
Acta Universitatis Palackianae Olomucensis. Facultas Rerum
Naturalium. Mathematica

Alena Vanžurová
Double vector spaces

Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium. Mathematica, Vol. 26 (1987), No.
1, 9--25

Persistent URL: http://dml.cz/dmlcz/116966

Terms of use:
© Palacký University Olomouc, Faculty of Science, 1987

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz

http://dml.cz/dmlcz/116966
http://project.dml.cz


ACTA UNIVERSITA TIS PALACKIANAE OLOMUCENSIS 
FACULTAS RERUM NATURALIUM 

1987 Mathematica XXVI VoL 88 

Katedra algebry a geometrie 

přírodovědecké fakulty University Palackého v Olomouci 

Vedoucí katedry: Ladislav Sedláček, Prof., RNDr., CSc. 

DOUBLE VECTOR SPACES 

ALENA VANŽUROVÁ 

(Received April 15th, 1986) 

In differential geometry of higher order, one deals with 

some interesting algebraical structures possessing partial 

operations. Here we shall investigate the simplest of them -

double vector spaces and their morphisms. The category *5«-£ 

of double linear morphisms has been introduced by O.Pradines 

in [lj. Analogous investigations in double affine and affine-

linear case have been studied by I.Kolar in [2j. In this paper 

we shall show a slightly more general point of view. The ca

tegory $HL will be described geometrically. 

1 • P r e l i m i n a r y n o t i o n s 

Definition 1.1. An_S-f jbrations is a triple j> = (Y,p,X ) where 

X and Y are (non-empty) sets and p: Y —*X is a projection. 

The set X is called a basis of the S-fibration, Y is a total 
-1 

space of the S-fibration, and the set Y x = p (x ) for x 6 X 

will be called a fibre of the S-fibration $ over a point x. 

Remark. Let o be a category. A morphism in a category £ will 
be called a t *"!D0!IPbi§!!!' A C -isomorphism is an isomorphism in 

C in the sense of the theory of categories. The identical 

morphism on an object X will be denoted by lx. 
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Definition 1.2. Let j> = (Y,p,X), $ = (Y,pfX) be two S-fibra-

tions. A morphism_of ^ to i is a mapping f:Y---»Y such that there 

exists a mapping g:X—»X so that the following diagram is com

mutative: 

f 

Y -•» 7 

pj , )p 
X 

Obviously, if g exists, then it is unique. We shall say 

that f induces g, or that f is over g. It can be easily seen 

that S-fibrations and their morphisms form a category. We shall 

denote it by yj*. 

Definition 1.3. An S-fibration (Y,p,X) will be called a trivial 

fibration if there exists a set Z and an y<f-isomorphism 

f: (X x Z, pr1#X) *-(Y,p,X) such that the induced mapping g = 1 . 

Trivial fibrations constitute a complete subcategory T*J* 

in the category -/ f . 

Let K be a given field. Under a vector space we shall al

ways understand a finite-dimensional vector space over K. Vector 

spaces and their homomorphisms form a category which will be 

denoted by X . 

Definition 1.4. An S-fibration <p = (Y,p,X) will be called a 

vector S-fibration if for every x € X, the fibre Y is endowed 

with a structure of the vector space. Given two vector S-fi

brations <p , & , a morphism of the vector S-fibration^ & to_ 

i is a y^- morphism f: & • & over g such that for every 

x £ X, the induced mapping f : Y i-Y , x of vector spaces 
i# x x 9 \ x ) 

is an c£ -morphism. 

Vector S-fibrations together with their.morphisms form 

a category denoted by X YJ1 . 

Example 1.1. Let X be a set and let V be a vector space. Let 

us define a structure of the vector space on each set |x].rV, 

x £ X so that the natural bijection (xj/V »V is an X -mor

phism. Then the triple (Xx,V,pr1,X) is a vector S-fibration. 
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Definition 1.5. A vector S-fibration (Y,p,X) is a trivial vector 

fibration if there exists a vector space V and an «- Jj^-isomor-

phism over identity f : (X .y V, pr_,X) *(Y,p,X). 

Again, trivial vector fibrations form a complete subcate

gory jJC J1 in the category £ f f . 

Let us recall that an affine space Z with associated vector 

space V is a set Z together with a free and transitive right 

action of the additive group of the vector space V on Z. We 

shall denote the operation Z x V—•» Z by +. That is, for v C V 

and z € Z, the result of the action of the element v on z will 

be denoted by z+v. 

Definition 1.6. Let T = (W,q,X) be a vector S-fibration. An 

S-fibration (Y,p,X) will be called an affine S-fibration with 

associated_vector S-fibration J _if for each x € X, the group 

W acts freely and transitively (or equivalently, 1-transiti-

vely) on Y . In other words, the fibre Y is an affine space 

with associated vector space W . 

Definition 1.7. Let ^ and & be affine S-H-brations associated 

with vector S-fibrations ¥ = (W,q,X) and Y = (W,q*,X) respec

tively. An J/-morphism f: <j>—* ^> over g:X *J( is an affine 

morphism if there is an J£ y F -morphism h: j >^over g such 

that 

f (y+w) = f(y) + h(w) for every y & Y , w €. W , and x c X. 

It can be easily seen that if the mapping h exists, then 

it is specified uniquely. We shall say that h is associated 

with f. The family of affine S-fibrations together with affine 

morphisms form a category denoted d, Yf. 

Example 1.2. Let Z be an affine space with associated vector 

space V. Further, let X be a set. Then (XXZ,pr_fX) is clearly 

an S-fibration, and (XcV.pr^X) is a vector S-fibration. For 

every x £ X, we define an action + of the group [xj x V on the 

fibre [xj x Z by the formula (x+z) + (x+v) = : (x,z+v). Now 

(X .vZ, pr,,,X) is an affine S-fibration with associated vector 

S-fibration (X xV,pr_,X). 
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Definition 1.8. An affine S-fibration f is a trivial af£ine_ 

fibration if there exists an affine space Z and an &!/f -iso

morphism f: ( X . v Z f p n , X ) *^£ over lx. 

Remark 1.1. Let & be an affine S-fibration with associated 

vector S-fibration j . It can be easily verified that y is 

a trivial affine fibration if and only if f is a trivial 

vector fibration. 

Remark 1.2. A vector ( a f f i n e ) S-fibration is a trivial vector 

( a f f i n e ) fibration if and only if all fibres have the same 

dimension. 

Trivial affine fibrations form a complete subcategory 

TOLT^ avr. 

2. D o u b l e v e c t o r s p a c e s 

Now l e t A,B be two vec to r spaces, and l e t C be a s e t . Let 

It :C- > A v B be a given mapping. Denote by p r ^ A . v B > A and 

pi~2:A>cB * B p r o j e c t i o n s to the f i r s t and second component, 

r e s p e c t i v e l y . Fu r the r , l e t us denote 

* 1 = p r l ° ' : C * A ' 2 = p r 2 ° ** : C * B 

and f o r a € A, b € B l e t 

Ca « ^ ^ ( a ) , Cb . ^ T f V ) . CQgb . ^ ( a . b ) . 

F i n a l l y , denote 

r i , b - ^1 I Cb : Cb-^A- T2,a = TZ 1 Ca : C a — ' B « 

Definition 2.1. Let A,B,C^* be as above. Let c, , i=l, ..., r, 

k = 1, . .., s be elements of C We shall say that (c..{ 

is an_(r,s)-net in C if the following is satisfied: jL==1 ' * * * '
 r 

l< = ± , . . . , S 

ri( cik) =^i( cii). ^2(
cik) =^2(

cjk) 

for all i,j = 1, ..., r, k.l = 1, .... s. 
For an (r.s)-net {cik} we set a± =

 ; r
1 ( c ± k ) , bk = ^ 2 ( c i k ) . 
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Definition 2.2. A double_vector space is a set C provided with 

a mapping Ji : C • A ^ B , where A,B are vector spaces with zero 

elements 0. and 0R respectively, having the following properties: 

(i) For every a £ A (b e B), a structure of the vector 

space is given on C (Ci-J* 

(ii) (C, A*,A) and (C, / l 2 , B ) are trivial vector fibrations 

with addition and scalar multiplication in fibres denoted by 

+1, .^ and +2, .2 respectively. 

(iii) Jf Q : C >B ( Jt 1 . : C, * A) is an epimorphism 
d., a a j-,D D 

of vector spaces for every a £ A (b ̂  B). 

(iv) On the set V = Cn n which is a subspace in Cn as 
UA,UB UA 

well as in Cn , both vector structures coincide. So on V, we 
. B 

may write merely +, ., and 0. 

(v) If {c, ( is a (2,2)-net in C then the following 
l k i=l,2 

k=l,2 

condition is satisfied: 

(Cll +1 C12> +2 <C21 +1 C22> = (C11 +2 C2l) +1 (C12 +2 C22) * 

(vi) For every 2. , ^ €. K, X .-,(̂ 4 *2c) = <A-.2( \.±c). 

(vii) Let T2{c) = T 2( c'), T 1( c) = ^ ( 0 " ) , ^ <£ K. Then 

A .±{c+2c') = ( A . l C) + 2( A. l C') 

and 

A .2(c+1c") = (A .2c)+1(A . 2 c " ) . 

The vector space V will be called the centre of C By (ii), 

Jl is a projection. 

Example 2.1. Let A,B,V be three vector spaces. Let us set 
o-* 

C = Ax-BxC and define Jl : C — * A * B as a natural projection. 

For every a c A (be B), assume a structure of the vector space 

on C (C. ) given as follows: 

(a,b,v) + 1 (a,F,v) = (a,b+F,v+v), 
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^ #1 (a,b,v) - (a, A b . ^ v ) , 

(a,b,v) +2 (a,b,v) = (a+a,b,v+v), 

K . 2 (a,b,v) = ( 2. a,b, /I v). 

The conditions (i) - (vii) required in Def.2.2. are satisfied. 

The proof is straightforward. The double vector space A ^ B x C 

(with the above projection and partial linear operations) is 

called a trivial double_vector space. 

Definition 2.3. Let C,C be double vector spaces with corres

ponding projections Jf : C—•ArB and Jl :C—*A.*B respectively. 

A mapping f:C~-*C is a morphism of double vector spaces if 

f1 =
 {fi'1 • f and f2 • ^ 2 o f . f ^ A — » 7-:, f • B >B are «£ -morp

hism, f:(C, J'±,A) t>(C, ̂ - A ) is an iC yj -morphism and at 

the same time, f:(C,<J^2>B) > (C, ̂ 2,B) is an ^YZ-morphism. 

We shall say that f^ffo a r e underlying Jcf-morphisms of 

the $X, -morphism f. 

Double vector spaces together with morphisms just defined form 

a category <&£ . 

Let CG&X, with the centre V. 

Lemma 2.1. Let a £ A (be B) and let us_assume the operations 

of the first (second) linear structure on C 0 (on C~ ,b). l a , 0 B *-- 0A 

Inen_t!2e-m3PEin9_ ^ a
: V * Ca 0 ^ ̂ b : V — * * C0 b^ S-1^6- -y-tt.6.-

' B A * 
formula 

6a(v) = v+2oa U b ( v ) - v+1ob) 

is^an JL-isomorphism. 

P r o o f . Let v,v' € V. Then the elements v,v',0 ,0 form a 
a a 

(2,2)-net. By (v) of D e f . 2 . 2 . , 
(v + 1V) + 2(0 a + 10 a) = (v+20a) +1(v'+20a) . 
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Therefore 

<-a(v+V) = £a(v+1v') = (v+1v')+20a = (v+1V)+2(0a+10a) = 

= ^a(v> + l^a(v'> ' 

Further, let A. C K,v e V. The property (vii) implies 

^a (^ v> = -a
( *-lv) = (^ 'lv)+2°a = (^ -lv)+2(A ' l V = 

= A -l(v+2°a) = * 'I 6a ( v>' 

Thus L is an X -morphism. a r 

Now let v €. V be such that C (v) = 0 . That is, v+^O = 
a a 2 a 

= 0 . It follows v = 0 which proves that C is a monomor-a a n a 
phism. Finally, choose an arbitrary c £ C n . Since c and 0 

a * o. a 
are in C~ there exists a unique v £ Cn such that c = v+o0 . 

°B °B 2 a 

We have 

= T ^ c ) = ^(v+ 20 a) = 'Jť J

1(v)+ ^ ( O J = -^(vjt a 

which gives "^(v) = 0. Hence v £ V, and £ is an epimorphism, 

For the mapping L , , the proof is similar. 

Lemma 2.2. Let v £ V and c € CQ b- Then_the_following__is 

satisfied: 

(v+10b) +2c = (v+20a) + 1c. 

P r o o f . C l e a r l y , the elements v ,0 . ,0 ,c form a ( 2 , 2 ) - n e t . 

By ( v ) , 

( v + 1 0 b ) + 2 ( 0 a + 1 c ) = ( v + 2 0 a ) + 1 ( 0 b + 2 c ) 

and consequently 

(v+10b)+2c = (v+20a)+1c. 

Now we may give the following definition: 
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Definition 2.4. Let c 6 C, v C V. We define 

c+v = (v+10b)+2c = (v+20a)+1c, 

where a = ^^(c)* b = ^ 2 ( c ) . 

Theorem 2.1. A magping C^-V—*C given by (c,v)i—v c+v is_a_ 

right action_of the groug V 2n-tt!e-.s!?t c» Ine. 9rcuB v ?c£s-°!-! 
c freely_and_its_orbits are just_the_sets C . with a £ A, 

b 6 B. 

P r o o f . Let v,v' <s V and suppose c 6 C with ^\,(c) = a, 

Tz(c) = b. 
Then 

(1) ^(c+v) = <^((v+10b) + 2c)= ̂ (v+ 10 b)+ Jf±{c) = 0A+a = a 

and 

(2) ^2(c+v) =^((v+ 20 a) + 1c) =^(v+ 20 a)+ T2{c) = 0B+b = b. 

Hence 

(c+v)+V = (v'+10b)+2((v+10b)+2c). 

According to L.2.2. and (v) of Def.2.2. for a (2,2)-net {v,0b, 

v+20 ,c ] we obtain 

(c+v)+v' = (v,+10b)+2((v+20a)+1c) = (v'+2(v+20a))+1 

(0b+2c) = ((v+2v')+20a) + 1c = ((v+v')+20a) + 1c = c+(v+V). 

Further, 

c+0 = (0+.^ 0b)+2c = 0b+2c = c. 

At the beginning of the proof we have seen that if c £ C b 

and v € V then c+v £ CQ b (see (1), (2)). We show that the 

group V acts transitively on C . . Let c,c' €. C , . Since 
a, D a, D 

c,c' € Cb, there exists a unique element d £ Cb such that 
c' = d+2c. Moreover, ^'1(d) = 0A, that is, d & CQ b- Therefore 

by L.2.I., there exists v £ V such that v+10b = d. We get 
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c' = d+2c = (
v+i°b)+2c = c + v* 

It remains to prove that V acts freely. So let c £ C, v <£ V be 

elements satisfying c+v = c. We have 

(v+10b)+2c = c, 

v + 10 b = 0b, 

v = 0. 

Theorem 2.2. Let C (with^projection J* : C — * A x B ) be_a_double 

vector_srjace1 Then_ <& = (C,7",A^B) is_a_triyial_affine Vibration 

with^associated trivial vector__f ibration__ Ĵ = (A x B * C, pr, A * B ) . 

P r o o f . It follows immediately that <p is an affine S-fi-

bration with associated trivial vector fibration 7 (Th.2.1.). 

By Remark 1.1., & is also trivial. 

3. M o r p h i s m s o f d o u b l e v e c t o r 

s p a c e s 

Theorem 3 . 1 . Let C,C be_two_double vector_srjaces w i t h _ p r o j e c t -

ions ^ : C — v A ) c B and 3~:C — • A x B respect ive ly .^ Let f : C — * C 

be a c#j£-morphisnu Then f is_an 62y^-morghism over f i ^ f p " * 
:A*-B • A * B w i th^assoc ia ted J£/,/-moronism f 1 x f 2 x ( f | V) : 

: (A xB x V ,pr ,A * B ) *(A x B x V, pr , A X B) over f ^ f g -

fv»- ("c c*~s cr~s 

P r o o f . Since // 1 » f = f^o J/ ± and J/ 2 » f = f2* Jf
 2 , i t f o l l o w s 

Q^of = (f.Xfp).^. Therefore f is a morphism of S-fibrations 

over f1X f2. Let c e C, v Q V. Then 

f(c+v) = f((v+20a)+1c) = f(v+Oa)+1f(c) = 

= (f(v)+20f (a))+if(c) = f(c) + f(v) 

where a = Jt±(c). This finishes the proof. 
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Definition 3.1. A basis of a double vector space G is an 

ordered couple ( { c ± kI * (vm5> where {c i kf is an (r,s)-net 
i=l,...,r 
K=i, . . . t s 

such that fa.{ is a basis for the vector space A, 
1 i=l r 

{ b, } is a basis of B and (v j is a basis of 
k=l,...,s m=l,...,t 

the centre V. 

Theorem 3.2. Let ((c., j , ( v () be^a^basis^of the given double 

yector^sgace C with 1 T : C — - > A * - B . Then^for^every^element c & C, 
t n e r e a r e y n i ° « .d e i y - ^2 t 5 r 2 i D e ^ e i e m e n £ s / I I I M I , % , jk A j . • * * 

^ 3 , Mi,..., V t 6
 K such^that 

s r r. 
c * ZL 1 Z . 2A'l<*i-2cik> +Z*I Vmvm ! 

k=l i = l m=l 

r s t 

• Z I 2.21 l*i-2<A4lclk> +Z1 m̂vm • i в l k=l m=i 

Here + means either +* or +
o l
 and <2L \) v is a linear combi-

- - - . - - - _ - - l - 2 - -
 m
 'mm-----------------

nation^of yectors in^V, where both_vector gtructures^cgincide. 

P r o o f. Clearly, there exist elements A*, . . *, A t £ K such 
that 

І=І 

Denote c. = ^ 2 ^ 1 * 2
 c
ik'

 k =
 ^-•••.

s
*
 It: i s

 clear that 

i=l 

l
v C
k>

 =
 ^ l ^

0
) ' ^2>(

c
) ~

 D
k*

 T n e r e e
xist elements

 r
^*

1
, » . ., 

i^ € K such that 

s 
r2<c> - Z T Akbk-

k=l 
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We set 

C* r »>" • i —.in -j 

l A i ck *LayfckiiOL.i. Ai-2
 cik> 

k=i c k=i c isi 

s r _ 

\ - 2 Cik> 
k-l i=l ' 

We have ^ ( c ' j = ̂ ( c ) , /tg(e') = ^ ( c ) . By Th.2.1., there 

is v C V such that c = c' + v. Writing v in the form 

t 

v = ^ **))aVis we g e t <r 'mm 3 

m = l 

s r t 

( 3 ) c -H1H2./*'** *i'i Cik)f*£lVi • 
k = l i = l m=l 

We show that the above expression is uniquely determined. So 

^ t 

suppose c = £ 1 2 g ^ t ( ^ c±k) + £ ~ ^ v . . 

k i m=l 

Applying //̂  on both sides of both sides of the previous 

equality we obtain 

£ ,}iri(cik> * 2 ^ ( c i k ) ^r k-. l , . . . ,s 
i i 

and further 

r r 

> A . a. = > A . a . . 
/L 1 1 Z. ; 1 1 
i=i i=l 

Thus A. = A. for i=ii)...,r. In a similar way, using ]i „ 

yields it, = / ^L for k=l,... ,s. Both this results give 

f V N m = ̂ Tv'v.- Therefore V m = V m for m=l, . . . , t which ~r m m m m m m m m 
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proves uniqueness of the expresion ( 3 ) . By symmetry, we deduce 

that there are uniquely determined elements A-,..., 2 , 

<fA1,..., A s, V J I . M , "y t C K such that 

(4) c = £ 2 *£ l^i-2^k-lCil<) + £ ^ mvm • 
i k m 

Application of Ji« on (3) and (4) gives ^ A a. = ̂  X -a. , 

i i 

A. = A . , i=l, . . . , r. Similar using of Jr ~ yields J*. = ŷ 9 

for k=l,...,s. 

Theorem 3.3. Let C^-.C -* A x B and C,7^:C ^ A x B be__two_ 

double vector spaces^ Let (|c., 2 , | v ? ) 
1 < i=l,...,r mIm=l,t.,,t 

k=l(...,s 

be a basis in C Further, let jc., \ be a (r,s)-net 
x — J » , • • • , I 

k=l,.. ., s 

in C and let Jv \ « be elements in V. Then there 
_._-._( m 3 m=i .,,lft - - - -__- - - - - « - - - . «̂  

exists^a^unigue ̂  it-morphism f : C -—* C such_that f(c.. ) = c.. , 

i=l,...,r, k=lf...,s, and f(v ) = v for m=l,...,t. 

P r o o f . Suppose c ̂  C According to the previous theorem, 

there are uniquely determined numers A.., J^. , ^ such that 

C =XI- Yl^k-l^fZ cil<) +ZI ̂ mvm • 
1<=1 i=l m=l 

Define 

f(c) = $j. £ 2 A'l< ^i-2
 Cil<) + £ ^ m

v m • 
k i m 

Clearly, f maps C on C and it satisfies the above conditions. 

Now let a± •ri(clk). bk - ^ ( c ^ ) . a. - ^ ( c ^ ) . \ = ̂ ( c^; 

There exists a unique (A. -morphism f̂ ,:A * A (f?:B »B) 

satisfying f1(a±) = a±, i=l,...,r ( f 2 ( b k ) = Fk- k=l,...,s). 

We shall show that f is a p6 ̂ .-morphism of C onto C with the 
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underlying c£-morphisms f_ anci fp* 

___ r 

Since /'1(f(c)) = ^ A .a± - f1(^"1(c)) we have 5^pf = f̂  /i 

i=l 

Consider c,cf €~ C with the property ^ (c) = 7P±(c
t). Let fl 

(p} C K. Let us write 
; 

C - cTl ^ ^ k - l ( A i - 2 C i l < ) + g V m v m , 
k i m 

m m 

For ; i ( c ) - = ^ ( C ) , we have A . = A i , i = l , . . . , r . Moreover, 

( f . l C ) +1 < J^C) = .... £ 2 ( 0 ^ k +<f>'k>'lUi-2C ik) + 

!• -i ' 

+ 

m 

ž (í v m • ( ţ ' v l m ) v n 

It follows that f(( j.jc) +_ (f.iC')) • ((.^(c)) + 1 

(0^1f(c
1)). Hence f:(C,T1,A) • ( C f T l f A ) is a J^y^-mor-

phism over f1# Similarly, f : ( C f 1 - 2 , B ) »(C, ̂ , B ) is a ^L\fT-

-morphism. Thus f is a A <*£ -mo rphism. The prove of uniqueness 
of f involves no difficulties. 

Corollary. Two double_vector spaces C, .7/ : C —* A *• B, and Cf * : 

C — * A * B , are db IC „i„°!I!0£.P!2 ic. if _aDd-°D1y if d i m A = d i m A, 
dim B = dim B and dim V = dim V. 

So we may define dimension of C dim C=:(r,s,t), where 

r = dim A, s = dim B, t = dim V. In this case, C is $i^ -iso

morphic to the trivial ^^-space K(r,s,t) =: K rA"K s^K t with 

projection $T = pr: Krx Ks>, Kt * Kr* Ks. 

Now we shall investigate morphisms of the trivial double 

vector space K(r,s,t) to another trivial d/Jt -space K(F,s",'F). 

For simplicity, let us denote A = Kr, B = Ks, V - |<t, C = 

= A x B x V and similarly A = Kr etc. Let f:C —-* C be a (b cC -mor-
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phism with underlying <&-mqrphisms f^iA-r-+A, f-B ***• Let 

c « (a,b,v)C C and let us write f(q) s (i"?H,V). Since 
f : (C, T'1,A) — * £|ff ̂ l f ^ ) is a tc y/ -morphism over f,, and 
f: (Q? ?~2f B)-rr-r-d|^§f ̂ a * ^ ) *® § ^^^-NPrphism over f2, we have 
a - f1(a),b = f2(b). Define a mapping cjf.AxB-—-»V by 

f((a,b,0)) = (f|{§)f fg(b), d(a,b}), 

Lemma 3. + . The mapping @ :fa ̂  B ——•$>V is_bilinear. 

P r o o f . Lei: §,a' £ A-b <£* §. Then 

f(a+a',b,Q)) = (f1(a + a?),f2(b),(^ (a + a',b)) = 

H (fl(9)+fl(a')'f2(b)' ^( a + a'' b)) 

and further 

f((a+a',b,p)) = f((a,b,P)+2(a',b,Q)) = f((a,b,0))+£f((a',b,0)) 

= CflCa)f f?(
b>* ̂ (^-b))+2(f1(a'),f2(b), <^(a',b) . 

« (f|(a) + fi(a'),f2(b), ̂ (a,b)+(s(a',b)). 

Therefore Q (a+a^b)=0(a,b}+ ©(a *,b). A proof of the equality 

^ (a, b+b')= © (afb)+ ê  (sif b* ) is quite similar. 

Let f-, denote the restriction of f to the vector space V. 

obviously, f3(V) <g 11 We hive f((§,b,y)) = f((a,b,0)+v) = 
f((a,b,0)) + f3(V} B (f4(a^f2^)M4^,b>),) + f3(v) = 

• if4{B)ifg^hrf(«»b)*f3(vJ)t 

Fur the r , denqte by the symbol Horn (Q,C) the set of a l l 

<0 oC -mqrphisms of t(f\e t p i y j ^ l $£--spatGe Q to the t r i v i a l 0$ -

space G. Ue^ Hqra, ( ^ f ^ | bie t ^§ yaqtqr space qf a l l o£-morphisms 

of A t q If ^s | jR i l ^ r . l y f o r B,V) and l e t Horn (A.JrB fV) denote the 

vec tp r space qf § | | t^i.|ine§p i&gppinGjs of A * B to V\ 

Theprem 3,.4. fhepe e x i s j s ^ a ^ b i j g c t i o n ^ 

X : Horn (C,C) —-^Hom (A,A) * Horn (B,B);cHom (V,V)>r-Hom ( A / f B - V ) . 

The gapping # s^n/Js each <fi£ -morphism f £ Horn (C-C) onto an 

ordered guadrupla ( f 1 , f 2 , f 3 , <| ) . The inverse mapping j£~' maps_ 



a guadrugle ( f^ . , f 2 , f g -) _0n f € Horn (C fC) given by_ 

f ( ( a , b f v ) ) * ( f 1 ( 8 ) . f 2 ( b ) . f l T ( a f b ) + f 3 ( v ) ) . 

I f f;C«~*??« f * iU—-t»C Jbg $<£ «morghisms_with corresponding 
g u a d r u g l e s ^ ( f : l l f a f f 3 # ( f ) and ( f { f f £ f f 3 1 <T) then^the^quadruple^ 

( ? | t * l « f z * f % * f 3 * ^ 3 * 6 * f ( f i i f 2 ^ + f 3 • 6" ) £0£ r£sB°Dd : t .E°.,tt}e.«P.C0: 
duqt f ' « f : C * — * C , The proof i s s t r a i g h t f o r w a r d . 

The mapping <?C enables us to i d e n t i f y the sets Horn (C fC) 

and Horn (A f%) x Horn (B fS)^Hom (V f\7)tfHom (A B f V) . Note tha t 

(f^if2*•*3* ^*) ^ Horn (C tC) i s an isomorphism i f and only i f 

f ^C Horn ( A t S ) ( f 2 C Horn ( B f B ) f f 3 € Horn (V,V) are isomorphisms. 

Lot Aut(C) be the group of a l l automorphisms of the <0c£ -
space Cf l e t Aut(A) denote the group of a l l automorphisms of 
the vec to r space A e t c . The mapping % g ives an i d e n t i f i c a t i o n 

A u t ( C ) — > A u t ( A f B f V ) x Horn ( A * B t V ) 

where Au t (A f B f V) * Aut (A) V Aut(B) \-Aut( V) i s a d i r e c t product 

of groups. Def ine 

j : Aut(C) ~+Aut(A.B.V) 

by i(f£f*2*^3* S*) = (fi*f2ff3)- Xt is e a s i iy s e e n that t n i s 

mapping is a group epiroorphisro. Its kernel is a commutative 
group Horo(A*BfV) with its usual additive group structure. 
Hence we have a short exact sequence 

0 * Horn (A V BfV) > Aut(C) >Aut(AfBf V) *0 

where i is an embedding* If we define q: Aut(AfBfV)—*Aut(C) 
bY °l(fi'f2'^3^ = v^l'^2,f3'^^ then q is a group homomorphism 
and it is a splitting of the above sequence. It follows 

Theorem j.5^ The groug Aut(C) is^a^semi-direct^praduct^of the 

grougs Aut(A,BfV) and Horn (AxB,V). Moreover^ the groug ope-_ 

ration^of Aut(A,BfV) ̂ on Horn (AjyBfV) establishing this semi-

-direct groduct is^of the £orm_(flf f2, f ) (7* » f3 o( fi» f
2
/' 

Example 3.i. If pE : E — * M is a vector bundle then its tan
gent bundle TE admits two vector bundle projections 
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p : TE *E and T : TE *TM. Each f i b r e (TE) v = 

i c p.-- x 

•' (pT E Pp)"" (x) for x € M i s a $bL -space with project ion 

T: ( T E ) x - ^ E x ^ T x M . T{ \ ) - (PT E ( f ). ^ ( p ) for f t f (TE)X. 

Example 3.2. Let T*E be a cotangent bundle of the vector bundle 
pE : E — > M . Besides a natural projection p* : T*E *E, there 
exists a projection q : T*E • E* of the vector bundle gi-ven 
as follows. For y C E and co - T E — * R^ assume the restriction 
Gj of co to the vertical subspace V E : ,v/ r-

r y Co = co i V E > R . 

The vector space V E may be identified with E (where 
x = PE(y)) via translation. Let T : V E — * E denQtes the 
corresponding isomorphism. Then we define q co =T*uJE —*» R . 
A fibre (T*E) is a 2<c-space with projection 

T* : (T*E)y *EV x E* ^*(<o) - (P*( U) ). q(co )). 
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SOUHRN 

Dvojné vektorové p r o s t o r y 

A l e n a V a n ž u r o v á 

V článku je podána geometrická axiomatizace kategorie 
dvojně lineárních prostorů a jejich morfismů, kterou zavedl 
J.Pradines v [l]. Ukazuje se, že každý sS oC -prostor je iso-
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morfní s některým t r i v i á l n í m á6 iL -prostorem, V závěru j e vy
šetřována grupa všech Zit -automorfismů t r i v i á l n í h o ó$iL -pros
t o r u . 

Р Е З Ю М Е 

Двойно векторные пространства 

А л е н а В а н ж у р о в а 

В статье дается аксиоматическое описание двойно вектор

ных пространств и двойно линейных морфизмов, которое более 

геометрично чем оригинальное определение введенное Прадином, 

С двойно векторными пространствами встречаемся в дифферен

циальной геометрии второго порядка, где служат слоями неко

торых расслоений. 
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