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A THEOREM ON CONTINUOUS DEPENDENCE
ON A PARAMETER

‘KAREL KARTAK, Praha
(Received January 14, 1965)

1. Notation and introduction. E, denotes the set of all x = [xy,..., x,], with
real x;. By definition, x < y in E, means that x; < y; for each i = 1, ..., n. We
put |x| = max {|x,|, ..., |x,|}. and similarly in [t, x]-space of all [t, Xy, ..., X.],
with ¢t real. For a,b€E,, a = [ay,...,a,), b =[by,.... b}, a;<b,i=1,..,n,
{a, b) denotes the set (ay, b,) x ... x (a,, b,). For & real, ¢ denotes [¢, ..., £] € E,.
Measurability notions refer to the Lebesgue measure on the real line; a.e. stands for
almost everywhere.

In this paper, we investigate differential equations

(8. X =f(t,xn), x(z) =)

depending on a parameter u in a metrical space, and prove that under some assump-
tions ¢,, a solution of (é”u), depends continuously on u. Here, for each fixed u, any
solution of (#,) is considered in the sense of Carathéodory, i.e. it is an absolutely
continuous function ¢, on an interval I, with ¢,(t) = f(t, ¢,(f), p) holding a.e. on I.

The aim of this note is to prove a generalization of the following theorem.

Theorem 1. Let D be a region of [t, x]-space, [t, E]e D, I, = {ue E,; lu - uol <
<c¢},¢>0,D, =D x I, Let a function [t, x, u] - f(t, x, u) on D, wzth values
-in E, fulfil thefollowmg condmons

(1.1) for fixed [x, u], the function f(., x, ) is measurable
(1.2) for fixed [t, u], the function f(t, ., p) is continuous
(1.3) for fixed t, the function f(t, ., .) is continuous at p,
(1.4) the differential equation

x' = f(t, x, po), x(z) =¢

has a unique solution ¢, on the interval {a, b), where t € {a, b)
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(1.5) there exists a summable function m on {a, by such that |f(t, x, p)| < m(r)
for each tela, b), [t,x, u]e D,.

Then there exists a & > 0 such that, for any fixed p satisfying |u Hol <4,
-every solution ¢, of

x'=f(t, x,p), x(r)=¢

exists over {a, b) (in the sense that if ¢, is a solution of the above equation on an
interval {c, d) = {a, b), then there exists an extension of @, to the whole of {a, b)
as a solution of this equation), and as p — po, ¢, = @o uniformly over {a, b).

Proof. See [1], Chapter II, theorem 4.2.

2. We show that (1.5) in the preceding theorem may be weakened. First, we prove
the following generalization of the Lebesgue convergence theorem.

Theorem 2. Let f,, g,,, h,, m = 0,1,2, ..., be measurable functtons defined on
a, by, and let them fulfil the following condmons
2.1) gy £ f £ h,, a.e. on {a, b) for m = 1,2, ...
(2.2) g = Gos fn = fo» hyy = gy a.e. on {a, b form -
(2.3) g by m = 0,1,2, ..., are integrable on {a, b)
(24) J'z 9n = [a 9o Jabm— J‘Z ho.

Then [, f > [4 fo.

Proof. From Fatou’s lemma we get f’j (fo — 90) = [2lim (f,, — gm) <
< liminf 2 (f, — g,) = liminf [%f, — [®go; hence [®f, < liminf [%f,. Passing
to opposite functions, we obtain [} fo 2 lim sup [} f,,.

Remark. The proof remains true for more general spaces and integrals.
3. We pass to a theorem on continuous dependence on a parameter, first on product

sets in [t, x]-space. In what follows, IT denotes a metrical space of parameters with
distance |u — v|, po €11, 1 is a real number, o« > 0. Further, for any § > 0, II(9) =

= {nell; |u — po| < 9}

Theorem 3. Let G be a region in E,, £ be a mapping of II into G continuous at uy;
put & = &(uo). Let [t, x, u] = f(t, X, ) be a function defined on {r,7 + a) X
x G x II with values in E, such that

(3.1) for each [x, u] € G x II, the function f(., %, p) is measurable on (T, T + &)

(3.2) for each [t, ul €<z, + a) x I, the function f(t, ., u) is continuous on G

(3.3) for each p €ll, there exist integrable functions m(., ), M(., p) on (1,7 + &)
such that [t, x, p] €<t,© + a) x G x IT implies m(t, ) < f(t, x, p) < M(t, p)
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(3.4) for almost all t ez, t'+ a), m(t, .), M(t, .) are continuous at p,

(3.5) the systems {L(., W)}, {U(., p)}, pell, where L(t, p) = [tm(., ), U(t, p) =
= [t M(., u) are equicontinuous on {1, T + a) :

(3-6) for each te{t,t + a), L(t, .), U(t, .) are continuous at p,

(3.7) for each tet,t + a) and each x € G, the function f(t, ., .) is continuous
at [x, o) '

(3.8) the equation
(“"”uo) x' = f(ta X, ﬂo) s x(‘f) =&

has a solution @, on {t,T + &), which is unique in the following sense: if ¥ is
a solution of (€,,) on <7, T + B>, 0 < B < a, then Y(t) = @o(t) for each t e {x, 7 + B).

Then given & > O, there exists 6 > 0 such that for any e I1(0), every solution ¢,
of (¢,) exists over (t, T + a), and |(p,,(t) - (po(t)[ < ¢ for each te{(t, T + a).

Proof. We say that the theorem holds on {7, t + B, if from the assumptions
follows the assertion on {7, T + B instead of {(z, 7 + a). First, we show the existence:
of sucha g > 0. From (3.5) and continuity of ¢ at u, we infer that there exists § > 0
such that &(u) + L(t, p) € G, &(u) + U(t, p) € G for each te(r, 7 + B) and, as we
may suppose, each p € IT; from the proof (with a slight modification) of the existence
theorem for Carathéodory differential equation ([1], Chapter II, theorem 1.1) we
get that all solutions ¢, of (&;), u €11, exist over (t, T + $). From (3.3) and (3.5) we
infer that {@,}, pell, are uniformly bounded and equicontinuous on {z, 7 + #).
Let p, — po for k — 0. Let ¢, be a solution of (&, ) on{t, 7 + B, fork = 1,2, ...
We prove that ¢, — ¢, uniformly on <{z, 7 + B). By Ascoli’s lemma, there exist
ky, ks, ... and ¥ such that ¢, converge to ¥ uniformly on {z, v + B), for Il - 0.
According to (3.7), (¢, @x,(1) m,) converge to f(t, ¥(£), po) on (t, 7 + B) for I -
so that ll’(t) = lim (ph(t) = lim [é(uh) + ﬁ-f(s’ (Ph(S), #k;) = 60 + fzf(S, QII(S), ”0)"
by (3.4), (3.6) and theorem. 2. We see that ¥ is a solution of (&,,) on <7, 7 + f);
hence ¢, = ¥ on {z, © + B, as it follows from (3.8). Pointwise convergence of {¢,}
we prove by contradiction, and uniform convergence follows now from equicontinuity;
this concludes the proof, as is easy to see.

We pass to the global assertion. Let
to = sup {te{t, T + a); the theorem holds on (7, t>}.

Suppose first that t, < 7 + a. We show that there exist I’ > 0 and 3, > 0 such that,
for each u eI1(39,), every solution ¢, of (&,) exists over <7, to + I'). As @o(t,) € G,
we have 4 > 0 such that the cube with edge 84 and centre @o(to) lies in G. By (3.5),
we can choose n > 0 such that t,,1, ez, 7 + ), ltl - l‘z] < n, pell implies
’L(‘n u) — L(t,, I‘)}‘é 4, 'U(tn u) = Ut I‘), < 4. Thence ‘("0('0 -n) - (Po(to), <
< 4, and for each p € I, the estimations |L(t, — 7, 1) — L(to» p)| < 4, [U(to — n, ) —
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— U(to, p)| < 4 hold. Now choose 9, > 0 such that u e I1(3,) 1mp11es o (to — 1) —
— oo(to — 11)| < A. Hence we have |¢,(to — 1) — @o(to)| < 24 for each e I(9,),
and it follows from the equation

(39) | x®=wm-m+f_mJ@m

that all solutions ¢, p € I1(9,), may be extended over {z, t,), with I(p“(to) - (po(to)l <
< 3A Indeed, to prove this, it suffices to consider the inequality ¢,(t, — 1) +

fo_a M(., ) £ 0olto) + 34, valid for tedty —m to), pell(9,), a similar
estlmatlon from - below, and the existence theorem. Now, the possibility of an
extension to {1, t, + I'), for a suitable I' > 0, follows from (3.5).

Suppose for simplicity that all solutions of (&,) exist over (z, t, + I') for each
uell. We prove that the theorem holds on (z, t,), where t; > t,. First, we prove
that it is true on (1, t,). Let ¢, be a solution of (6,) on <, ty + I'). By the assump-
tion, lim ¢@,(t) = @o(t) for each te<z, t,). Supposing hm q),,(to) = @o(to) is false,

“=uo
we can evidently choose a sequence {} converging to ﬂo such that hm (p,,k(to)

=K F (po(to) However, using equicontinuity, we get from

(10)  oo(to) = @uto)] = |ealte) = @o(t)] + |ea(t) = @u(®)] + |@ut) — @ulto)]

a contradiction. Hence lim ¢,(t,) = ¢(to), and by equicontinuity of the solutions ¢,
H=po
{@,} converges to ¢, uniformly on (z, t,).

Now consider the equations
t
(.11) )= ot + [ 6.9, wem
to

on<ty, to + I'). Using the first part of this proof, as we clearly may, we get the validity
of the theorem on {7, t,), t; > t,; a contradiction. The proof of the case t, = © + «
is included in the above considerations.

4. Before stating the main theorem of this article, we introduce the following
notations. For D < [t, x]-space and x € E,, let D'"*1 = {te E; [t, x] € D}, and
similarly for D1, Further let proj, D = U{D'"*}; x € E,}, and similarly for proj, D.

Theorem 4. Let D be a region of [t, x]-space, {a, b) < proj, D, te{a, b), I
a metrical space of parameters, po€ll. Let & be a mappmg of II into proj, D
continuous at po; put &o = &(no) and suppose that [r, &0} € D. Let [t,x, u] -
= f(t, x, p) be a function on D x IT with values in E, such that

(4.1) for each x e proj, D, pell, f(., x, u) is measurable on D'
(4.2) for each t e proj, D, u ell, f(t, ., p) is continuous on D'
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(4.3) the equation

(€0 x' = f(t,x, uo), x(z) = &
has a solution ¢, over {a, b); this solution is unique in the sense that if  is a solution
of x' = f(t, x, po) over {c,d) =<a, b) passing through a point of the graph
of @o, then @o(t) = (1) for each te{c, d) :
(4.4) for each pell, there exist integrable functions m(., p), M(., p) on <a, b)
such that te<a, b), [t, x, u] € D x IT implies m(t, p) < f(t, x, p) < M(t, p)

(4.5) for almost all t € {a, b), m(t, .), M(t; .) are continuous at p,

(4.6) the systems {L(., p)}, {U(., p)}, n €1, defined as in (3.5), are equicontinuous
on {a, b)

(4.7) for each te<a, b), L(t, .), U(t, .) are continuous at p,
(4.8) for each te{a, by and each x € G, the function f(t, .;.) is continuous at
[x’ Ilo]-

Then given ¢ > 0, there exists § > 0 such that, for any p e I1(5), every solution ¢,
of (8,) exists over {a, b), and I(p“(t) - (po(t)l < ¢ for each t e {a, b).

Proof. Let ¢ > 0 be such that G = {3e-neighbourhood of the graph of @,} lies.
in D. Let 7 be such that 0 < 5 < ¢ and sup {|@o(t) — @o(t)|; 1, ' €<a, b), |t — t'| <
< n} < &. Suppose for simplicity T =q, and let 1 =a <1, <71, <... <7, = b,
max {t; = t;_y, i =1,...,7} <. Put K; = {t,_;, 7> x (@o(t;) — 2&, 9o(;) + 2¢);
then K; = Gfori =1, ..., r, as is easy to see.

It follows from theorem 3 that we have 9, > 0 and ¢, > O such that pell(9,),
& = @o(t,-4)| < &, implies: every solution ¢ of x' = f(t, x, u), x(t,_,) = &,
exists over (7,_y,7,), and |o(f) — @o(t)| < & holds there. Similarly, there exist
9,19, and ¢_, S such that pell(3,_,), |-y — @o(t,—2)| < &-, implies
that every solution ¢ of x' = f(t, x, p), x(r,_,) = &, exists over <,_,, 7,», and
|@(f) — @o(f)] < & there; etc. Finally, there exist 9; and & such that supposing.
pell(8,) and |& — @o(c)| < &, it follows that every solution ¢ of x' = f(t, x, p),
x(r) = &, exists over <1,1,) = <a, b), and |p(t) — @o(t)| < & for each te<a,b),
whence the conclusion. The case a 3 T may be dealt with in a similar way.

Remark. It is not difficult to see that the theorems of this paper remain true for
e.g. Perron or more general integrals so that generalized absolutely continuous
functions may be used as solutions of differential equations. A systematic treatment.
of this question will be given in another paper.

Reference
[1] E. A. Coddington, N. Levinson: Theory of ordinary differential equations, New York 1955..

Author’s address: Praha 6 - Dejvice, Technickd 1905 (Vysok4 Zkola chemick4).
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Vytah
VETA O SPOJITE ZAVISLOSTI NA PARAMETRU

KAREL KARTAK, Praha

Hlavnim vysledkem této prace je ndsledujici véta o spojité zdvislosti na parametru
z teorie diferencidlnich rovnic, zobeciujici vétu 4.2 z [1], IL. kapitola. Regeni se uva-
Zuji v Carathéodoryové smyslu, tj. jsou to absolutné& spojité funkce, vyhovujici vztahu
o'(t) = f(t, o(t)) skoro viude.

Véta 4. Necht D je oblast v [t, x]-prostoru vSech [t, x,, ..., x,], D™ =
= {teE,; [t,x] e D}, kde x€E,, proj, D = u{D!"*); x e E,}; podobné definuj-
me D', proj, D. Necht je ddle {a, by < proj, D, T €{a, b), I metricky prostor
parametri, po €Il. Necht & je zobrazeni prostoru Il do proj, D, které je spojité
v bodé py; polofme &y = &(uo) a predpoklddejme, %e [, £y] € D. Necht [t, x, u] —
- f(t, x, p) je funkce definovand na D x II s hodnotami v E,, pro kterou plati

(4.1) pro kaZdé x € proj, D a kaZdé pell je funkce f(., x, p) méFitelnd na D'
(4.2) pro kazdé t € proj, D a kaZdé p eIl je funkce f(t; ., p) spojitd na D'
(4.3) rovnice

€ ¥ = ftx ), 5(9) = &

md FeSeni @, na intervalu {a, b), které je jednoznacné v ndsledujicim smyslu:
je-li  FeSeni rovnice x' = f(t, X, o) na intervalu {c,d)y = {a, b), prochdzejici
néjakym bodem grafu @q, pak @o(t) = yY(t) pro kazdé t e {c, d)

(4.4) pro kazdé peIT existuji integrovatelné funkce m(., p), M(., p) na {a, b tak,
fetea, b, [t,x, u]e D x I = m(t, p) < f(t, x, p) < M(t, p)

(4.5) pro skoro vsechna te<a, by jsou funkce m(t, .), M(t, .) spojité v bodé u,

(4.6) systémy {L(., w)}, {U(., n)}, pell, kde L(t, p) = [tm(., u), U(t, p) =
= [t M(., p), jsou stejné spojité na {a, b

(4.7) pro kazdé t € {a, b) jsou funkce L(t, .), U(t, .) spojité v bodé p,
(4.8) pro kaZdé te{a, by a kazdé x € G je funkce f(t, ., .) spojitd v bodé [x, uo]

Potom ke kaZdému & > 0 existuje § > 0 tak, Ze pro ka%dé p, pro né? plati
lu - u0| < 6, vfechna FeSeni @, rovnice

(€,) x'=ft,x ), x(z)= <&@
existuji na {a, b), a plati |p,(f) — @o(t)| < & pro kazdé t e <a, b).
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Pe3iome

TEOPEMA Q HEIMPEPBIBHOM 3ABUCUMOCTH OT [TAPAMETPA

KAPEJI KAPTAK (Karel Kartak), Ilpara

[naBHBIM pe3yIbTaTOM HacToslIed paboTH SBJIAETCA CleAyIOLas Teopema
O HENpephHIBHOH 3aBHCHMOCTH OT IapamMerpa U3 Teopun IubdepeHIaTbHBIX
ypaBHeHHUii, 060611arouas Teopemy 4.2 us [1], II. rmaBa. Pemienns paccMaTpuBaroTCs
3nech B cMbiciie KapaTeoaopsl, T.e. OHH SBIAIOTCA abGCONIOTHO HENPEPHIBHHIMU
GbYHKUNAMH, yIOBIECTBOPAIOUIMME ypaBHeHHIO ¢'(f) = f(¢, ¢(f)) moyTH Bcrony.

Teopema 4. IIycmv D-—obaacme 6 [t, x]- npocmpancmee 6cex [t, Xy, ..., X,],
DY*1 = {teE,; [t,x]e D}, 20e xeE, proj,D = v {D'"*; xeE,}; nodobro
onpedeaum D1, proj, D. ITycms, dasee,{a, by < proj, D, 1 €<a, bd, I1—mempu-
yeckoe NpocmpaHcmeo napamempos, l, € I1. IMycmo & —omobpancenue II 6 proj, D,
HenpepbigHoe 8 mouke Lo, noaoxncum &y = E(u,) u npeonosoncum, umo [t, &j € D.
Hycme [t, x, u] = f(t, x, p) — Pyuxyusana D x II, omobparncarowyan ¢ E, u maxas,
umo (4.1) 015 kaxncdo20 x € proj, D u xancdozo p e IT dynxyus f(., x, 1) usmepuma
Ha D'*); (4.2) a8 kaxcdozo t € proj, D u xancoozo p € I1 gynxkyusa f(t, ., i) Henpe-
poigna na D1, (4.3) ypasnenue

(5“0) x' =f(t5 X, ”’0) H x(T) = 60

umeem pewenue @, Ha {a, by, oonosnaunoe & caedyrowem cmoicae: ecau \y — peuieHue
ypasuenun x' = f(t, x, o) Ha unmepease {c, d) < {a, b>, npoxodawee uepe3 HeKo-
mopyro mouky epaguxa @o, mo @o(t) = Y(t) 014 xamcdozo telc,d); (4.4) oaa
Kaxcoozo pe I cywecmsyrom unmezpupyemvie @dynxyuu m(., w), M(., p) na {a, by
maxk, umo te{a,b), [t,x, ] € D x IT eaeuem m(t, u) < f(¢t, x, w) < M(t, p); (4.5)
048 noumu ecex t€<{a, b) Pynkyuu m(t, .), M(t, .) nenpepoisnvi 8 mouke o; (4.6)
cucmemvt {L(., W}, {U(., W}, uell, 20e L(t, p) = [t m(., p), U, p) = [z M(., p),
pasrocmenenno Henpepbiguvl Ha {a,b); (4.7) 0aa kancdozo tela,b) Pynkyuu
L(t, .), U(t, .) nenpeprienor 6 mouke [iy; (4.8) 041 xamcdozo te<{a,b) u Kaxcoo2o
x € G gynryua f(t, ., .) HenpepwigHa 6 mouke [x, ;).

Toz0a 044 ecaxozo ¢ > 0 cquecmay{em 0 > 0 max, umo 044 écaxozo |, 8bINOAHAIO-
wezo Iu - uo[ < 0, 6ce pewenua @, ypasnenus,

@) X = ft %0, x(1) = &)

- cywecmsyiom na {a, by, u |, (f) — @o(t)| < & 011 scaxozo t € {a, b).
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