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OSCILLATION BEHAVIOUR OF SOLUTIONS OF NEUTRAL 
DELAY DIFFERENTIAL EQUATIONS 

SVATOSLAV STANIK, Olomouc 

(Received January 5, 1988) 

Summary. In the present paper we study oscillatory behaviour of solutions of the neutral 
delay differential equation 

d " m 

- WO - £ PiO) x(t - at)] + q0(t) x(t) + £ qfi) x(t - b,) = 0 , t ^ t0 . 
at i = i j = i 

We generalize the results of [3] for the equation 

d 
-Tlx(t) - px(t- T ) ] + Q(t)x(t-a) = 0i t^ t0 , 
dt 

where p, T and a are positive constants, Q e C([t0, oo), R + ) . 

Keywords. Neutral delay differential equation; oscillatory solution; nonoscillatory solution. 

AMS classification. 34K15, 34C10. 

1. INTRODUCTION 

This paper deals with the oscillatory behaviour of solutions of linear neutral delay 
differential equations in the form 

d B 

T WO - I PI(0 x(f - "*)] + *o(0 *(0 + 
at i=i (i) 
+ E «A0 x(t-bj) = 0, t^t0, 

where (R+ = [0, oo)) 
(i) Pi, qjeC'&to, oo), R+) (i = 1, 2,. . . . n; ; = 0 ,1 , . . . , m); 

R 

(ii) lim £ Pi(0 = - P, lim Pio(0 > 0 exist, where i0 e {1, 2,. . . , n}; 
t->oo i = l t->oo 

(iii) a*, ftj are positive constants (i = 1, 2,. . . , n; f = 1, 2,. . . , m). 
Let q> e C([t0 — a, f0], R), where a := max {ah bj}. By a solution of (l) with the 

us 
initial function 9 at f0 we mean a function x e C([t0 — a, 00), R) such that x(t) = 
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= (p(t) for t0 — a ^ t ^ r0, x(f) — Z-°*vOx(* ~~ a 0 *s continuously differentiable 
i = l 

for t ^ i>0 and x(f) satisfies equation (l) for t =t t0. 

By the method of steps (see e.g. [ l ]) it can be proved that for any continuous 
initial function cp there exists a unique solution of (1) for t =t t0. 

A solution x of (l) is called oscillatory if there exists a sequence^*} in [t0, oo) 
with lim tt = co and x(t() = 0 for every i = 1, 2 , . . . . A solution x of (1) is called 

i->oo 

nonoscillatory if it is eventually positive or negative. 

The object of this paper is to generalize the results in [3] where the equation (l) 
is of the following special form 

— [x(t) - px(t - T)] + Q(t) x(t - a) = 0 , t ^ t 0 , 
dt 

with p, x and o being positive constants and Q € C([t0, oo), R + ) . 

2. RESULTS 

Lemma 1. Let at > 0 be positive constants, p( e C([t0, oo), R + ) (i = 1, 2 , . . . , n), 
n 

a = max ah g: [t0 — a, oo) -» R and Zef lim £ pf(f) = p, lim pIO(f) = /? > 0 exist 
i t->oo i = 1 f-*oo 

for some i0 e {1, 2 , . . . , n}. Set 

/ ( ' ) : = s{t) - Z PI(0 #(' - *.) for ' = '(>• 
i = l 

Assuming 0 < jp g 1, a bounded on [t0 — a, oo) and limf(t) — y we obtain the 
following statements: r _ > 0° 

(a) p = 1 implies y = 0, 

(b) p < 1 implies the existence of lim g(t). 
t->oo 

Proof. Let {? J and {*[•} be sequences of points in [t0, 00), lim tt = lim *J = oo, 
such that l""*°° ^ ° ° 

.4 : = lim sup a(r) = lim g(t() , 
t-*ao i->oo 

B : = lim inf #(f) = lim #(*;) . 
t -* 00 i -> 00 

For every £ > 0 it is possible to determine a positive integer AT such that pio(tt) > 0, 
PioOi) > °> 0{U ~ aj) SA + e, gfa - aj)^B - s for every i = N and j = 
-= 1,2, ...,n. For this i we then have 
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a(u - «.„) = - 7 - : [g(t,) - /(',•) - i Pj(u) g(u - «,)] > 
Pio(U) J f l 

7 * i o 

* - ) - ; IX».) - / f o ) - ( ^ + -)2>X'i)]. 
P.„(to) j+=. 

ff(«; - «,„) = -77, DM) - fit) - i PM) »('. - °J)1 = Pi°^ izi 

= -^w,)-m-(B-*)ipm. 
Pukd j;lo 

Taking limits as 1 -> 00 we obtain the inequalities 

A =
 1-[A-y-(A + e)(p-p)], 

B=-\[B-y-(B-e)(p-P}]9 
P 

which are satisfied for every £ > 0. Then 

y = A(\ - p ) , 

y = B(\-p). 

If p = 1, then y = 0 and (a) is proved. If p < 1, 

A = —^— = £ , 
1 - p 

which implies that A = B and (b) is proved. 

Theorem 1. Suppose the conditions (i) — (iii) are satisfied with p < 1 a/id 
/•f m 

(2) I I , / * ) * -
J*o1 = ° 

Then every nonoscillatory solution of(l) tends to zero as t -• 00. 

Proof. We can assume without any loss of generality that equation (1) has a non-
oscillatory solution x, x(t) > 0 for t = T( = t0). Setting 

n 

w(t) := x(t) - £ Pi(t) x(t - at) for / = t0 
i = l 

we have 
m 

w'(0 = - [«o(0 *(<) + I « / 0 x(r - 6,)] = 0 , f = T + a , 
i = i 

which implies that w is nonincreasing on the interval [T + a, co). In particular 
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x(t) = w(t), x(t - bj) = w(t - bj) = w(t) for t = T + 2a, j = 1, 2, ..., m, and thus 
m m 

(3) q0(t) x(t) + I q,(t) x(t - b,) = w(t) £ a,(t) , t = T + 2a . 
J=i / = o 

If w(t) = 0 for t = T + 2a, then (3) implies 
m 

w(0= -w(0Zq j (0 ' 
j = o 

hence 
m 

(4) w(t) ^ >v(T + 2a) exp [ - j r + 2 a £ ^(s) ds] , t = T + 2a . 
j=o 

If w(t) < 0 for t ^ T t ( = T + 2a), then 

(5) x(t)<fPi(t)x(t- a(), t^Tx. 
i - i 

Define B : = max {w(T + 2a), 0}. From (4) and (5) we get 
n m 

x(t) ^ 1 Pi(t) x(t - «.) + B exp [-f r + 2 , X lAs) d s ] 
/ = 1 j = 0 

for t = Tx. 
Now we prove that x is a bounded solution of (1). Let there exist a sequence {tk\, 

tk^ Tl9 such that 

(6) lim x(tk) = co , N(tfc) = max x(t) . 
fc->oo Ti^t^t/, 

Then 
n m 

*('*) = I P/(^) *('* - "/) + B exp [ - # + 2 a X q,(s) ds] = 
i = 1 j = 0 

n m 

S x(tk) £ Pi(tk) + B exp [ - # + 2 „ X cj/s) ds] . 
i = 1 j = 0 

Herefrom we obtain for k sufficiently large (so that X Piih) < -) 

/ = i 

*(»*) ^ exp [ - # + 2 , X cj/s) ds] . 

i = l 

It follows from (2) that 

lim exp [ - $+2a X q/s) ds] = 
k~*°° i \ ^ / * \ 1 = 0 

i = i 

Mm exp [ - J£+2flt X qjOO ds] = 0 , 
1 — p k^oo j = 0 

in contradiction to (6). 
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Applying Lemma 1 (b) withf(f) = w(t), g(t) = x(t), we conclude that lim x(t) = : L 
exists. Consequently, w is bounded on [t0, oo). If L > 0, then *"*G0 

x(t)'>- for t^T2(^T) 

and 

so that 

4 0 ~ 4 ^ + a) = - í [q0(s) x(s) + £ q/s) x(s - Ь,)] ds 
JT 2 + a I=1 

r Лř m 

= - | Z«/-)-». 
2 JT2 + öt1 = 0 

L Г m 

v(t) _ w(Т2 + a) £ 4/(5) d s f o r г = T2 + a • 
2 j Г 2 + a 7 = o ' T 2 H 

However, by virtue of (2) this leads to a contradiction with the boundedness of w. 
Theorem 1 is true completely proved. 

n 

Theorem 2. Suppose the conditions (i) —(iii) and (2) are satisfied and YJ Pt(t) = 1 
for t_ T(_> 0 ). i=1 

Then every solution of(l) oscillates. 

Proof. On the contrary, without any loss of generality let us assume that equation 
(1) has a nonoscillatory solution x, x(t) > 0 for t _ Tx (_ T). Putting 

n 

w(t) : = x(t) - X Pi(0 *(* - «/), ' _ *o 
i = i 

we have 
m 

w'(t) = - [q o(0 *(0 + E g;(0 x(t - &,)] _ 0 for t _ T-. + a . 
i = i 

Consequently, w is nonincreasing on [T x + a, oo). 
Assumption (2) then implies w(t) -̂  0 in a neighbourhood of oo. Let w(f) < 0 

for t _ T2(^TX). Hence 

(7) w(r) _ w(T2) ( < 0 ) for f _ T2. 

To arrive at a contradiction we assume x to be not bounded. Then there exists 
a sequence {*,-} such that tje[T2 + a, oo), lim tj = oo, l i m x ^ ) = oo, x(tj) = 
= max x(t). From (7) we obtain y"*°° •/"*00 

x(0) _ w(T2) + £ Pf(0) 4 ' 1 - «i) - w(T2) + 
i = i 

+ 4o)i^(o) = w(r2) + x(o). 
i = l 
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Therefore w(T2) ~ 0 contrary to w(T2) < 0. Thus x is a bounded function and hence 
w is also a bounded function. From Lemma 1 (a) we obtain lim w(t) = 0 in contra-

f->00 

diction to w'(f) ^ 0, w(f) < 0 for t = T2 + a. From this contradiction we conclude 
that w(t) > 0 for t = Tx + a. Consequently, 

n 

(8) x(t) > £ Pi(0 *(' - at) for t = Tt + <x . 
i = i 

If lim inf x(t) = 0 then there exists a sequence {*,-}, fj e [Tx + a, oo), such that 
r-*oo 

lim x(tj) = 0 , x(tj) = min x(t) 
y-+oo Ti^tztj 

and (8) then yields 

*(0) > t Pi(h) *(<; - fli) = *(';) t Pi(0) = *('1) 
i = l i = l 

and 

*(';)> *('1)> J = 1,2,. . . . 

Hence there exists a positive constant /? > 0 such that 

(9) x(r)^)8 for * = T3 (=TA + a) . 

Integrating (l) from T3 + a to t we get 
m 

w(0 - w(T3 + a) + Jr3+a [q0(s) x(s) + £ q/s) *(s - &1)] d s = ° 
1=i 

and by (9) we conclude 
m 

w(T3 + a) > ft3+a [q0(s) x(s) + X «/s) *(-* - fc,)] ds = 
J = i 

m 

1 = 0 

Hence 
m 

w(T3 + a)> 0fr3+a Zq / s )ds for t = T3 + a , 
j=o 

which, as f -> oo, is contrary to assumption (2). 

Remark 1. In the following Example 1 we shall demonstrate that the assumption 
n 

X Pity) = 1 for f ^ T in Theorem 2 cannot be replaced by a weaker assumption 
i = l 

p = i. 

Example 1. Let 
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(t - 1) (1 + In2 {t - 1)) expTarctg — 1 

KO:- L _ ] n j J . 
f(l + In2 t) exp arctg— 

(1 l+ln2

f ^ H i n . ] - ^ 
ln. ln(lnt) T 1 "1 ' 

expj^arctg-J / 

exp arctg 

6 ( 0 : = — T T V T X + ^ O — > • ^ 
Ѓп-J 

1 
> - , 

* In fin (In 0 w V , 1 1 1 v J exp arctg - 1 
L InlJ 

for f = 3. Since p'(t) = 0(l/(f In f(ln (In t))2)) for f -> oo, we have 6(0 > ° f o r 

t = T( = 3) and JJ? Q(s)ds = oo. The equation 

[x(0 - P(0 *(' - i)]' + 6(0 40 = o. ' = r 
has a nonoscillatory solution x(0 = exp [arctg (l/ln 0] — 1, limx(0 = 0. 

t-*QO 

Theorem 3. Suppose the conditions (i) —(iii) are satisfied with p < 1, q0(t) = 0 
for t = r0 and 

(10) liminff £-I/s)ds 
'-*00 Jf-*1=1 

where b : = min bj. 
j 

Then every solution of (1) oscillates. 

Proof. On the contrary without loss of generality let us assume that (1) has 
a nonoscillatory solution x, x(0 > 0 for f = T ( = f0). Theorem 1 then implies 
lim x(0 = 0. Setting 
t-»oo 

n 

w(i): = x(0 - E Pt(t) x(t-at), * = f0 , 
i = i 

we conclude that w is a nonincreasing function on [T + a, oo). Since w(t) ^ x(t) 
f or t = T + a we get 

w'(0 + w(. - b) t qft) £ w'(t) + £ aXO w(< " bj) ^ 
l=i 1=1 

siw'(0 + I«X0*( ' -^) = o . 
y=i 
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thus 

(11) w'(0 + w(t - b) J qj(t) ^ 0 for t ^ T + a . 

Condition (10) implies (see Theorem 2 [2]) that the equation 
m 

x'(t) + x(t - b) £ tf/0 -SO, f ^ T + a , 
1=i 

cannot have an eventually positive solution, in contradiction to x(t) > 0 for t ^ T. 

Remark 2. If pt(t) = 0 for t ^ f0, f = 1, 2,.. . , n, then Theorem 3 follows from 
Corollary 2 [4]. 
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Souhrn 

OSCILAČNÍ VLASTNOSTI ŘEŠENÍ NEUTRÁLNÍCH DIFERENCIÁLNÍCH 
ROVNIC SE ZPOŽDĚNÝM ARGUMENTEM 

SVATOSLAV STANĚK 

V práci jsou uvedeny podmínky, které jsou postačující k tomu, aby všechna řešení rovnice (1) 
byla oscilatorická, a dále postačující podmínky k tomu, aby všechna neoscilatorická řešení kon
vergovala k nule pro t-> co. 

Резюме 

КОЛЕБАТЕЛЬНЫЕ СВОЙСТВА РЕШЕНИЙ БЕЙТРАЛЬКЫХ 
ДИФФЕРЕНЦИАЛЬНЫХ УРАВНЕНИЙ С ЗАПАЗДЗЫВАЮПШМ АРГУМЕНТОМ 

8VАТ08^АV $ТА^К 

В статье приводятся достаточные условия для колебания всех решений уравнений (1) 
и далее достаточные условия для того, чтобы все неколеблющиеся решения стремились 
к нулью для *—> оо. 

АигНог'з аМгезз: Кагейга татетаискё апа1угу а питепскё та1ета11ку рНгоа'оуёа'ескё 
{акиНу ШгуеггНу Ра1аскёпо, ^еп^поVа 26, 771 46 О1отоис. 

99 


		webmaster@dml.cz
	2012-05-12T17:38:45+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




