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Casopis pro p&stovini matematiky, roé. 86 (1961), Praha

ON A CERTAIN MODIFICATION OF THE THEOREM
ON THE CONTINUOUS DEPENDENCE ON A PARAMETER

Jiki JARNIK, Praha
(Received June 9, 1960)

Theorems modified with respect to [4] on the existence of generalized Per-
ron’s integral and on the continuous dependence on a parameter are proved.

In the papers [1] and [2], the assumption of convergence of the sum

£

was investigated in the theorem on the continuous dependence on a parameter (cf. [4],
theorem 4,2,1). It was shown that this assumption cannot be weakened, if at least
one of the following conditions is fulfilled:

i) There exist o > 0, d > 0 such that the function n~* w(y) is non-decreasing (for
i=1,2) and w,(n) £ dw,(y) for all n €0, );

i) w,(n) = wy(n) on the interval <0, o).

Let us now draw attention to a special case in which neither of these conditions is
fulfilled.

Consider a sequence of ordinary differential equations
@ =~ al)x +n(), 0=
for k = 0, 1, 2, ..., where ay, b, are continuous on <0, T. Let 4,(t) = [§ ay(7) dz,
By(t) = [o bi(t) dr, A(t) = Ao(f), By(t) = Bo(1), uniformly on <0, T). Let the func-
tions A4,, B, fulfil the inequalities

14(t2) = 41l < Lit, — 141,
[By(t;) ~ Bk(tz)f < o(t, - 1))

(k = 0,1, 2, ...) for some constant I and some function », w(0) = 0, for arbitrary
1,1, €<0, TO.

If we put w,(n) = K o(n), wy(n) = Ly, then the functions F(x, t) = A4(f) x +
+ By(t) fulfil the assumptions of the theorem mentioned above on a set t € <0, T,
x| = M.
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As the functions 4, fulfil the Lipschitz condition with a constant L independent of k,
the functions a,(f) are uniformly bounded. Therefore the functions f; (x, 1) =a,(t) x+
+ bk(t) are equi-continuous in x. The sequence of equations (2) fulfils all the assump-
tions of theorem 1 from [3] (see also [4], theorem 0,1). According to this theorem, the
sequence of solutions x,(f) of (2) converges uniformly to x,(f) with k —co. This con-
vergence does not depend on the behaviour of the sum (1).

This result is correct even for the generalized differential equations which have been
introduced by J. KURZWEIL in [4]. Of course, the proof cannot be carried through by
means of the theorem mentioned above, because we know nothing about the behaviour
nor even about the existence of the functions fk(x, 7). Instead of this, we can start from
the formula of variation of constants. Then we obtain the required result by means of
integration by parts (cf. [6]).

This fact leads us to the question, whether, in similar cases, the assumption of con-
vergence of the sum (1) cannot be weakened.

In the present paper we introduce a new assumption to replace that of convergence
of (1), if w,(n) = 1 ¢(n), where ¢(n) — co with n — 0. The new criterion gives better
results in some cases. Roughly speaking, this happens if 7% ¢(y7) — 0 with  — 0 for
all « > 0.

Let w4(1), w,(n) be continuous increasing functions of 7 on {0, ¢) (¢ > 0), w,(0) =
= w,(0) = 0. Let w,(17) = n ¢(n), where @(n) is a continuous decreasing function,

lim () =c0. ‘
n->04’

Theorem 1. Let the function U(z, t) be defined and continuous on a square
Q = {Ty, T*) x (T4, T*). Let the inequdljty 2% > ¢(0) hold for some positive in-
teger no. If we denote by { the function inverse’ to @, let ‘

3) Y e, < .

n=ng

Let the inequality

(4) 1U(zy, ty) = U(zy, ty) — U(Tzs_tx) + Uty ta)l £ @4(l7, — 74l) wy(|t; — 1)
hold for all 1,7y, 1,1, €Q, |1, — 74| S0, |t — 14| S 0. Let 1y £ 4y < 4 S 7%

Then the integral (cf. [4])

fz D,U(z, 1)

A1
exists and the inequalities

(%)

| DU 1) — Ul 1) + Ul 1) | < 2 90D,

A1

< A"if(z)

(6)

A2
j DU(z, 1) — Ulhy, Az) + Ulds, A)

Ay
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hold with A = |Ay, — A,| and with a function ¥ depending only on w, w,, for which
(7) lim ¥(y) = 0.
70+

Proof. Let (p(n) = 4 on an interval {0, o,). Let us choose # € {0, o;>. Then there
exists a positive integer N = N(n) such that

(8) 2N+2 > (p(n) _2_ 2N+1

and evidently

9) lim N () =
n-04

Let us form a sequence of positive integers k, such that k;, = 1, k,+; = k,r,, where

(10) ki, > k(r, —1).

l/,(zN +n+ 1) =
Then, evidently,

___2___ >k >.__1g_
¢ w(2N+ 1) =M (2N+ 1)
holds with 0 < ¢ < 3, according to (8). Moreover, there is for all n > 1
n ' n
(11) e <k £ 2——,
l//(2N+ ) l10(2]\"]' )
(12) Foey > 1.
Let us first prove this for n = 2. Then according to (8), there holds

n
11— < kyry =71y,
= w(21v+2) 171 1

.n 2n
—_— < ky, = kyry S 2k(r; — 1) L .
¢(2N+z) 2 171 = 1( 1 ) = 1,1/(2””)

Now, assume that (11), (12) hold for some n = 2. Then, according to the definition
of k,,

_n
Kty > ¢(2N+n+ 1) zk (r ) '

As 1 ¢(n) - 0 monotonously with n —oo, also lim 2" ¥(2") = 0 monotonously.
Hence noe

(13) lp(:ZN-l-rH- 1) < % l‘[/(2]‘4'-1-'") .
According to this and to (11), we have
2n n

= knt[/(2N+") < k" 1//(2N+"+1)’
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and therefore

n
n —_— >
kn lp(zN-(»n+ 1)
Then
n 21
lll(2N+”+1) < k"+1 =k, < 2kn(rn - 1) = ¢(2N+n+fj .

Let us define

¥ - z"’(km) (.;1)

If we write (10) in the form

%¢(2N+n) < i?_ < ¢(2N+n) ,

we see that
o (1) s otz
But accordmg to (13), the inequality

(P( ¢(2N+n)) < 2N+n+1
holds. Hence

¥) < 3 20U =4 5 2o,(2).

Since the sum (3) converges on the right side of this mequahty we have the remamder
of a convergent sum. Consequently, (7) holds.

Let us approximate the functions U(z, f) by a sequence of functions U,(z, t) having
the following properties (cf. [5]):

1. Uy = U uniformly on Q;

2. U, have continuous partial derivatives of the second order;

3. for every 9 > 0 there exists a number K(9) such that for all k > K(9$) and
Ty, Tay by, 1 €<Tx + 9, 7% — ), |1, — 14] £ 0, |1, — ;] < 0, the functions U,(z, £)
fulfil the inequality (4).

According to lemma 1 from [5], the integral [2 D,U,(t, 1) exists if § > 0, 04,0, €
€t + 9,7 — 8, lo, — 01] £ 04, k> K(9). '

Let us denote

2
S(Uy, n) = <Q1, 01 + —> — Uios, 01) + Uy <91 + % 0y + ﬁ) —

n
' n—1 n—1
- Uk (Ql + = g) ..+ Uk <Ql + — 0, QZ) - Uk <Q1 + —0,
n n h
n —

o+ .
nol i i+1 i i
Ueloy + -0, 00 +——0)—=Ugloy +-0,01 + -0
i=0 n n n n /

0 +
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where ¢ = 9, — ¢1, and analogously

n—1
i+1 i+1 i41
(Uk: ") [Uk(91 + ——n—Q: 01 + _n_ Q) = Uk <Q1 + \Qagl + - Q)]

i=0

" In the same manner as in the lemma mentioned above it is easily shown that
02

J D,U(z, £) = lim S(Uy, n) = lim Z(Uy, n) .
01 n—o n—cw

Now estimate the difference |S(Uy, ky+4) — S(Uk, k). We have k

at+1 = k,r, and,
consequently,

kn=1 (rn—1 i
Uplor + [— + =2
i=20 {p;o[ k<91 (k,. k,ﬂ)g’ e+
i p+1 p i
+ (14 Uplor + [~ + oo+ (—+-L)o)—
(k,, kn+1> ) k<gl (k kn+1> ' (kn * kn-l»l) Q)

rn—1 . .
n i i +1 ]
- Z Uk<Q1 + 'k—Q’Q1_+ <_+p )Q)'Uk(el + ’l':‘Q:Ql +

1 1 kn’ . 2 1 k,. k »

» +
(i 2\ i p+1
=0 +o—+ , =g +o—+ ,
! @ ¢ (kn kni—l) : o (kn kn+l )

then according to (4),

s =000 5 5 (o 8 e (o)

Further,

(14)

IS(Uk’ kn+1) - S(Uks kn)l =

If we put

02 )
j‘ D, U7, t) — Udey, 02) + Uk(Qn Ql)x =
e1

= |lim S(U,, k,) — S(Uy, ky)l £ 2 IS(Uss kns1) — S(Uk, k) £ 0 ¥(e)-

. n—=o

Similarly we find that

(15)

2 )
f DrUk(Ta t) - Uk(QZa Qz) + Uk(QZ: 91)' se Y’(Q) .
Q1

419



Let 0 < & < oy and let us denote by A a decomposition {ag, Ty, Ay, ..., Tg, %} Of
the interval (A;, 4,0, T4 + 3 < 1; < 4, < t* — 3, for which there is

(16) ‘Cj—“j—1<5’ aj—11<5

for j=1,2,3,...,s. If

R(V, 4) = 3 [V(ep %) = Ve 2-1)]
then

A2
f DU, — R(Uy, 4)| <

A1

DtUk - Uk(Tj, Tj) + Uk(rj, aj-l) +f DtUk hd Uk(rj’ aj) + Uk(‘[ja TJ) é

Ty

[(ej = j-q) Pz — o5-q) + (o — 7)) ¥o; — 7))] < Aoi‘:gé ¥(n) -

For two decompositions of {1,, 4,) which both fulfil (16) thence follows
IR(Uk’ A1) - R(Uk, Az)l < 22 sup Y’(’T) .
0<n<so
As U, = U uniformly, also

IR(U, 4;) — R(U, 4;)] < 24 sup ¥(r).
0<nsé
According to [4], definition and theorem 1,2,1, it follows that the integral

Az .
J‘ D, U(z, t)
A1

exists. The inequalities (5), (6) are obtained without difficulty from (14), (15), again
taking into consideration the uniform convergence of U,.

The constant $ > O being arbitrarily small, evidently 7> D,U(x, ¢) exists for ar-
bitrary A, A, € (74, 7). The existence of this integral for 1, 1, € {14, *) (and, of
course, the inequalities (5), (6) also) follows from its uniform continuity as a function
of its upper (lower respectively) bound, and from the continuity of U (1:, 1) (cf. theorem
1,3,5 in [4]).

The theorem just proved is the starting point in the proof of the theorem on the
continuous dependence on a parameter for solutions of differential equations. As we
have the estimates (5), (6), this proof can be performed analogously to [4] (cf. [4],
theorem 4,2,1). Therefore we shall only formulate the result for classical differential
equations.
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Let us denote by F(G, oy, ,, 0) a class of functions F(x, t) which fulfil the con-
ditions:

F(x, t) is defined and continuous on an open set G < E,+1, F(x, 7)€ E, ;

IF(x, t2) — F(x, ;)] £ o4(]t2 = ty]) for |t, —t;/L0;

IF(xy, t5) — F(xa, t;) — F(xy, t2) + F(xy, t1) £ x5 — X411l @5(|t; — 14])
for [Ix; — x| £ 204(0), |tz —t;| S0

Theorem 2. Let ,(n), w,(n) be increasing continuous functions for 1 €0, o),

0{0) = 0, w{n) = cn for i = 1,2, where o, ¢ are positive constants. Let w,(n) =
= 1 o(n), where ¢(n) is a decreasing function on <0, ¢), lim (1) = co.

704+
Let us have a sequence of ordinary differential equations

(17) R (CONEGRE:

for k=0,1,2,... Let Fy(x,1) = [{ filx, 7) dr, F, e F(G, 0y, w,,0), F, > F, uni-
formly with k — oo. For k = O let there exist a unique solution of (17). Finally, let (3)
hold.

Then the sequence of solutions x,(t) of (17) converges to x,(t) uniformly with
k- oo.

Note. The assumption (3) can be replaced by another. Let us estimate the integral

Lzl
Xn+1 x

where x, = 27", As (¥ x~2dx = 2" = x, !, we have

Xn+1

) e )= Lo )

e s [ 2o (y(2)) ez one).

Xn+1

The assumption (3) is therefore equivalent with the assumption of existence of the
integral

(o)

for some positive a.

Similarly we can show that the convergence of (1) is equivalent with the existence of
the integral

(19) J: x7% w(x) wy(x) dx .
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In fact,
e 1 1 d 1 1
o |l =)o {=)= Wy | = —);
27 (3)e )2 G)6)
if we put x, = 27" again, then

Xn
x w}(xw 1) @2(Xns1) S x~? wi(x) w,(x) dx < X, oy (xn) (%)

Xn+1

1 1 1 - 1\ /(1
o (5m)e (gm) = e ers o (5) o (5)

If ¢'(x) exists and

= _ o)
4 x¢'(x)

is continuous, we can transform the integrals (18), (19) to

J ’04(%) /() dx, J 04(x) ¢'(x) () dx

0 0

respectively. According to the definition of y, we have

20) () = cexp J o) = coxp j 1 (L - 1) at

x tX(t) ’ = \I x(t) t

As x ¢(x) - 0 with x — 0, we have y(x) = ¢’ > 0. Hence the new criterion never
gives a worse result than the original one. :

On the other hand, it is easy to show that in some cases we obtain a better result
(e. g. for ¢(x) = — log x). This can happen if y(x) — oo with x — 0. From (20) it
follows that then the function (p(x) diverges more slowly than any negative power of x.
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Vytah

O JISTE MODIFIKACI VETY O SPOJITE ZAVISLOSTI
NA PARAMETRU

JIRi JARNIK, Praha

S pouZitim v&ty o existenci zobecn&ného Perronova integralu, obdobné vét& 1 v [5]
dokazuje se v&ta o spojité zavislosti na parametru:

Oznaéme F(G, »;, w,, ¢) mnoZinu viech funkei F(x, t), majicich vlastnosti:

G<cE,y, F(x,t)€E, pro (x,1)eG;

IF(x, ) — F(x, t;)]| £ w4(|t, — t4]) pro |t, — 1| £ 0,

I F(%2, t5) = F(x3, t1) — F(xy, t5) + F(xy, t;)]] £ [1x2 — x4] 0a(Jt2 — 14])
pro |t, — ty] £ 0, |x; — x| £ 2w4(0).

Budte w4(1), w,(n) spojité rostouci funkce pro n € <0, 6); @,(0) = 0, w,(n) = cn pro
i = 1, 2, kde o, ¢ jsou kladné konstanty. Bud dale w,(n) = 7 ¢(n), kde ¢ je klesajici
v €0, o), lim p(n) =

7104
Bud déina posloupnost diferencidlnich rovnic (17) pro k=0,1,2,... Necht
Fi(x, 1) = [{ fi(x,7) dt, F, € F(G, oy, 0,,06), F,— F, stejnomérng. Nechf existuje
jediné YeSeni x,(f) rovnice (17) pfi k = 0. Koneén& necht plati (3).
Pak posloupnost feSeni x,(t) rovnic (17) konverguje stejnom&rné k x,().

Pes3rome

OB OJTHOM MOJIV®UKALIY TEOPEMBI O HEIIPEPBIBHO!
3ABUCHUMOCTHU OT ITAPAMETPA

UPXHWU APHUK (Jifi Jarnik), IIpara

C mnoMOLpIO TEOpEMBI CYINECTBOBAaHMA 000OILIEHHOro MHTerpana IleppoHa,

aHaJiormyHOM Teopeme 1 B [5], moxassiBaercsi TeOpeMa O HEMpPepHIBHOM 3aBHCH-
MOCTH OT apaMeTpa.

O6o3ma4um depe3 F(G, w;, w,, 6) MHOXeCTBO BeEX (byHKmm F(x, t), IMeFOLEX Cire-
IIyFOLIMe CBOUCTBA:

Gc E,iy, F(x,))€E, mus (x,1)eG;
N E(x, t,) — F(X, t1)” < oy(jt, - tl) ms |t — <o
”F(xz, tz) - F(xz’ tl) - F(xh tz) + F(xn tl)” S flxp = x4 wz(ltz - tll)
s |t — 4] S0, [[x, —x, = 2601(0').
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Tyers w,(n), w,(n) — HempepsiBHBIe BospacTatomme Gymxmmn 1 7 € {0, 6);

0{0) =0, wn)=cn, mis i =1,2, roe 0,c — TONOXKHTENBHBIE MTOCTOSHHBIE.
ITycts, manee, w,(n) = 1 @(n), roe ¢ — yossaromas B <0, o), lim ¢(n) = oo.
n—>0+

IlycTe 3amaHa TOCIENOBATENLHOCT AuddepeHIMANbHbIX ypaHeHmit (17) mus
k=0,1,2,... Oycts Fi(x, 1) = [} fi(x, 1) d, F; € F(G, w,, »,, ), F;, = F, pasHO-
mepro. Ilycts s k = O cymecTByeT enMHCTBEHHOE peleHHe Xof) ypasaenus (17).
Hakonen, nycts Bbmonssercs (3).

Torma mocnexoBaTeNbHOCTh pelleHuil x,(f) ypaBHenmit (17) CXONMTCS paBHO-
MEpHO K Xo(?).
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