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Casopis pro p&stovani matematiky, ro¢. 89 (1964), Praha

POZNAMKA K POVRCHU MNOZIN

VAcCLAV PFEFFER, Praha
(Doslo dne 31. fijna 1961 — v nové upravé dne 10. fijna 1962)

V préci je odvozen jisty dolni odhad pro povrch omezené méfitelné mno-
Ziny.

Nejdfive zavedeme nékteré imluvy a oznaleni. Je-li A mnoZina a ¥ vyrok zavisly
na x € 4, je {x € A : ¥(x)} mnoZina viech x € 4, pro n& plati V(x). BudiZ {a,} libo-
volna posloupnost. Bez obavy z nedorozuméni budeme symbolem {a,} znaditi také
mnoZinu viech &lend této posloupnosti. Kartézsky soudin mnoZin Ay, A,, ..., 4,,

n
oznadime X A4; nebo 4; X A, X ... X A,
i=1

Je-li n pfirozené &islo, je E, n-rozmérny Euklidiw prostor. V dalsim pevné zvolme
celé&islom 2 2. BudiZ icelé, | S i<m,az=1{[2y,..., Zim1s Zit1s --o> Zm] € Epp—1-
Misto [z, ..., Z;—1, 8, Zj415 -+ -5 Zm] € E,, budeme psati [, z];, nebo, jestlize i = 1,
pouze [t, z]. Rezem mno¥iny A c E, bodem z € E,,_; ve sméru i-té osy nazveme
mnoZinu A" = {te E, :[t, z];€ A}. Uzdvér resp. vnitfek resp. hranici mnoZiny
A < E,, oznalime A4 resp. A° resp. A.

Oznagme p (m — 1)-rozmérnou Lebesgueovu miru a [, f dp (m — 1)-rozmémy
Lebesguetv integrdl z funkce f na mnoZiné A < E,,_, (pokud existuje). Rekneme, Ze
mnoZiny 4, B < E, jsou ekvivalentni a pifeme A = B, mé-li mnoZina (4 — B) U
U (B — A) jednorozm&mmou Lebesgueovu miru nula.

Systém vSech omezenych borelovskych funkci resp. vektori deﬁnovanych na bore-
lovské mnoziné A < E,, oznadime §(A) resp. B(A). Je-li A = E,, omezena méfitelna
mnoZina a v = [vy, ..., v,] € B(4), definujeme symboly [|A, A, P(4, v) a P4, ),
i=1,2,..., m, stejn& jako byly definovany v praci [3].

PoloZme

G, = (0, oo) xmil(O, 7c) x {=3n2,72), G, = (0, oo) X mil(O, n) x{—mn/2, 3n/2) N
i=2 i=2

m=—1
H=X(0,7) x{-=m,n), G=(0,0)x H
i=2
a pro ¢ € (0, m/2) jeste
. m—1
K, = (g, 0) x X(g,m — &) x {—m, m).
i=2 .
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Rovnicemi
fxy = E1cos &y, x, = Egsinéycoséy, ooy Xpoy = Eysiné,...sin &, cos &,
X =& sin&,...s8in ¢, siné,

definujeme zobrazeni @ prostoru E,, do sebe. Snadno se zjisti, Ze parciélni zobrazeni
®/G,, ®/G, a &/G jsou prostd, takZe k nim existuji zobrazeni inversni, ktera po fadé
oznafime ¥,, ¥, a ¥. BudiZ M matice, jejiZ fadky tvori vektory

Fx—@i] i=1,2...m.
aél aﬁm

Podle [2], str. 267 je det M(¢) = &' sin €31 ... sin &,,—, pro viechna & € E,,. Tedy
zobrazeni @ je v oborech GY, G3 a G° reguldrni (viz [1], kap. VIIL, § 2). Pfitom plati:

&(Gy) = &(G,) = ®(G) = E,, — {x€E, : Xp_y = X, = 0},
&(GY) = E,, — {x€E, : Xp_y =0, x,, = 0},
&(G)) = E, — {x€E, Xy =0, x,, < 0},
&G°) =E, — {x€E,:%X,-1 =0, x,, = 0}.

Uzavrenou, polopFimku vychazejici z poatku a jdouci bodem &([1, ¢]), kde { € H,
oznacime p;.

Nakonec je§té definujme zobrazeni Q prostoru E,, do E, pfedpisem Q(x) = (i b
pro viechna x € E,,. Pro viechna { € H je zfejmé Q(p,) = <0, o). i
Lemma. Budiz A€ % a fe§(E,). Polozme w = [£.0,...,0] a
v=[detM*xP|7' M+¥ . wx¥?)
JestliZe existuje takové ¢ € (0, n/2),-%¢e A = &(K,), je B = ¥Y(4) e Y, ve B(A) a plati
P(4,v) = P(B, w).

Dikaz. Necht existuje & € (0, n/2), pro néZ A < ¢(K,). PoloZme 4; = {xe 4 :
:(=1)x, 2 0}, i = 1,2. Z [3], 35 plyne, Ze 4; € Y. Aviak 4; = &(GY), takZe vzhle-
dem k [3], 50 a 35 je B = Wy(4,) U ¥y(4,) e N

Pongvad? ¥(4) < K,, a inf |det M(&)] > O (¢ € K, ,), je vektor v omezeny na 4.
Je-li B = G borelovska, jsou mnoZiny

B;={{eB:0=(-1)'¢ 206y, i=1,2,

také borelovské. Tudiz i ®(B) = &(B,) U ®(B,) je borelovska mnoZina. Odtud ji%
snadno vyplyva, Ze v e B(4).

1) M % p(x) = M((x)) pro viechna x, pro n&z M(¥(x)) m4 smysl. Podobné definujeme w * y.
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PoloZime-li 'v = |det M ¥,|"1 . M+ ¥, . w* ¥.,!) plyne z [3], 50 vztah
P(4;,0") = P(P{A), w) = P(P(4),w), i=12.

Avsak v="vna 4,, tak¥e P(4,,v) = P(4,,"'v). Budiz x = [x,, ..., X,,] € 4,. Oznalme
P(x) =& =[¢s - &n] @ ¥o(x) =7 =[ng, .-, 1] Jeli x,,>0, je & =y a tedy
o(x) = %v(x). Je-li x,, = 0, zjisti se snadno pHmym vypostem, Ze v,(x) = 20,(x) = 0.
Tedy P, (A2, Vm) = Pp(A3, *v,,). Zvolme pevnE celé &islo j, 1 < j < m— 1. Z[3],33
plyne, Ze pro skoro viechna z € E,,_, existuje celé &islo », = 0 a takova realna &isla

rz
ai <bj <...<al <b., 2e A}* = {(a, bf). Pro viechna z € E,,_, poloZme
k=1

b(z) = 5 [o00% 21) = ollah 1)) W) = 3 Pol5k 21) — *oflai, 2101

jakmile maji pravé strany smysl, a h(z) = 2h(z) = 0 jinak. Pak je h(z) = 2h(z) pro
viechna z € E,,— 1, pro n& z,, + 0. PouZitim [3], 20 dostaneme

P j(Az’ v)) = J

h dll =J‘ 2h d# = PJ(Az, 2vj) .
Em-1 Em-1

Z [3], 14, pozn. 2, nyni plyne
P(A, U) = P(Al, D) + .Zle(Az, UJ) = P(Al, 1U) + -ZIPJ(AZ’ 2vj) =
i= j=
= P(Ay, 'v) + P(A,, *v) = P(¥(4,), w) + P(¥(4,), w) = P(B, w).
Véta. Budiz A € Y. Potom existuje borelovskd mnozina N < E,,_; s témito vlast-
nostmi: p(N) = O a ke kaZdému { € H — N Ize nalézti celé &islor, Z 0 nebo r, = 0o
r
a takovd redind &isla by > o > by > a5 > ... 20, Ze Q(4 n py) = U (5, ).
, 2
Ddle budi? {0;} koneénd nebo nekoneénd klesajici posloupnost kladnych disel,
0o = ©. Prok = 1,2, ... a kaZdé { e H — N oznacéme symbolem ¢,({) mohutnost

mnoziny ({a5} U {85}) 0 {ex, @k—1). Potom existuji integrdly [y D . @, dp, kde
D({) = sin {3 ? ... sin {,—y pro vlechna { e H, a plati

zez*“f D.oedu = 4]
k H

Dtkaz PoloZzme 4, = An &K,,), B, = ¥(4,), n=1,2,..., Ay = An &G)
a B, = ¥(4,)- Snadno se zjisti, Ze 4, € ¥ a vzhledem k pfedchozimu lemmatu tedy
také B,e U, n = 1,2,... Podle [3], 33 existuji borelovské mnoZiny N, < E,,_,,
n=1,2, ..., s témito vlastnostmi: ,u(N,,) = 0 a ke kazdému { e H — N, lze nalézti
celé &slo ry, = 0 a takova redlnd &sla by > af" > ...> B} > al” > 0, Ze

rgn
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.

B}t = U (%", b%"). Mnozina N = U N, je borelovska a u(N)=0. Zvolme { e H _ N.
i=1

Pak je Fen+1 > Fen @ aCyn+1 — aCn an+1 - b{n’ i=12.., Tem — 1. TEdy po-

loZime-li r, = sup r,,, miZeme pro j < r, definovati: a5 = a5" a b} = b%", kde n
n

je libovolné pfirozené &islo, pro n&z r., > j. Jelli r, < co, poloZme jesté QE; =
= lim a};" a b}, = lim b}" . Nyni je zfejmé& b > af > b5 > a5 > ... 202 Byt =

n—?w n—oo

= U (a5, b5). Avsak Q(4 N p;) = By*, &imZ je prvni &ast vity dokAzana.
Polozme reo=ryna®=a5,b5°=b,{eH—-N,j=12..a
A;:k = {[T’ C] e<gk’ Qk—l) X (H - N) ‘TE {bi’"}j} ’
Apye = {[7, (] €<ew e4=1) X (H = N) : 1€ {a§"}}},

n=01,.., k=1,2,.... Pomoci [3], 33 se snadno dokaZe, Ze mno¥iny Ax A,
nk=1,2,..., jsou borelovské. Avsak mnoZiny Ag,, A5, k = 1,2, ..., jsou také
borelovské, nebot

Ao k= UAn k> A(;,k = UAn—,k (n > Ql:l) .
Pro k= 1,2,... a £ € E,, poloZme
fll) =1 resp. = —1 resp. =0

podle toho, je-li & € Ag , Tesp. £ € g, resp. & ¢ A7, U A7 ,. Pak je mnoZina {é€ E,,
fl&) = ¢} rovna 0 resp. E,, resp. Ag . resp. E,, — Ag i podle toho, je-li ¢ > 1 resp.
c< —1lresp.0<c<1resp. —1 <c =0. Tedy f, eF(E,) a tudizi D,fke%(Em),
PoloZme

“w=[D.f,,0,..,0] a ‘o=|detMx¥|"' . M*x¥. . wx¥,)
k=1,2,.... Budizx € #(G) a ¥(x) = £ = [, {]. P¥imym vypo&tem se zjisti
Fo(x)| = |det M(E)|™" 1fdEI D(E) = =" ™I £([ I -

Jedi T2 g je ['o(x)] £ ok "IAE)l Jeli viak 1 < g, je E¢ Ag, U Ag,, takZe
filé) = 0 a tudiz opét l"v(x)l =0 = 0 " f¢)- Pondvad? mno¥iny AgrU Ag, jsou
po dvou disjunktni, existuje nejvyse jedno pfirozené &islo k,, pro néz & € Ag , Y Aoy

Proto
kZQZ’“‘I"v(X)I < ;lfk(é)l = fi(O)]

Tedy vektor v = Y op ™ '*v je borelovsky a [v(x)| < 1 pro viechna x e &(G). Pro
k .
{eH—-N,k=1,2,...an=0,1,... poloZme

hual®) = 5[OS 2D = DO A7 D]
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Z [3], 16, 20 a z pfedchoziho lemmatu plyne

I 4.l 2 P(A4,, v) = Yor ™' P(4,, *v) = Yor ™! P(B,, *w) =
k k
= Zkg;‘n—l Pl(Bm D 'fk) = ;Q;‘n—‘lf hn,k d/'l )
. H

n=12,....Prok=1,2,... a{eH — N plati
lim k, (¢) = hou(€) = DY) - 3, [fllb}: ¢]) — filla CD] = D) 0ul2) -
n—ow j=

Ponévadz {h,,,k},‘,”: 1 Jsou neklesajici posloupnosti nezapornych funkci, je

limZeZ'"‘f By dp = ZQL"'IJ D. ¢pdp.
H k H

n—>oo k
AvSak
4l — 14 — 4, = 14,1 = 14l + 4 = 4,11,

n=12,..., alim|4 — 4,] = 0(viz[3], 35 a [4]). Tedy

J4] = lim 4] = Yor~* j D.gudu.
k H

Poznamka. Pfedchozi véta je velmi nazornd. Na hranici oteviené koule S,
o stfedu v pogatku a polomé&ru g, centralng promitneme tu &ast A4, ktera leZi v mnoZin&
Si—1 — S, a spoGitdme plo3ny obsah priimé&tu, vaZeny jeho ,,nésobnosti® (tj. funkei
@)- Soudet viech t&chto vaZenych obsahi pak dava dolni odhad pro povrch mno-

Ziny A.
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Pesrome

3AMETKA K ITOBEPXHOCTHU MHOXECTB
BAIJIAB II®ED®®EP (Viclav Pfeffer), Ilpara

Eciu n — HatypanbHOE 4UCIO, TO E, €CTh n-MepHOE €BKIUAOBO IPOCTPAHCTBO.
Ilycte m = 2 — penoe wmcno. IlpexmomoxuM, 9To B mpocTpancTtBe E, BBeJEHBI
cepmaeckue KOOpHHATEL [£y, ..., &,] (cM. [2], cTp. 267). IIycte H — MHOXeECTBO
Beex { = [{5, ..., (), mmakoTOPBX 0 < ;< m, i =2,3,...m—Lu—-n<(, <
< 7. 3aMKHYTYIO NOJYNPSAMYIO, BBHIXOISINYIO M3 Hayaja KOODAWHAT H IIPOXOJs-
myio 4epes Touky [1, {3, ..., {w] = [1, (], (€ H, GymeM 0603HaYaTh CHMBOJIOM
Pr- | Al ecTr nnomiamp NOBEPXHOCTH OTPAaHMYEHHOIO M3MEPHMOIO MHOXECTBA
AcE, (CM. [31, 2). JleGerosckyro Mepy B E,,_; 0603HaumM gepe3 u. Teneps crpa-
BeUIHBA Teopema:

Hycmy A < E, — ozpanuuenHoe usmepumoe mHodxcecmso, 0as komopozo |A| <
< . To20a umeemcs bopeaesckoe muomcecmso N < E, _,, obaradarowee ciedyro-
wumu ceoticmeamu: U(N) = 0 u 0z xamcdozo { € H — N mooxcHa Hatimu yenoe
yucao r, = 0 wau ry = o0 u maxue Oelicmeumenvhble HUCAQ by > df > b > a5 >

¥
> ... 20, umo mHoncecmea A N p; u Lj(aﬁ-, b§~) IKGUBANEHMHBL 8 CMbICAE OOHO-
Jj=1
MEepHOTi 1e6e206CKOti Mepbl Ha NOAYRPAMOU py.

ITycmy, danee, {0y} — KOHeuHas uau GeckoHeuHas cmpozo y6bI6AIOUAA NOCAE)0-
BAMEALHOCMb  NOAOHCURIEABHBIX Uucen, Qo = 00. Haa k=1,2,... u Kaxcdozo
{eH — N nycms @{) — mownocmo mHoncecmsa ecex as u b5, codeprucaujuxca
6 unmepeane {0y, Qx—1)- To20a cywecmeyrom unmezpanwr Jlebeea [a D . o dyu, 20e
D(&) = sin {57% ... 8in {,u—y 041 6cex & € H, u umeem mecmo HepaseHcmso

Ze:’?"‘f D.odu<|A4|.
k H

Summary
A NOTE ON THE SURFACE OF SETS
VAcLAV PFEFFER, Praha
For positive integer n, let E, denote the n-dimensional Euclidean space. Choose an
integer m = 2 and suppose that spherical coordinates [y, ..., &,] (see [2], p. 267) are

introduced into E,. Let H be the set of all { = [{3, .- {m] for which 0 < ¢, <,
i=23,..,m~1,and —n £ {, <7 We denote by p;, { & H, the closed ray ex-
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tending from the origin of coordinates and passing through the points [1, (] =
=[1,¢s ..., {u]. If A = E,, is a bounded measurable set, let | 4| be its surface area
(see [3], 2). We denote by u the Lebesgue measure in E,,_,. Now the following

theorem holds: '

Let A = E,, be a bounded measurable set for which |A| < oco. Then there exists
a Borel set N < E,,_ with the following properties: u(N) = 0, and for each { e
€ H — N there exist an integer r, 2 0 or r, = oo and real numbers bj > a5 >

ry
> b > a5 > ... = 0 such that the sets A p, and | (a5, b%) are equivalent in the
j=1

sense of the one-dimensional Lebesgue measure on the ray p,.

Furthermore, let {g,} be a finite or infinite sequence of positive numbers, 9, = 0.
Fork =1,2,... and each{ € H — N let ¢({) be the cardinality of the set of all a5
and b5 which lie in the interval {0 0x—1)- Then there exist Lebesgue integrals
fa D . ¢ du, where D({) = sin gm=2...sin¢,_, for all { € H, and the inequality

Zek’""f D.gp.du < ||A|
% P

holds.
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