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A NOTE ON RAPID CONVERGENCE OF APPROXIMATE
SOLUTIONS FOR SECOND ORDER PERIODIC BOUNDARY
VALUE PROBLEMS

RAHMAT A. KHAN AND BASHIR AHMAD

ABSTRACT. In this paper, we develop a generalized quasilinearization tech-
nique for a nonlinear second order periodic boundary value problem and ob-
tain a sequence of approximate solutions converging uniformly and quadrat-
ically to a solution of the problem. Then we improve the convergence of the
sequence of approximate solutions by establishing the convergence of order k
(k>2).

1. INTRODUCTION

The technique of generalized quasilinearization developed by Lakshmikantham
[1,2] has been found to be extremely useful to solve the nonlinear boundary value
problems. A good number of examples can be seen in the text by Lakshmikantham
and Vatsala [3] and in the references [4,5]. Recently, Mohapatra, Vajravelu and
Yin [6] considered the periodic boundary value problem

—u"(z) = f(z,u(x)), u(0)=u(r), «(0)=d(r), =x€l0],
with the assumption that % < 0 and % < 0 (condition (iii) of Theorem 3.3
[6]). In this paper, we replace the convexity (concavity) condition by a condition
of the form f € C?([0,7] x R?) and obtain a sequence of approximate solutions
converging monotonically and quadratically to a solution of the problem. Then
we discuss the convergence of order k (k > 2).

2. PRELIMINARY RESULTS

We know that the homogeneous periodic boundary value problem
(2.1) —u"(z) — du(z) =0, z € 0,7,
u(0) =u(r),  w'(0)=1u(m),
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has only the trivial solution if and only if A # 4n? for all n € {0,1,2,...}. Con-

sequently, for these values of A and for any o(x) € C([0,7]), the non homogenous
problem

(2.2) —u'(x) = Mu(z) =

has a unique solution

u(z) = / " Gale,y)o(y)dy,

where G (z,y) is the Green’s function given by

-1 cosVA(F —(y—=), 0<z<y<m,
Gr(a,y) = ————r :
2V AsinVAZ |cosVA(F = (z—y)), 0<y<z<m,
for A > 0 and
Ga(z,y) 1 coshv=A(7 —(y—=z)), 0<az<y<m,
AL, =
2\/—/\sinh_vf2’\” coshv—-AN% —(z—-y)), 0<y<z<m,

for A < 0. Here, we note that G (z,y) > 0 for A < 0 and Gx(z,y) < 0 for A > 0.
Now, consider the following nonlinear periodic boundary value problem

(2.3) —u"(z) = f(z,u(x)), z€l0,7],
u(0) =u(m),  w'(0)=u'(r),

where f € [0,7] x R — R is continuous.

We say that a € C?([0,7]) is a lower solution of (2.3) if

(2.4) —a"(z) < f(z,a(z)), xz € [0,7],
a(0) = a(n), a'(0) > o/ (m).

Similarly, 3 € C?([0,7]) is an upper solution of (2.3) if

(2.5) —p"(z) = f(z,B(x)),  x€[0,7],
B0) =p(m),  B(0) < F(m).

Now, we state some theorems without proof which are useful in the sequel (for the
proof, see reference [3]).

Theorem 1. Suppose that «, 3 € C*([0, 7], R) are lower and upper solutions of
(2.3) respectively. If f(x,u) is strictly decreasing in u, then a(z) < S(z) on [0,7].

Theorem 2. Suppose that o, 3 € C%([0,7], R) are lower and upper solutions of
(2.3) respectively such that

a(z) < B(x), Yz el0,n].

Then there exists at least one solution u(x) of (2.3) such that a(z) < u(x) < B(x)
on [0, 7].
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Now, we are in a position to present the main result.

3. MAIN RESULT

Theorem 3. Assume that
(A1) «,B € C?([0,7], R) are lower and upper solutions of (2.3) such that a(z) <
B(x) on [0,7].
(A2) f € C*([0,7] x R?) and %(x,u) < 0 for every (z,u) € S, where
S={(z,u) e R?:x€[0,n] and wu€ [a(z),B(z)]}.

Then there exists a monotone sequence {qn } which converges uniformly and quadrat-
ically to a unique solution of (2.3).

Proof. In view of the assumption (As) and the mean value theorem, we have

flz,u) > f(z,v) + [%f(x,v) +2mv} (u —v) —m(u® —v?), m >0,

for every x € [0,7] and u,v € R such that a(z) < v < u < B(x) on [0,7]. In
2

passing, we remark that we have used %(x,u) > —2m, (x,u) € S here, which

follows from (Ag). We define the function g(x,u,v) as

g(x,u,v) = f(z,v) + [(,%f(x,v) + 2mv] (u—v)—m (u*—v%) .
Observe that

(3.1) 9(z,u,0) < f(z,u), 9(x,u,u) = fa,u).
It follows from (Az) and (3.1) that g(x,u,v) is strictly decreasing in u for each
fixed (z,v) € [0,7] x R and satisfies one sided Lipschitz condition

(3.2) g(z,u1,v) — g(x,u9,v) < L(uy —uz), L>0.
Now, set @ = qg and consider the periodic boundary value problem
(33) _U'N(x) = g(xa U(Z‘), QO(J;)) , T € [Oa T(] )

uw(0) = u(r), u'(0)=1(n).
In view of (A1) and (3.3), we have
() < J(@00(@)) = 9z @), a0(@), € (0,7,
00(0) = qo(m),  45(0) = qp(m),
and
—p"(x) = f(x,8(x)) = g(z, B(x), q0(x)), x €0,7],
B(0) = B(m), B(0) < (),
which imply that go(x) and B(x) are lower and upper solutions of (3.3) respectively.

Hence, by Theorem 2 and (3.2), there exists a unique solution g;(x) of (3.3) such
that

qo(z) < qi(x) < B(x) on [0,7].
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Next, consider the periodic boundary value problem
(3.4) —u"(z) = g(z,u(z), q1(z)), = €[0,7],

uw(0) = u(r), u'(0)=1u'(r).
Using (A1) and employing the fact that g1(x) is a solution of (3.3), we obtain
(3.5) —q/(z) = g(z,q1(2),90(2)) < g(2,q1(2), q1(x)), x €[0,7],

@1(0) = qu(m),  q1(0) = g1 (),
and
(3.6) —B"(x) = f(z,8) = g(z, B(z), q1(z)), =z €[0,7],
B(0) = B(m),  B'(0) < B'().

From (3.5) and (3.6), we find that ¢;(x) and §(z) are lower and upper solutions of
(3.4) respectively. Again, by Theorem 2 and (3.2), there exists a unique solution
g2(x) of (3.4) such that

q1(z) < g2(z) < B(z) on [0,7].

This process can be continued successively to obtain a monotone sequence {g, (x)}
satisfying

g0o(z) < qi(zr) < gaz) <+ < gno1(x) < gn(z) < B(x) on [0,7],

where the element ¢, () of the sequence {g,(x)} is a solution of the problem
—u"(z) = g(z,u(x), gn-1(x)), x€0,7],
w(0) = u(r), u'(0)=1u(r).

Since the sequence {g,} is monotone, it follows that it has a pointwise limit ¢(z).
To show that g(z) is in fact a solution of (2.3), we note that ¢, () is a solution of
the following problem

(3.7) —u"(z) — Mu(z) = ¥, (z), z€l0,7],
u(0) = u(m), u'(0)=u'(m),

where U,,(z) = g(z, ¢n(2), gn-1(z)) — Agn(z) for every z € [0,n]. Since g(z,u,v)
is continuous on S and a(z) < ¢,(z) < B(x) on [0, ], it follows that {¥,(z)} is
bounded in C[0, 7). Thus, g, (z), the solution of (3.7) can be written as

(3.8) () = /0 " Gl y) V() dy

This implies that {g,(z)} is bounded in C?([0,n]) and hence {g.(z)} " q(x)
uniformly on [0, 7]. Consequently, taking limit n — oo of (3.8) yields

q(z) = /OW Ga(z,9) [f(y,a(y) — M(y)] dy, =z e€[0,7].
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Thus, we have shown that ¢(x) is a solution of (2.3).

Now, we prove that the convergence of the sequence is quadratic. For that, we
define

(3.9) F(x,u) = f(x,u) +mu?.
In view of (Az) we can find a constant C' such that
82

Letting en(2) = q(z) — gn(2), n = 1,2,3, . .., we have
i) = @) ~ @)
= F(r.0(@) = F(#,001() — (00(0) ~ 001 (0) o F (2,001 (2)
(@) ().
en(0) = enlm), €,0) = ci(m).

Using the mean value theorem repeatedly, we obtain

—e () = [%F(x,f) - a%F(a:, Qn—l)} (9(2) = gn-1(x))
[ (002 ()] (1) = () — m(a(0) = 1)
2
(3.11) = P, (@) ena(a) (€ — g (x)

4 [ (,gn1(2)) — m(ae) + 4u()) | enla),
en(0) = en(m), €,(0) = e, (m),

where ¢,—1(x) < ¢ <& < ¢g(z) on [0, 7] (¢ and & also depend on g,,—1(z) and g(z)).
Substituting

%F(w, dn-1(x)) = m(q(@) + gn(2)) = an(z),

S (@) en (@) (€ = 4n1(2) = CE(2) + (),

in (3.11) gives b,(z) <0 on [0, 7] and
—en(@) = en(@)an(z) = Cep_y(2) +bu(z), €07,
en(0) = en(m), €,(0) = e, (7).

Since lim,,—,« an(z) = %(w, q(x)) and %(w, q(x)) < 0, therefore for A < 0, there
exist ng € N such that for n > ng, we have a,(z) < A < 0, z € [0,n]. Therefore,
the error function e, (z) satisfies the following problem

—en(z) — Aen () = (an(z) — Nen(z) + Ce? (z)+bp(x), =07,

(3.12)
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whose solution is

z) = /0” Ga(z,9) [(an(y) = Nea(y) + Ceq_1(y) + ba(y)] dy

Since an(y) — A < 0, b,(y) <0, and Gx(z,y) > 0 for A < 0, therefore, it follows
that

Ga(,9)[(an(y) = Nen(y) +bu(y) + Cej,_1 ()] < Galz,y)Cep_y(y) .-

Thus, we obtain
0<en) <C [ Grlen)ed () dy.
0

which can be expressed as
leall < Cillen—1]?,

where €7 = C'max [ Ga(z,y) dy and ||e,| = max {|e,| : € [0,7]} is the usual
uniform norm.

4. RAPID CONVERGENCE

Theorem 4. Assume that

(By) a, B € C%R) are lower and upper solutions of (2.3) respectively such that
a(z) < B(z) on [0,7].
(Bg) f € C*([0,7] x R?) and (x u) < 0 for every (z,u) € S, where
S ={(z,u) € R*:x € [0,7] and u € [a(z), B(x)]}.
Then there exists a monotone sequence {qn(x)} of solutions converging uniformly

to a solution of (2.3) with the order of convergence k (k > 2).

Proof. In view of the assumption (Bz) and generalized mean value theorem, we
obtain

k—1 lf
(@) fewzY She
1=0

for every x € [0,7] and u,v € R such that a(z) < v <u < B(x). In (4.1), we have
used 2 o [ (x,u) > —k!my, which follows from (B;). We define

(u—v)’

il

—mg(u—v)*, my >0,

1

(4.2) (x,u,v) Z !U)Z — my(u—v)k.

=0

Observe that

(4.3) gr(@,u,v) < fz,u),  gr(z,u,u) = fz,u).
In view of (Bg) and (4.3), we note that g,(z,u,v) satisfies one sided Lipschitz
condition

(4.4) gr(z,u1,v) — gr(z,u2,v) < L(ug —u2), L>0.
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Now, set a(x) = go(x) and consider the periodic boundary value problem
(4.5) —u"(x) = gr(2,u(x),q0(2)), € [0,7],
uw(0) =u(r), u'(0)=1u(r).
From the assumption (B;) and (4.3), we get
—q0(x) < f(z,q0(2)) = gr(z, q0(2), q0(x)), = €[0,7],
90(0) = qo(7),  40(0) = go(7),

and

_6”(33) > f(xvﬁ(x)) > 9gr (x,ﬂ(x),qo(x)) , X E [0777-]7
B(0) = B(m), B(0) < f(m),

which imply that go(x) and B(x) are lower and upper solutions of (4.5) respectively.
Therefore, by Theorem 2 and (4.4), there exists a unique solution ¢;(z) of (4.5)
such that

qo(z) < q1(x) < B(x) on [0,7].
Similarly, we conclude that the problem
—u"(x) = gr-(z,u(z),q1 (), =€[0,7],
u(0) = u(m), u'(0)=1u(r),

has a unique solution g2(x) such that

q1(z) <qe(z) <B(z), =€ [Ovﬂ]'

Continuing this process successively, we obtain a monotone sequence {q,(z)} of
solutions satisfying

q0(7) < q1(x) < gafx) < -+ < gur(z) < gulx) < B(z) on [0,7],

where the element ¢, () of the sequence {g,(x)} is a solution of the problem

(4.6) —u"(z) = Mu(x) = gr(2, 4n(2), gn-1(2)) = Agn(z) = Vn(z), € [0,7],
u(0) =u(r), u'(0)=u'(r).

Since the sequence is monotone, it follows that it has a pointwise limit g(z).

Employing the arguments used in section 3, we find that {g,(x)}  ¢(z), uniformly
on [0,7]. On the other hand, the solution of (4.6) is given by

(4.7) gnlz) = / G V() dy, @€ 0,7,

which, on taking limit n — oo, becomes

v) = /W Gz, ) [ f(y,a(y)) — Xqw)] dy, =z €[0,7].
0

Thus, ¢(z) is a solution of (2.3).
In order to prove the convergence of order k& (

k > 2), we define e, (z) = q(z) —gn ()
and a, () = gnt1(x) — gn(z). Clearly a,(xz) >0

and e, (x) > 0. Further, a,(z) <
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en(z), € [0, 7], which implies that a (x) < ef(z). By the generalized mean value
theorem, we have

—€n11(7) = gria (@) — ¢"(x)

g el (z) —al(x k ek (x
= L ante) WD T D )
i=0

i duk k! "
< (en(x) - an(x))Pn(x) + Ceﬁ(x) )
en1(0) = eny1(m), €y y(0) = €y ().
where C' = 2my, qgn—1(z) <& < ¢(x), and

i—1

- _0 a;{( ’ (x))%zei_l‘j(x)ai;(x), ze0,m].

Jj=0

Thus, for some w(x) < 0, the error function e,11(z) satisfies the problem
el () = ens1(2)Pale) = Cck (@) +(z), € [0,71],
ent1(0) = enq1(m), €/n+1(0) = 6/n+1(7T) .

Since lim,,— o Py(x) = ( ) < 0, therefore, for A < 0, there exists ng € N
such that for n > ng, we have P,(x) <A <0,z €[0,7]. Thus, we can write

—en 1 () = Aent1(z) = (Po(2) = Nenga () + Cepi(x) +d(x), @ €[0,7],
ent1(0) = ent1(m), €/n+1(0) = €;z+1(7r)v

whose solution is given by

(48) eni1( / G (@, 9) [(Pa(y) = Nensa () + Ceb (y) + i(y)] dy

Since P,(y) — A < 0, w(y) < 0 and Gx(z,y) > 0 for A < 0, therefore, it follows
that

(49)  Gaz,9)[(Pu(y) = Nent1(y) + Cer(y) + 0(y)] < Galz,y)Cep(y) -
Combining (4.8) and (4.9), we obtain
0< @) <€ [ Grla)ekw)dy.
0
Thus,
len(@)]l < Cillen—1(2)]*,
where C1 = C'max [ Ga(z,y) dy.
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