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Casopis pro péstovani matematiky, ro&. 86 (1961), Praha

K METODE PODOBNE ITERACE

Joser KoLomy, Praha
(Doslo 28. bfezna 1960)

V &lanku se dokazuje konvergence nového iteraniho procesu obdobného
metodé podobné iterace [1].

Nechf v redlném Hilbertové prostoru H je dana rovnice

(1) | Ay =,

kde 4 je linearni ohranileny operator v H, f je dany a y hledany prvek z H.
Rovnici (1) fe¥me iteracemi

@ Vu+1 = Pf + &Ry, ,

kde R = I — PA, operator P je linerni ohranideny a komutativni s 4. Koeficienty o,
(n =0,1,2,...) uréime z podminky

(3) FOwd) o, n=o,1,2,...,
da,

kde

O F(y) = If — 4yll®.

Nechf [ARy,| >0 (n=0,1,2,..). Urdime koeficienty «, (n=0,1,2,...).
Z komutativnosti operatord A4, P plyne komutativnost operatori A4, R. Lze tedy
uvést F(y,+,) na tvar
(5) F(Yus1) = If = Avasil® = |Rf — 0, ARy,|* =

= [[Rf|?> — 20,(Rf, ARy,) + afllARy,||*.
Odtud a z podminky (3) plyne, Ze
(6) o, = (Rf, ARy,) ARy;') .
ARy, |l
JelikoZ

2
PFOn1) _ 5 4Ry )2 > 0,
%,



podminky (3) d4va minimum funkcionalu F(y) pro y = s+ definované rovnici (2)
a (6). Iteratni proces (2) je tedy dan vzorcem

(R, 4Ry,) o ~0,1,2,...

7 n = Pf + n>s
@ AN PTIWE

Véta 1. Nechf A je linedrni ohraniéeny operdtor v rediném Hilbertové prostoru H.
Necht operdtor P je linedrni ohraniéeny v H a takovy, e P~ ' existuje. Necht P je
komutativni s A a plati

®) IRl =¢q<1.
Budiz ddle splnéna jedna z téchto podminek:

1. H je uplny.

2. R je totdlné spojity v H.

Pak rovnice (1) md prdvé jedno Feeni y*. Posloupnost {y,} definovand rovnosti (7)
konverguje v normé H k Feeni y* a plati tyto odhady:

® 1¥* = yall < kg"If — Ayol »
(10) : 1v* = 30l < kqllf — Ay,—y] »

2%
11 Iy* — vl < kIR Z_M}’
(11) | {n T

kdek = |47 £ —— ” I a yo je libovolny prvek z H. .
-4

Dikaz. Podle (5) (6) plati

(12) F(yns1) = IRf ll2 ~ 2a,(Rf, ARy,,) + 2| ARy, ||% =
= Irp2 - B ARS
| ARy,|?
ProtoZe

F(yn+1) = ”R(f - “nAJ’n)HZ

a prvek y,.; definovany rovnosti (2) a (6) minimisuje funkcionél F(y) na mnoZing
v8ech prvkl tvaru Pf + aRy,, « e€R, kde. R znadi mnoZinu viech redlnych &isel,
d4ava prvek a,y, minimum funkcionalu

F(y) = IR(f — 4y)|?
na mnoZing vech prvkd tvaru ay,, « € R. Tedy '
F(yn+1) = F(%,y,) = Min F(ay,) .
Odtud e
(13) F(yas1) < F(y,).
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JelikoZ .
(14) © F() = IR(f — 4y)I? = @*If — Ayl> < F(3,),
dostaneme odtud a z (13), Ze

F(yo) 2 F(y1)
Existuje tedy lim F(y,) = pa 0 < p < F(y,). UkéZeme, e p = 0. Z (13) a (14) plyne

v

.2F@y)z..z0.

n=oo

(15) F(y,) < 4 F(ya-1)
a tedy
(16) 0= F(y,) = ¢°" F(0) = 0.

Tedy p = 0. Z pfedpokladu véty 1 plyne existence ohranieného operitoru 4~*
([1])- Existuje tedy &islo k > 0 takové, Ze je-li y* pfedpokladané feSeni rovnice (1),
plati ’ ;
(17 Iy* — yall®* £ 2| Ay* — Ay,|> = K2||f — Ayp,|I* > 0.

UkéZeme, Ze plati (9), (10), (11). Z nerovnosti (17), (16) a (15) dostaneme ihned
(9), (10). Ze vztahu (17) a (12) obdrZime odhad (11). Tim je v&ta dokézana.

Pozndmka 1. Necht 4 = I — AK. Speciélni volbou operdtoru dostaneme tyto
piipady:

a) P = I (I je identicky operator).

(18) b)P=OLkdeO<9<—" .
1+ [AK]|

¢) P = 9%(I — JK) a pro 9 plati (18)." _
d) P =1 + J, J je linearni ohraniSeny operé4tor komutativni s K.
K tomu, aby uvedena metoda konvergovala v H stadi, aby v pfipadé:
a) JAK| < 1.
b) — (AKy, y) 2 0 pro.viechna y € H, operéator K je symetricky v H.
¢) Operator K byl symetricky a A nebylo charakteristickym &islem operatoru K.
d) Je-li K, resolventa operatoru AK, platila nerovnost

1
1K — I £ ————.
1+ 4K

Poznidmka 2. Necht
(19) yn+1 =Pf+‘9n(I—PA)yn9
kde koeficienty 3, jsou zatim neurdeny. ProtoZe
F(yn+1) é q2 F(‘gnyn) < F(‘gnyn) ]
je
(20) Min F(y,+;) < Min F(3,y,).
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Funkcionél F(y) nabyv4 minima na mnoZin& 9y,, 9 € R pro 9,¥» kde

A

(21) 5, = LA,
[l Ayal
Z nerovnosti (20) plyne, Ze posloupnost {y,} definovand rovnosti (7) minimisuje
funkcional F(y) 1épe neZ posloupnost definovana rovnici (19) a vztahem (21).

Poznamka 3. MiZeme definovat iteraéni proces divajici znacné lepsi odhady nez
(9), (10), (11), aviak pro praktické uZiti za cenu sloZit&jsich vypodti.

Podle (7) >

“AR)’0”2
y, = Pf + a;Ry, = Pf + «,RPf + a,00R?y, .

! y1 = Pf + agRy,, o9

Polozme
y1 = Pf + oRPf + 6R?yy, Yo = Yo,
kde koeficienty o, 6 uréime z podminek

OF() _ o OF01) _ .

2

oo 06

Odtud dostaneme soustavu dvou linedrnich algebraickych rovnic pro koeficienty
G, 0:

o| ARPf||* + 6(R*y,, ARPf) = (ARPf, Rf),

O'(sz’o, ARPf) + 5“R2J’o"2 = (R2y05 Rf) .
Je-li
_ D = | ARPf||* |R*yo| > — (R?yo, ARPf)* + 0,

Ize uriit g, é. Pfitom ¥, da funkcionalu F(y) hodnotu mensi ne¥ dva kroky iterace (7).
Jsou-li splnény predpoklady véty 1, plati tyto odhady:

Iy* = Yl < kg™ If — Aol s 1y* = yull < ka®Ilf — Ayu_sll s

* — 3.1 < kg {|R 2—(51(’—14‘52"—_91}%'
e e e
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PeszroMme

K METOZY IIOOOBHOM HWTEPALIMN

HOCE® KOJIOMBI (Josef Kolomy), Ilpara

B 3r0# cTaThe mpeiIaraeTcsi HOBBIA HTEPANMOHHBIA METOIA, AHAJOIHYHOH Me-
TOXy momo6HOM mrepammu [1].

Ilycre maHO ypaBHEHHE
(1) Ay =f,
roe A — JMHEHHBIA OrpaHMYEHHBIA OmepaTop B HEHCTBHTENPHOM I'HJIBOEPTOBOM
npoctpasctee H. Pemenue ypasrennsd (1) npefnosaraercs B BHIE
) Ya+1 = Pf + Ry, ,

rae R =1 — PA, P — nuHeliHbIH orpaHMYeHHblH onepaTop B H, IepecTaHoBOYHbIH
c A. Xycts [ARy,] >0 (n=0,1,2,...). Kosddpumumentsr a, (n=0,1,2,...)
OIPENEAOTCS B3 YCIOBHHA ’

_ 2
M = Ayusdl” _ g 0,12, ...
O,
Tornma
Rf, ARy;,)
(3) yn+1=Pf+(_—'_—_'vRyn: n=03 1’2:-"
ARy, |I? *

Teopema. ITycmb A — auHeiinblil 02pAHUYEHHBIT ONEPAMOP 8 JeiiCMBUMENbHOM 2Ulb-
6epmosom npocmparcmee H. Ilycmv P — auneiinetii o2panuuennvlii onepamop ¢ H
nepecmanogounslii ¢ A u maroii, umo P~* cywecmeyem u |R|| = q < 1. ITyemo, kpome
mMo20 6bNoAHEHO 00HO u3 ycaosuii: 1. H noanoe, 2. R énoane nenpepuigusiil ¢ H. Tozda
ypasnenue (1) umeem moavko 0dHO pewienue y*, nociedosamensHocms {y,}, onpede-
neHnasn ypagneruem (3), cxooumea no Hopme H k y* uumerom mecmo caedyloujue OYeHKu:,

1y* = yall < kg"IlLf — Ayol ,
”y* - yn" .S_ kq”f— Ayn—(l” » )2 5
Rf, ARy, }
« 3l s k{IRpp - BLARR) 1
ly* = al {” ol | 4Ry, 1|2

20e k=||A*1ug1”L” u y,eH.
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Summary

ON THE SIMILAR ITERATIVE METHOD

Joser KorLomy, Praha

In the present paper there is given a new iterative method, analogous to the similar
iterative method [1].

The problem is to solve the equation
0 Ay =1,

where A is a linear bounded operator in a real Hilbert space. We use the iterative
formula

©) Yn+1 = Pf+o,Ry,, n=0,1,2,...,

where R = I — PA, P is a linear bounded operator in H, commutative with 4. Sup-
pose that |4Ry,| > 0(n = 0,1,2,...). The parameters o, (n = 0, 1, 2, ...) are to be
determined from the conditions

ang"“t__i) =0, (n=0,1,2,..), F(y) =]|f- 4y]?;
all
thus '
Rf, ARy,
(3) Vn+1 = Pf + '(]]iRy ﬁ‘lz)R ne

Theorem. Let A be a linear bounded operator in a real Hilbert space H. Let P
be a linear bounded operator in H, commutative with A, having an inverse operator
P~ and such that |R|| = q < 1. Let one of the following conditions be fulfilled:

1. H is complete;
2. R is completely continuous in H.

Then the equation (1) has only one solution y*. The sequence {y,} defined by (3)
converges in the norm of H to y*, and the error of approximation |y* — y,| is
bounded by the following inequalities:

Iy* — yall £ Kq"If — Apoll s 1y* = yull < kqlf — AVn-all,

. =yl s kIR 2__(Rf,ARy,.—1)2}*’
I* = wl = {u 12 - AR

where k = ||A41[| < |IPII/(1 — q) and y, is an arbitrary element from H.
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