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CONDITIONAL OSCILLATION
OF HALF-LINEAR DIFFERENTIAL EQUATIONS
WITH PERIODIC COEFFICIENTS

PETR HASIL

ABSTRACT. We show that the half-linear differential equation

NGO _
(%) [r@@)] + ~ 2@ =0
with a-periodic positive functions r, s is conditionally oscillatory, i.e., there

exists a constant K > 0 such that with %I(f) instead of % is oscillatory

for v > K and nonoscillatory for v < K.

1. INTRODUCTION

In this paper we study oscillatory properties of the half-linear equation
(1.1) [r(t)q)(x')}/ +5t)®(2) =0, &(z)==xlz|P72,

where r and s are a-periodic (« > 0) positive continuous functions and p > 1 is
a real number conjugated with ¢, which means, that

1 1

S+ =1.

P q
Our research is motivated by the paper of K. M. Schmidt [2]. In that paper, the
author studies oscillatory properties of the linear differential equation

(1.2) [r(t)z'] + Wigt)x =0, t>0

where r, s are positive a-periodic functions and + is a real parameter. The main
result of [2] (after a minor reformulation) reads as follows.

Theorem 1.1. Let

[ [

1/1 dry-1/1 -1
KT )
4\« r o
0 0
then (1.2)) s oscillatory for v > K and nonoscillatory for v < K.

2000 Mathematics Subject Classification: Primary: 34C10.

Key words and phrases: oscillation theory, conditional oscillation, half-linear differential
equations.

Research supported by the grant 201/07/0145 of the Czech Grant Agency.

Received November 3, 2007, revised March 2008. Editor O. Dosly.


http://www.emis.de/journals/AM/

120 P. HASIL

The result presented in the previous theorem is interesting from the following
point of view. It is known that the Euler equation

(1.3) o+ t%x =0

is conditionally oscillatory (i.e. there exists a constant 7y such that equation is
oscillatory for v > vy and nonoscillatory for v < 7p) with the oscillation constant
Yo = i. Theorem shows that constant coefficients in (1.3)) can be replaced by
periodic functions and resulting equation remains conditionally oscillatory.

In our paper we show that a similar situation we have for half-linear equations.
The Euler type half-linear differential equation

(1.4) [@(2")] + L o(@) =0,

is conditionally oscillatory (with ~y = (pp%l)p). The main result of our paper shows
that also in half-linear case constant coefficients can be replaced by periodic ones,
i.e., the equation

[r(t)@(x/)]/ + %I(f)@(x) =0
with periodic functions r, s remains conditionally oscillatory.

The basic difference between linear and half-linear differential equations is the
fact that the solution space of half-linear equations is not additive (but remains
homogeneous). The missing additivity (more or less) induces further differences
as the absence of Wronskian-type identity, transform theory or reduction of order
formula. Despite that, many results from linear equations may be extended to
(see e.g. [I]).

2. PRELIMINARY RESULTS

We start with elements of oscillation theory of half-linear equation (1.1f). It is
known, see e.g. [I], that the linear Sturmian theory extends verbatim to half-linear
equations. In particular, we have the following statements.

Proposition 2.1 (Sturmian separation theorem). Let t; < t2 be two consecutive
zeros of a nontrivial solution x of (L.1). Then any other solution of this equation,
which is not proportional to x, has exactly one zero in (t1,t2).

Proposition 2.2 (Sturmian comparison theorem). Let t1 < to be two consecutive
zeros of a nontrivial solution x of (1.1) and suppose, that

(2.1) S(t) > s(t), rt)>R(@E) >0
for t € [t1,ta]. Then any solution of the equation
(2.2) [R(t)®(2')]" + S(t)®(z) =0

has a zero in (t1,t2) or it is a multiple of the solution x. The last possibility is
excluded if one of the inequalities in (2.1)) is strict on a set of positive measure.
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If are satisfied in a given interval I, then is said to be the majorant
equation of (1.1) on I and is said to be the minorant equation of on I.

Propositionimplies that can be classified as oscillatory or nonoscillatory.
Recall, that points t1,t2 € R are said to be conjugate relative to equation , if
there exists a nontrivial solution z of this equation, such that z(¢;) = x(t2) = 0.
Then, equation is said to be disconjugate on an interval I, if this interval does
not contain two points conjugate relative to equation . In the opposite case,
equation is said to be conjugate on I.

Now, let us recall the definition of oscillation and nonoscillation of equation
at zero and infinity.

Definition 1. Equation (1.1} is said to be nonoscillatory at 0, if there exists € > 0
such that equation (|1.1)) is disconjugate on [0, ]. In the opposite case, equation ((1.1)
is said to be oscillatory at 0.

Definition 2. Equation (1.1)) is said to be nonoscillatory at oo, if there exists
Ty € R such that equation (1.1)) is disconjugate on [Ty, T for every T > Tp. In the
opposite case, equation (|1.1)) is said to be oscillatory at oo.

If equation (|1.1) is nonoscillatory at zero, then there exists a solution vmax of
the Riccati equation

(2.3) v+ s(t) 4+ (p— DrtT9()|v|? =0

associated to equation such that viax(t) > v(¢) for ¢ from a right neighbour-
hood of 0 for any other solution v of which is defined in a right neighbourhood
of 0. If equation is nonoscillatory at infinity, then there exists a solution vy,
of Riccati equation such that vmin(t) < v(t) for any other solution for large t.
We call vmay the mazimal solution of and vy, the minimal solution of .

Then, we define the principal solution of at zero [infinity] as the nontrivial
solution of the equation

I (vmax(t)) e or=e (vmm(t)> ‘.
r(t) ’ r(t)

Now, let us briefly recall some basic facts concerning the half-linear Euler
equation .

As mentioned in Introduction, equation is conditionally oscillatory both at
t =0 and ¢ = oo with the oscillation constant vy = (pTTl)p (see [II).

Let 0 < v < 70, then is not only nonoscillatory at 0 and oo but also
disconjugated on (0, 00). Substituting z(¢) = ¢* into , we obtain an algebraic
equation for A

P __ .
AP — ®(N) + 1—0.

and solving this equation, we find, that its roots Ao < A; satisfy

-1
0<)\2<L<)\1<1.
p
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The principal solution of (T.4) at zero is t**, principal solution of (T.4]) at infinity
is +*2, maximal and minimal solutions of the associated Riccati equation

o0 _ q _
w—l—tp—l—(p D]w|?=0
are
Wmax = (I)()\l)tl_p; Wmin = (I)()‘Q)tl_pa
respectively.

Using the change of independent variable t = ¢*, s € R, we convert equation (1.4)
into the equation with constant coefficients

(24) [@(y)] — (0 — 1)D(y) +72(y) = 0.
The corresponding Riccati equation is

(2.5) u = (p—Du+(p—1)ul?+v=0.
Denote

F(u) =7~ (p~ Du+ (p~ Dlul?.
Following lemmas and theorems will be useful in the next section of our paper.
Lemma 2.1. Consider the Riccati equation
/ l _ p __ p— l)p
(2.6) w4 gt =Dl =0,y < (P

associated with the nonoscillatory Euler half-linear equation (1.4)). If w(T) > 1 for
_ ®  _du
some T > 0, then there exists T € (Te fl Flw) ,T) such that w(T+) = oo.

Proof. We convert equation into equation (2.4) with associated Riccati
equation . Suppose, by contradiction, that there exists a solution u of
extensible to —oco which satisfies u(S) > 1, where S = log T, and integrate equa-
tion on the interval [s, S], where S € R is fixed. Any solution, different from
maximal and minimal ones (for which is F(u) = 0), is implicitly given by the
formula

u(S) u(s)
du du g
= =5—s.
F(u) F(u)
u(s) u(S)
Hence
7 du t
>S5 —s=logT —logt =—1log —
/ Fa) s =logT —log 0g 7
1
_ [ _du ,f‘”&
ie, t>Te Ji T which implies the existence of 7 € (Te™ /i T, T) such that
w(T+) = oo. O

Lemma 2.2. Consider Riccati equation (2.6) associated with the nonoscillatory
half-linear Euler equation (L.4). If v(T) < 0 for some T > 0, then there exists

fo _du_
7€ (T, Te! > F7) such that v(T—) = —co.
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Proof. Similarly as in the Proof of Lemma we use conversion to equations (|2.4])
and ([2.5)). Suppose the existence of a solution u of ([2.5]) extensible to oo that satisfies
u(S) < 0 and integrate equation (2.5) on the interval [S, s], where S € R is fixed.
Any solution, different from maximal and minimal ones, is implicitly

u(S)

du
2.7 =s5—25.

27 | F =

u(s)
Again, this contradicts the existence of such a solution u, because the left hand side
of equation (2.7]) is bounded and the right hand side tends to infinity as s — co. O

We finish this section with formulating a couple of lemmas and theorems without

proofs (see e.g. [1]).

Lemma 2.3. Consider a pair of equations
(2.8) V' +Ct) + (p—1)|? =0,
(2.9) w' +c(t) + (p— Dw|? =0,

where C(t) > c(t) > 0 fort € (a,b). If ,T € (a,b),7 < T, and a solution w
of exists on (1,T] and satisfies w(T+) = oo, then there exists T € [1,T) such
that the solution v of given by the initial condition v(T) = w(T) satisfies
v(T+) = 0.

Lemma 2.4. Consider a pair of equations , . If r,T € (a,b),T < 7,
and a solution w of exists on [T, T) and satisfies w(T—) = —o0, then there
exists T € (T, 7] such that the solution v of given by the initial condition
v(T) = w(T) satisfies v(T—) = —o0.

Following theorems compare solutions of a pair of Riccati equations associated
with nonoscillatory half-linear differential equations.

Theorem 2.1. Consider a pair of half-linear differential equations

(2.10) [r(t)® ()] + c(t)®(z) =0,
(2.11) [R(6)®(y)]"+ C(H)2(y) =0

and suppose that (2.11)) is a Sturmian majorant of (2.10) for large t, i.e., there
exists T € R such that 0 < R(t) < r(t), c(t) < C(t) fort € [T, 00). Suppose that the
majorant equation (2.11)) is nonoscillatory and denote Viin, Wmin Mminimal solutions

of

(2.12) v 4 c(t) + (p— D)t H)|v]? =0,
(2.13) w +Ct)+ (p— 1)R"I(t)|w|? =0,
respectively. Then vmin(t) < wmin(t) for large t.

Theorem 2.2. Consider a pair of half-linear differential equations (2.10)), (2.11)

and suppose that (2.11) is a Sturmian majorant of (2.10) for t from a right
neighbourhood of 0, i.e., there exists € € R such that 0 < R(t) < r(t), c(t) <



124 P. HASIL

C(t) fort € (0,e]. Suppose that the majorant equation (2.11)) is nonoscillatory

and denote Vmax, Wmax mazimal solutions of (2.12)), (2.13)), respectively. Then
Umax(t) = Wmax(t) for t from a right neighbourhood of 0.

3. CONDITIONAL OSCILLATION OF EQUATIONS WITH PERIODIC COEFFICIENTS

The main result of our paper reads as follows.

Theorem 3.1. Consider the equation

t
(3.1) [r(t)® ()] + 7%@@) =0,
where T and s are a-periodic (a > 0) positive continuous functions, and v € R. Let
1 drtpyl [\t
— 4P —
(3.2) K:=¢q (a/rq—l) (a/sdT) .
0 0

Then equation (3.1) is oscillatory if v > K and nonoscillatory if v < K.

Proof. Let v > K. Suppose, by contradiction, that is nonoscillatory. It
means that the associated Riccati equation has a solution, which exists on
some interval [T, 00). Because r and s are a-periodic, positive and continuous, the
equation

[P ®(@)] + 7222 () = 0,

where
Tmax = Max {r(t),t > 0} ,
Smin = min {s(t),t > O} .

is a minorant of (3.1)), hence it is also nonoscillatory.
Denote p := 2min Solving the Euler-type equation

(33) [2(2")]) +750() =0,

with py < (prl)p we find, that the principal solutions at zero and infinity are t*t,
t*2 respectively, where 0 < Ay < A\; < 1 are roots of the equation
I

AP — ®(A — =
AP = @) + K5 =0,

see Section
Denote the maximal solution near ¢t = 0 of the Riccati equation associated to

equation (3.3)) by
Vmax(t) == 1 7PD(N;),

and the minimal solution for large t by

Umin(t) 1= 1 7PB(Ng) .
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Introducing the function w = Tg((g)/) , we may transform equation (3.1)) to the
Riccati equation

U

Wy + (- DOl = 0

with the maximal solution (at ¢ = 0) wmax and the minimal solution (at ¢t = co)
Wpin and denote

(3.4) () = —wtt, g(t) = / C(r)dr.

First, suppose that there exists ¢,, — oo such that ((¢,) < —1, i.e.,
w(ty) = —thPC(t,) > thP > ®(A)EL P = Vmax(tn) > Wimax(tn) -
Consider the solution of given by the initial condition v(t,) = t177 i.e.,
0(tn) = Vmax(tn) = [L = P(A1)]t;, 7.

Then, by Lemma there exists 7,, — 00, T, < ty, such that v(7,+) = co. But
this means, by Lemma that w(7,+) = oo for some 7, < 7,, < t,, which is
a contradiction.

Next, suppose that there exists a sequence #,, — oo such that ((£,) > 0, i.e.,

w(fn) <0< vmin(fn) = @(Ag)ﬁl_p < wmin(fn).

This means (from Lemma and Lemma [2.4)), that there exists 7,, > £, such that
w(T,—) = oo, which contradicts the fact, that w(t) exists on [T, 00).
Hence, there exists Ty > T such that

Umin = q)()\Q)tl_p <w< (E(Al)tl_p = Umax
for ¢ > T,. Multiplying the last inequality by —t?~!, we obtain
0> —®(A2) = ((t) = —P(M) > —1.

Let us denote

@
1

1=0-0( [ ) Bl )’
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Next, for t > Tj

71 ar< ! 7“‘ e NG
’78 )+(p l)Tq_l(T) dr
(3.5) '
1 —1 C
=7 / {(pi 1) +as(r) + rf_l(r)} dr = ¢
t
where
t+a

-1

C:= / [(p — 1)+ ys(1) + 7"];71(7'):| dr.

t

Hence, for every t > Ty and 71,72 € [t,t + «] we have

t+a

<) = ¢ < [ Jem)]dr <

t

¢
.

Due to the continuity of the function ¢, there exists 79 € [t,t + «] such that

§(t) =<C(m0) = [C(r) =&)<

“\Q

where 7 € [t,t + a].
Now, we estimate the value of the function &’.

t+a
€=+ - o] == [ ¢ndr
1t+a ! 4
o [ oo+ sen+ -0 555 ar
> el s+ 2 famars Pt [ HEE o]
0 t
(p—1a
ETETIRY
o e s B fimge A (=
—m[@ >§<t>+p+q+a/<>d o =
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Denote
AP B¢
X:=(p—1 242
(p—1)ER) + ’ + 7
7 AP (p—1a
(3.6) Y = " O/S(T) dr » + " &),
L el B
._pb— T _ b7
Z = " / ra=1(r) dr 7

t
Next, we estimate quantities appearing in (3.6[). It follows from Young’s inequality,
that AT;) + %q — AB >0, so (using £ < 0)

AP B¢ AP B¢ AP B4
Xe—t+—+0-1{=—+—-@-Dl|=—+—-AB>0.
p q p q p q

Y (p—1)P/p 1 -2 (p-1a
KW:*/ dr=— (E ra-1 dT) TS
0 0
a lfsdf t+a
:1/sd7—q1’ B B, tl)al/ch
0 (lf ql_ldr)qlfsd f
aO T OCO

v
QIr
v
o,
=
2
I
l‘QI
3
/N
Q|
o\
<
Tl =
-
o,
3
N—
|
Qs
\
V)
o,
=)
N—
i
—_
I
i}
s
—_

1 p—1
= — dr(v—K)———>0
> [sart- 5 - P >0,

0

for t > Ty, because v > K.
Finally, to estimate the last expression in (3.6)), let us introduce the function

] —|y|?
’ s [ € M?

@ (|z]), ==y,

where M :=[-1,0] x [-1,0].
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Then, we have

e B et e a1 [
Z = — dT - = / dT _ b / dT
(8]

o ra—1 q ra—1 q «
t t

- e e - Icp 1
= a/ = /'5 T

~

where we have used (3.5) and D := max F(£,¢) < o0.
Altogether for ¢ > T := max{Ty, Ty, T2}, where

T2::20D(p—1)/ L

ak, ra=1(r)
0
we obtain
1 cD(p-1) [ 1
"(t) > [ / d }
¢ t+al” ot ra=1(r) T
0
> L(K _ &) __Hy
t+al 72 2(t+a)’
which means, that
K t
() > &(T) + 27 logT—:(z —o00 as t— oo,

which is a contradiction. Thus, equation (3.1)) is oscillatory for v > K.
In the next part of the proof we show, that (3.1) is nonoscillatory for v < K.
Denote p := sr‘;‘j: Equation (3.3]) is now a majorant equation of equation (3.1).

We show that the majorant equation (3.3) is nonoscillatory, which implies, that
equation (3.1)) is also nonoscillatory.

Denote
S0 = _[a(pp— 1) / rq—i(T) dT]l_p‘

We will show that there exists T such that £(¢) defined by (3.4) in the previous
part of the proof satisfies £(t) < &y, (¢ > T'). By contradiction, assume that

to :=sup{t > T,&(7) < &o,7 € [T,t]} < 0.
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Then &'(to) > 0 and £(tg) = &. We estimate the value of £'(tg). We obtain

to+a
) 1 1 (7))
¢t =5 [ o= e s+ o= 0L ar
to
o to+
1 gl p—1 ()]
< %{(p 1)§(t0)+a/s(7)d7+ - / T ar|
0 to
(p—1a
to(to+a)§(t0)
1 AP BY  ~ AP (p—1a
— o-vetw + 4+ Z 4 2 [stryar- 22 - B
0
to+
p—1 ()] Bl
A / ri=(r) o ]
to
Again, we denote
X = (p- () + 2+ 2
o A (p-1)
. Y—aojsmd - ).
SO T -7
p—
2= Q / ra—1(r) q’
to
with A, B given by
(P [ 1 1. Pl
A= 1)(a o/ ri=1(r) dT) , Bi= |£(t0)‘(a o/ ri=1(7) dT)
and we estimate quantities appearing in .
Since AP = B? we have
AP Bq 1 P 1
= AP ~)=A" = A(BY)s =AB=—(p—1
A R (BY) (b= 1.

which means, that X = 0 in (3.7)).
Next, we denote

129
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Then

\
=
I
Q1=

/anT (p;l)p (g/rql_l dT)—% _ (1;011();5
0

/SdT{Py—q_p(i/rq{l dT)_g(;/sdT)_l} +tp;jri)z
0 0

(03

1 p—1
— dr(y — K <0,
L st -K+ P

IN
QIr

0
because v < K, i.e., K, > 0.
Finally, similarly as in the previous computation, we have
tot+a

_ q Ba
gD 1/ < o, B?

o ra—1 q

to

1t0+a q a 1 to+a 1
omn e e

« ra—1 q « rq—1
tU t(J
o CDp-1) [ 1
—1 q _ q —
ot e Py f1
@ ra—l atg ra—1
to 0

Altogether for tg > T := max{Ty, T1, T2}, where Ty, T1, T» are defined earlier,
we obtain

f'(to)<1{—K7+CD(p_1)/a L dT}

R ) atg qul(T)
0
1 K K
<—(-kK —”):——”<0,
*to( LR 2to

which is a contradiction.
O

Remark 1. It is still an open problem to decide whether equation (3.1]) is oscillatory
or not in the case, v = K, with K given by (3.2]).

Remark 2. For r(t) = 1 = s(t), equation (3.1) reduces to Euler equation (1.4)
and our oscillation constant K defined by (3.2 reduces to the well known constant

Yo = (pTTl)p-
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