ,R);Bi(t, x,Dx)v(t, x)|t=0,x∈∂Ω = 0
}

Moreover, we define the two Nemitskij operators Ni : Xi → Yi for i = 1, 2 with
the values

(2.9) (Niu)(t, x) = f [t, x, u(t, x), D1u(t, x), . . . , Dnu(t, x)]

for u ∈ Xi and (t, x) ∈ clQ, where f : (clQ)× Rn+1 → R is the nonlinear part of
equation (2.1).

For simplicity we shall formulate some introductory assumptions.
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Definition 2.2. Let f := f(t, x, u0, u1, . . . , un) : (clQ)×Rn+1 → R, α ∈ (0, 1).

1. Fredholm conditions.
(Ai.1) The operator Ai : Xi → Yi from (2.8) satisfies the smoothness condition

(Si−1+α
i ) for α ∈ (0, 1) and i = 1, 2. That is: We say that the differential oper-

ator A(t, x,Dx) from (2.1) and Bi(t, x,Dx) from (2.2i), respectively satisfies the
smoothness condition (Si−1+α

i ) if
(i) the coefficients aij, ai, a0 of the operator A(t, x,Dx) for i, j = 1, . . . , n

belong to the space C(i−1+α)/2,i−1+α
t,x (clQ,R) and ∂Ω ∈ Ci+1+α and

(ii) the coefficient b0 from (2.22) belongs to the space C(2+α)/2,2+α
t,x (cl Γ, R).

(Ai.2) There exists a linear homeomorphism Ci : Xi onto Yi, where

Ciu := Dtu− C(t, x,Dx)u, u ∈ Xi

and

C(t, x,Dx)u :=
n∑

i,j=1

cij(t, x)Diju+
n∑
i=1

ci(t, x)Diu+ c0(t, x)u

such that the smoothness condition (Si−1+α
i ) holds (for aij = cij, ai = ci, a0 = c0).

2. Local Hölder conditions.
Let for any compact subset D of (clQ)×Rn+1 there exist nonnegative constants

(depending on D) p, q, pr, r = 0, 1, . . ., n with the following property:

(N1.1) Let f : (clQ) × Rn+1 → R be a locally Hölder continuous function on
(clQ)× Rn+1 such that the inequality

〈f〉s,y,vt,x,u ≤ p|t− s|α/2 + q|x− y|α +
n∑
r=0

pr|ur − vr|

holds on any D.

(N2.1) Let f ∈ C1(clQ×Rn+1, R) and let the first derivatives ∂f/∂xi, ∂f/∂uj
be locally Hölder continuous on clQ× Rn+1 such that

〈∂f/∂xi〉s,y,vt,x,u

〈∂f/∂uj 〉s,y,vt,x,u

 ≤ p|t− s|α/2 + q|x− y|α +
n∑
r=0

pr |ur − vr |

for i = 1, . . . , n and j = 0, 1, . . . , n and any D.

(N1.2) Let f ∈ C2(clQ× Rn+1, R) and let the local growth conditions for the
second derivatives of f satisfy on any D:

(2.10)
〈
∂2f/∂τ∂u0

〉t,x,v
t,x,u

(2.11)
〈
∂2f/∂xi∂u0

〉t,x,v
t,x,u

(2.12)
〈
∂2f/∂u2

0

〉t,x,v
t,x,u

 ≤ p0|u0−v0|β0
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where β0 > 0 and i = 1, . . . , n.

(N2.2) Let f ∈ C3(clQ× Rn+1, R) and let the local growth conditions for the
third derivatives of f hold on any D:

(2.13)
〈
∂3f/∂τ∂xi∂uj

〉t,x,v
t,x,u

(2.14)
〈
∂3f/∂τ∂uj∂uk

〉t,x,v
t,x,u

(2.15)
〈
∂3f/∂xi∂xl∂uj

〉t,x,v
t,x,u

(2.16)
〈
∂3f/∂xi∂uj∂uk

〉t,x,v
t,x,u

(2.17)
〈
∂3f/∂uj∂uk∂ur

〉t,x,v
t,x,u


≤

n∑
s=0

ps|us−vs|βs

where βs > 0 for s = 0, 1, . . ., n and i, l = 1, . . . , n; j, k, r = 0, 1, . . . , n.

3. Coercivity conditions. Let i = 1, 2 and let for any bounded set Mi ⊂ Yi
there exist a number K > 0 such that for all solutions u ∈ Xi of the problem
(2.1), (2.2i), (2.3) with the right hand side g ∈Mi, the following alternatives hold:

(F1.1) Either
(a1) ‖u‖α/2,α,Q ≤ K, f := f(t, x, u0) : clQ × R → R and the coefficients of

the operators A1 and C1 satisfy the equations

aij = cij, ai = ci for i, j = 1, . . . , n, a0 6= c0 on clQ

or
(b1) ‖u‖(1+α)/2,1+α,Q ≤ K, f = f(t, x, u0, u1, . . . , un) : clQ ×Rn+1 → R and

the coefficients of the operators A1 and C1 satisfy the equations

aij = cij for i, j = 1, . . . , n and ai 6= ci

for at least one i = 1, . . . , n on clQ.

(F2.1) Either
(a2) ‖u‖(1+α)/2,1+α,Q ≤ K, f := f(t, x, u0) : clQ×R→ R and the coefficients

of the operators A2 and C2 satisfy the equations

aij = cij, ai = ci for i, j = 1, . . . , n, a0 6= c0 on clQ

or
(b2) ‖u‖(2+α)/2,2+α,Q ≤ K

f : f(t, x, u0, u1, . . . , un) : clQ×Rn+1 → R

and the coefficients of the operators A2 and C2 satisfy the relations

aij = cij for i, j = 1, . . . , n and ai 6= ci
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for at least one i = 1, . . . , n on clQ.

Remark 2.1. 1. Especially, the condition (Ai.2) is satisfied for the diffusion
operator

Ciu = Dtu−∆u , u ∈ Xi

or for any uniformly parabolic operator Ci (see [10], p. 12) with sufficiently smooth
coefficients.

However, the operator Ci is not necessarily uniformly parabolic.

2. The local Hölder conditions are sufficiently strong to establish the complete
continuity of Ni for i = 1, 2 but also they admit sufficiently strong growths of f
in the last variables u0, u1, . . . , un. For example, they include exponential, power
and other type growths, as we can see by Lagrange mean value theorem.

3. The nonparabolicity of the operator Dt − A(t, x,Dx) and the nonlinearity
of f from (2.1) allowe us to consider the problems of the type (2.1), (2.2i), (2.3)
which are not uniquely solvable.

4. The alternatives (Fi.1) for i = 1, 2 from Definition 2.2 we shall call “almost
coercive conditions” for the problem (2.1), (2.2i), (2.3).

Now we are prepared to formulate F-CC-C–lemmas for i = 1, 2.

Lemma Fi ([6], Corollary 2.2). Let the condition (Ai.1) and (Ai.2) hold. Then
the operator Ai is a linear bounded Fredholm operator of the zero index for i = 1, 2.

Lemma CCi ([6], Lemma 2.2). Let the assumptions (Ni.1) and

(Ni.3) Bi(t, x,Dx)f(t, x, 0, . . . , 0)|t=0,x∈∂Ω = 0

be satisfied. Then the Nemitskij operator Ni : Xi → Yi from (2.9) is completely
continuous for i = 1, 2.

Lemma Ci ([6], Lemma 2.3). Let the assumptions (Ai.1), (Ai.2), (Ni.1), (Ni.3)
and (Fi.1) hold. Then the operator Fi := Ai+Ni : Xi → Yi is coercive for i = 1, 2.

Just presented lemmas offer simple applicable sufficient conditions under which
the operator Fi = Ai + Ni : Xi → Yi associated to the problem (2.1), (2.2i), (2.3)
keeps hypotheses (i), (ii), (iii) from the first part of this paper.

Let us define the bifurcation point.

Definition 2.3. 1. A couple (u, g) ∈ Xi × Yi for i = 1, 2 will be called the
bifurcation point of the initial-boundary value problem (2.1), (2.2i), (2.3) if u is a
solution of this problem and there exists a sequence {gk} ⊂ Yi such that gk → g
in Yi as k → ∞ and the problem (2.1), (2.2i), (2.3) for g = gk has at least two
different solutions uk, vk for each k ∈ N and uk → u, vk → u in Xi as k →∞.

2. The set of all solution u ∈ Xi of (2.1), (2.2i), (2.3) (or the set of all functions
g ∈ Yi) such that (u, g) is a bifurcation point of the initial-boundary value problem
(2.1), (2.2i), (2.3) will be called the domain of bifurcation (the bifurcation range)
of this problem.

Using the previous notations we can conclude this part by the following equiv-
alence lemma.
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Lemma E ([6], Lemma 3.1.). Put i = 1, 2. Let Ai : Xi → Yi be the linear
operator of Lemma Fi and let Ni : Xi → Yi be Nemitskij operator of Lemma CCi
and Fi = Ai +Ni : Xi → Yi. Then

(E.1) The function u ∈ Xi is a solution of the initial-boundary value prob-
lem(2.1), (2.2i), (2.3) for g ∈ Yi if and only if Fiu = g.

(E.2) The couple (u, g) ∈ Xi × Yi is the bifurcation point of the problem
(2.1), (2.2i), (2.3) if and only if Fi(u) = g and u ∈ Σi (Σi means the set of all
points of Xi at which Fi is not locally invertible).

3. F-differentiability

In this part we establish conditions for the Fréchet differentiability of the Ne-
mitskij operators. The case f = f(t, x, u0) is investigated in the first lemma.

Lemma 3.1. Suppose that the Nemitskij operator N1 : X1 → Y1 from (2.9) for
i = 1 with f = f(t, x, u0) : clQ×R → R satisfies the conditions (N1.2), (N1.3) (see
Definition 2.2 and Lemma CC1). Then the operator N1 is continuously Fréchet
differentiable, i.e. N1 ∈ C1(X1, Y1) and it is completely continuous.

Proof. From the hypothesis (N1.2) we obtain (N1.1), from where together with
(N1.3) and Lemma CC1 we get the complete continuity of N1.

To prove the first part of this lemma we must show that the Fréchet derivative
N ′1 : X1 → L(X1, Y1) defined for u, h ∈ X1 by the equality

N ′1(u)h(t, x) =
∂f

∂u0
[t, x, u(t, x)]h(t, x)

is continuous on X1, i.e. we need prove for any v ∈ X1:

∀ ε > 0 ∃ δ(ε, v) > 0 ∀ u ∈ X1, ‖u− v‖X1 < δ : ‖N ′1(u) −N ′1(v)‖L(X1,Y1) < ε

or equivalently

(3.1) sup
h∈X1,‖h‖X1≤1

‖[N ′1(u) −N ′1(v)]h‖Y1
< ε .

Employing the norms (2.4) and (2.6) we obtain for the first term of (3.1) (see
(2.9) and Definition 2.1) by the condition (N1.2), using mean value theorem:

sup
(t,x)∈clQ

|[N ′1(u)−N ′1(v)]h(t, x)| ≤ sup
(t,x)∈clQ

[
〈∂f/∂u0〉t,x,v(t,x)

t,x,u(t,x) |h(t, x)|
]
≤ Kδ ,

K > 0 .

For the second term of (3.1) we can write by (2.10), (2.12) and by the mean value
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theorem for ∂f/∂u0 :

sup
(t,x), (s,x)∈clQ

t6=s

|t− s|−α/2 |[N ′1(u) −N ′1(v)] h(t, x)− [N ′1(u)−N ′1(v)]h(s, x)|

≤ sup
(t,x), (s,x)∈clQ

t6=s

|t− s|−α/2
{∣∣∣∣∫ t

s

〈
∂2f/∂τ∂u0

〉τ,x,v(τ,x)

τ,x,u(τ,x)
dτ

∣∣∣∣ |h(t, x)|

+

∣∣∣∣∫ t

s

〈
∂2f/∂u2

0

〉τ,x,v(τ,x)

τ,x,u(τ,x)
Dτu(τ, x)dτ

∣∣∣∣ |h(t, x)|

+

∣∣∣∣∫ t

s

∂2f/∂u2
0[τ, x, v(τ, x)][Dτu(τ, x)−Dτv(τ, x)]dτ

∣∣∣∣ |h(t, x)|

+ 〈∂f/∂u0〉s,x,v(s,x)
s,x,u(s,x)

∣∣∣∣∫ t

s

∂h/∂τ (τ, x)dτ

∣∣∣∣} ≤ K(δβ0 + δ) , K > 0

For the last term of (3.1), analogicaly to the second term, we have by (2.11),
(2.12)

〈[N ′1(u) −N ′1(v) ]h〉yx,α,Q
= sup

(t,x), (t,y)∈clQ
x6=y

|x− y|−α |[N ′1(u)−N ′1(v)]h(t, x)− [N ′1(u)−N ′1(v)]h(t, y)|

≤ sup
(t,x), (t,y)∈clQ

x6=y

|x− y|−α
{∣∣∣∣∣

n∑
i=1

∫ xi

yi

〈
∂2f/∂zi∂u0

〉t,z̃i,v(t,z̃i)

t,z̃i,u(t,z̃i)
dzi

∣∣∣∣∣ |h(t, x)|

+

∣∣∣∣∣
n∑
i=1

∫ xi

yi

〈
∂2f/∂u2

0

〉t,z̃i,v(t,z̃i)

t,z̃i,u(t,z̃i)
Diu(t, z̃i)dzi

∣∣∣∣∣ |h(t, x)|

+

∣∣∣∣∣
n∑
i=1

∫ xi

yi

∂2f/∂u2
0[t, z̃i, v(t, z̃i)][Diu(t, z̃i)−Div(t, z̃i)]dzi

∣∣∣∣∣ |h(t, x)|

+ 〈∂f/∂u0〉t,y,v(t,y)
t,y,u(t,y)

∣∣∣∣∣
n∑
i=1

∫ xi

yi

∂h/∂zi(t, z̃i)dzi

∣∣∣∣∣
}

≤ K(δβ0 + δ) , K > 0

where z̃i = (y1, . . . , yi−1, zi, xi+1, . . . , xn) ∈ Rn for i = 1, . . . , n.
The proof of lemma is finished. �
Lemma 3.2. Let the Nemitskij operator N2 : X2 → Y2 from (2.9) satisfy the
conditions (N2.2), (N2.3) (see Definition 2.2 and Lemma CC2). Then the operator
N2 is continuously Fréchet differentiable, i.e. N2 ∈ C1(X2, Y2) and it is completely
continuous.

Proof. From (N2.2) we obtain (N2.1) which implies by LemmaCC2 the complete
continuity of N2. To obtain the first part of the assertion of this lemma we need
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prove that the Fréchet derivative N′2 : X2 → L(X2, Y2) defined by the equation

N ′2(u)h(t, x) =
n∑
j=1

∂f

∂uj
[t, x, u(t, x),D1u(t, x), . . . , Dnu(t, x)]Djh(t, x)

for u, h ∈ X2 is continuous on X2. Thus we must prove as in Lemma 3.1 for every
v ∈ X2:

∀ ε > 0 ∃ δ(ε, v) > 0 ∀ u ∈ X2, ‖u− v‖X2 < δ :

sup
h∈X2 ,‖h‖X2≤1

‖N ′2(u) −N ′2(v)h‖Y2 < ε .(3.2)

Using the norms (2.5), (2.7) and the estimation ‖u − v‖X2 < δ we have for the
first term of (3.2) (see (2.9) and Definition 2.1) by the mean value theorem:

n∑
i=0

sup
(t,x)∈clQ

|Di[N ′2(u) −N ′2(v)]h(t, x)|

≤
n∑

i,j=0

sup
(t,x)∈clQ

[〈
∂2f/∂xi∂uj

〉t,x,v(t,x)

t,x,u(t,x) |Djh(t, x)|

+
n∑
k=0

〈
∂2f/∂uj∂uk

〉t,x,v(t,x)

t,x,u(t,x) |Diku| · |Djh|(t, x)

+
n∑
k=0

∣∣∂2f/∂uj∂uk(t, x, v(t, x), . . .)
∣∣ |Diku−Dikv| |Djh| (t, x)

+ 〈∂f/∂uj 〉t,x,v(t,x)
t,x,u(t,x) |Dijh(t, x)|

]
< Kδ , K > 0 .

The second term of (3.2) we estimate as follows:

〈[N ′2(u) −N ′2(v)] h〉st,(1+α)/2,Q

≤
n∑
j=0

sup
(t,x), (s,x)∈clQ

t6=s

|t− s|−(1+α)/2

[∣∣∣∣∫ t

s

Dτ 〈∂f/∂uj 〉τ,x,v(τ,x)
τ,x,u(τ,x)dτ

∣∣∣∣ |Djh(t, x)|

+ 〈∂f/∂uj〉s,x,v(s,x)
s,x,u(s,x)

∣∣∣∣∫ t

s

DτDjh(τ, x)dτ

∣∣∣∣] ≤ Kδ , K > 0

Here we have used the mean value theorem for ∂2f/∂τ∂uj , ∂
2f/∂uj∂uk and ∂f/∂uj

for j, k = 0, 1, . . . , n.
The third term of (3.2) gives by (2.13), (2.14), (2.16), (2.17):

n∑
i=1

〈Di {[N ′2(u) −N ′2(v)] h}〉st,α/2,Q

≤
n∑
i=1

n∑
j=0

sup
(t,x), (s,x)∈clQ

t6=s

|t− s|−α/2
{∣∣∣∣∫ t

s

Dτ
〈
∂2f/∂xi∂uj

〉τ,x,v(τ,x)

τ,x,u(τ,x)
dτ

∣∣∣∣
· |Djh(t, x)|+

〈
∂2f/∂xi∂uj

〉s,x,v(s,x)

s,x,u(s,x)

∣∣∣∣∫ t

s

DτDjh(τ, x)dτ

∣∣∣∣
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+
n∑
k=0

[∣∣∣∣∫ t

s

Dτ
〈
∂2f/∂uj∂uk

〉τ,x,v(τ,x)

τ,x,u(τ,x) dτ

∣∣∣∣ |Diku||Djh|(t, x)

+

∣∣∣∣∫ t

s

Dτ
[
∂2f/∂uj∂uk(τ, x, v, . . . )

]
dτ

∣∣∣∣ |Diku(t, x)−Dikv(t, x)||Djh(t, x)|

+
〈
∂2f/∂uj∂uk

〉s,x,v(s,x)

s,x,u(s,x) |Diku(t, x)−Diku(s, x)||Djh(t, x)|

+
∣∣∂2f/∂uj∂uk(s, x, v, . . . )

∣∣ |Diku(t, x)−Dikv(t, x)

− [Diku(s, x)−Dikv(s, x)]| |Djh(t, x)|

+
〈
∂2f/∂uj∂uk

〉s,x,v(s,x)

s,x,u(s,x) |Diku(s, x)|
∣∣∣∣∫ t

s

DτDjh(τ, x)dτ

∣∣∣∣
+ |∂2f/∂uj∂uk(s, x, v, . . . )||Diku(s, x)−Dikv(s, x)|

∣∣∣∣∫ t

s

DτDjh(τ, x)dτ

∣∣∣∣
+

∣∣∣∣∫ t

s

Dτ 〈∂f/∂uj 〉τ,x,v(τ,x)
τ,x,u(τ,x) dτ

∣∣∣∣ |Dijh(t, x)|

+ 〈∂f/∂uj 〉s,x,v(s,x)
s,x,u(s,x) |Dijh(t, x)−Dijh(s, x)|

]}
≤ K

(
n∑
s=0

δβs + δ

)
, K > 0

Making the corresponding changes the last term of (3.2) (see the proof of Lemma
3.1)

n∑
i=1

〈Di {[N ′2(u) −N ′2(v)]h}〉yx,α,Q

by the condition (N2.2) gives the required estimation. This finishes the proof of
Lemma 3.2. �

4. Some applications to initial-boundary value problems

In the following theorems we apply the equivalence Lemma E.

Theorem 4.1. Take α ∈ (0, 1) and i = 1, 2. Assume that the hypotheses (Ai.1),
(Ai.2) (see Definition 2.2), (Ni.2), (Ni.3) (see Definition 2.2 and Lemma CCi)
hold.

Then the open set Yi −Rib is dense in Yi and thus the range of bifurcation Rib
of initial-boundary value problem (2.1), (2.2i), (2.3) is nowhere dense in Yi.

Proof. Using the assumptions (Ai.1) and (Ai.2) we get by Lemma Fi that the
operator Ai from (2.8), is a linear Fredholm operator of the zero index. The
hypothesis (Ni.2) implies (Ni.1). Hence, with the assumption (Ni.3) we obtain
the complete continuity of the Nemitskij operator Ni : Xi → Yi, with respect to
Lemma CCi. According to (Ni.2) Lemma 3.i ensures that Ni ∈ C1(Xi, Yi). So
the assumption (i), (ii) and (iv) from Proposition 1.1 are satisfied.
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Denote Σi the set of all points u ∈ Xi at which the Fredholm operator of the
zero index Fi = Ai +Ni : Xi → Yi is not locally invertible. Also put Si the set of
all critical points of Fi. Then by Proposition 1.1 (jj), Si represents the set of all
singular points of Fi and by (jv) of the same proposition Σi ⊂ Si. Hence

Yi − Fi(Si) ⊂ Yi − Fi(Σi) ⊂ Yi − Rib .

With respect to (jjj) of Proposition 1.1 we have that Yi−Fi(Si) is dense in Yi and
from the last relations Yi − Rib is dense, too.

Recall several conceptions for i = 1, 2.
The point u ∈ Xi means a singular or critical or regular solution of the mixed

problem (2.1), (2.2i), (2.3) if it is singular or critical or regular point of the operator
Fi (see Proposition 1.1), respectively.

Also we shall investigate the linear problem in h ∈ Xi for some u ∈ Xi :

(4.1) Aih(t, x) +
n∑
j=0

∂f

∂uj
[t, x, u(t, x), D1u(t, x), . . . , Dnu(t, x)]Djh(t, x) = g(t, x)

with the conditions (2.2i), (2.3). �
Theorem 4.2. Let α ∈ (0, 1) and i = 1, 2. Assume that the hypotheses (Ai.1),
(Ai.2), (Ni.2), (Ni.3) and (Fi.1) (see Definition 2.2 and Lemma CCi) hold. Then

(a) For any compact set of Yi (of the right hand sides g ∈ Yi of the equation
(2.1)) the set of all corresponding solutions of the initial-boundary value problem
(2.1), (2.2i), (2.3) is compact, too.

(b) The number of solutions of (2.1), (2.2i), (2.3) is constant and finite (it may
be zero) on each connected component of the open set Yi − Fi(Si), i.e. for any g
belonging to the same connected component of Yi − Fi(Si). Here Si means the set
of all critical points of problem (2.1), (2.2i), (2.3).

(c) Let u0 ∈ Xi be a regular solution of (2.1), (2.2i), (2.3) with the right hand
side g0 ∈ Yi. Then there exists a neighbourhood U (g0) ⊂ Yi of g0 such that for
any g ∈ U (g0) the initial-boundary value problem (2.1), (2.2i), (2.3) has one and
only one solution u ∈ Xi. This solution continuously depends on g.

The associated linear problem (4.1), (2.2i), (2.3) for u = u0 has a unique solution
h ∈ Xi for any g from a neighbourhood U (g0) of g0 = Fi(u0). This solution
continuously depends on g.

(d) Denote by Gi the set of all right hand sides g ∈ Yi of equation (2.1) for
which the corresponding solutions u ∈ Xi of the problem (2.1), (2.2i), (2.3) are its
critical solutions. Then Gi is closed and nowhere dense in Yi.

Proof. From the given hypotheses and by Lemmas Fi, CCi, Ci and Lemma 3.i we
obtain all assumptions (i), (ii), (iii), (iv) from Proposition 1.2.

With respect to assertion (vj) of Proposition 1.2 the operator Fi is proper which
implies (a).

According to (jjj) of Proposition 1.1 the set of all singular points of Fi is equal
to the set of all critical points of Fi. Then the assertion (b) follows from (vjj) of
Proposition 1.2.
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(c) Since, u0 ∈ Xi − Si, where Si is a set of singular (under our assumptions
also critical) points, then according to (vjjj) of Proposition 1.2 the mapping Fi is
a local homeomorphism at u0, which proves the first part of (c).

However, Fi is a local C1-diffeomorphism. Thus F ′i ∈ C(Xi, Yi), where

F ′i (u)h = Aih+
n∑
j=0

∂f

∂uj
[t, x, u,D1u, . . . , Dnu]Djh

and (F−1
i )′ ∈ C(Yi, Xi), where (F−1

i )′(Fiu) = [F ′i (u)]−1 for every u ∈ Xi (see [19],
p. 115). Hence the linear problem (4.1), (2.2i), (2.3) for u = u0 has a unique solu-
tion h ∈ Xi for any g from a neighbourhood U (g0) of g0 = Fi(u0). This solution
continuously depends on the right hand side g. The proof of (c) is completed.

(d) In our case the set of all singular points Si of Fi is equal to the set of all
critical point Fi and Gi = Fi(Si). We get (d) from (xj) of the Proposition 1.2. �

Corollary 4.1. Let the hypothesis of Theorem 4.2 hold and

(vii) the linear homogeneous problem (4.1), (2.2i), (2.3) (for g = 0) has only zero
solution h = 0 ∈ Xi for any u ∈ Xi.

Then the initial-boundary value nonlinear problem (2.1), (2.2i), (2.3) has a uni-
que solution u ∈ Xi for any g ∈ Yi and i = 1, 2. This solution u continuously
depends on g. Moreover linear problem (4.1), (2.2i), (2.3) has a unique solution
h ∈ Xi for any u ∈ Xi and right hand side g ∈ Yi of (4.1) and this solution
continuously depends on g.

The proof of Corollary 4.1 follows by (c) of Theorem 4.2

Theorem 4.3. Let α ∈ (0, 1) and i = 1, 2. Suppose that the hypotheses (Ai.1),
(Ai.2), (Ni.2), (Ni.3) and (Fi.1) (see Definition 2.2 and Lemma CCi) hold together
with the condition

(viii) There exists an isolated critical point u0 ∈ Xi of the problem 2.1, 2.2i,
2.3.

Then there exists a neighbourhood U (g0) ⊂ Yi of g0 = Fi(u0) such that for
any g ∈ U (g0) the nonlinear problem (2.1), (2.2i), (2.3) has a unique solution u ∈
U (u0) ⊂ Xi (U (u0) is a neighbourhood of u0). This solution continuously depends
on g.

Proof. From (viii) it follows that u0 ∈ Xi is an isolated critical point of Fi,
i.e. the linear homogeneous problem (4.1), (2.2i), (2.3) for g = 0 and u = u0 has
a nontrivial solution h 6= 0 ∈ Xi. Proposition 1.3 ensures the assertion of this
theorem. �
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