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Časopis pro pěstování matematiky, roč. 88 (1963), Praha 

MULTIPLE FOURIER INTEGRAL 

JAN KUCERA, Praha 

(Received December 18, 1961) 

In the present paper the Fourier integral for a complex function of several 
real variables is defined and some criteria for its convergence are presented. 

INTRODUCTION 

All the convergent integrals, which occur in this paper, will be Lebesgue integrals, 
unless otherwise stated. The r-dimensional Euclidean space (where r is a positive 
integer) will be denoted by Er. For any set M cz Er, the symbol L(M) represents the 
set of all complex functions/, which are defined on the set M and have a convergent 
Lebesgue integral jM\f\ dx. The boundary of any set M c E r will be denoted H(M). 
The scalar product of points 

x = (xx, x2,..., x r ) e E r , y = (yl9 y2,..., yr)eEr 

will be written (x, y) = xxy± 4- x2y2 + ... + *ryr and the norm of x will be ||x|j = 
= .J(x, x). Further, we shall use the symbols / + = max (f, 0), / " = max (-/, 0), 
for the positive, negative, part of a real function/, respectively. For the sum, product, 
of a family of sets we shall use the Greek letter ]T, Y[, respectively. Finally, the set of 
all points x e M, where M c Er, which have a property P(x), will be denoted E(x e M; 
P(x)). 

Definition 1. A real function /, which is defined on a set M c Er, will be called 
monotone on the set M, if it is monotone (as a function of one variable) on every set 

M n £(x e Er; xk = x£, 1 S k ^ r, k =f= i), 

for all points (x\, x2,..., x?_1? x?+1 , . . . , xr) e Er-X and for i = 1, 2,.. . , r. 

Definition 2. Let/ be a complex function, which is defined on Er and satisfies either 
of the following conditions: 

I . /eL(E r) . 
II. There exist functions/; (j = 1, 2, 3, 4) which are non-negative and monotone 

on every closed octant 1) and have the following properties:/= (ft—f2) + f(/3""A) 
1) Closed octant is each of the intervals I cz Er, which is the Cartesian product of r intervals 

either (— oo, 0> or <0, + oo). 
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lim fj(x) = 0 (j = 1, 2, 3, 4). In the following we shall say that such functions / 
| | * H - + 00 

have property BV. 

Then the integral 

(1) f-^j . f ( f f(u + x) . e*u-*> du\ d£, for x e E r , 

where the internal integral in case II is the improper Lebesgue integral and the external 
integral is taken in the sense of Cauchy's principal value,2) will be called the Fourier 
integral of the function / . 

Lemma 1. (Riemann-Lebesgue). Let — oog a < b 51 + oo; a, f$ e <a, b}; yeEx. 
Let us distinguish two cases: 

LIffeL«a,b}),then 

(2) lim | /(x) sin A(x - y) dx = 0 ,. lim Г 

uniformly with respect to a, {I, y. 

II. Let K c= E r be a compact set and let the function g(x, t), which is defined for 
xe(a, b), te¥L, form a family of equicontinuous functions ft(x) = g(x, t) on 
(a, b)for teK. Finally let a function <p e L«tf, b}) exist such that \g(x, t)\ <£ (p(x) 
for x6(a, b), teK. Then 

(3) lim I g(x, t) sin A(x — y) dx = 0 
- 4 - + CO J a 

uniformly with respect to a, ft, y, t. 

Pro of. I. See [1]. II. To prove this, let e > 0 be given. Then there are real numbers 
ax, bx such that a < ax < bx < b and 

\<p\ dx + I \cp\dx < B. \<p\dx+\ 

Further, there exists positive integer n such that the implication 

I B 
1*1 ~ x2\ < - (bx - ax) => \g(xx, t) - g(x2, i)\ < n bx — a! 

holds for xXt2 € <«%, &*>, t e K. 

2) Cauchy's principal value of the integral is 

fdx. fãx = lîm 
J в Л-+-+G0 П (~AVA) 

fc»l ' 
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If the set (a, f$) n (al9 bt) is empty, it is evident that 

I g(x> t) sin A(x — y) àx < 8 

in the opposite case let us divide the interval (a. jS) n (au bt) into n parts of equal 
length by the points ock (k = 0, 1,..., n). Then 

g(*> ř) sin A.(x — y) dx 

+ 1 
fc=i 

» 
k=-l 

£ |sinAL(x 

|<p| dx + J<p| dx + 

r a i c I 
(a(x, í) - g(xk, /)) sin 4 * - y) dx + 

Jfltfc~i 1 

g(ak, t) sin A(x - y) dx 
Jajc-i 

- y)| dx + M. t 

< 8 + 
* 1 - * 1 

/•«fc 2 
sin A(x — y) dx| < 2s + Mn — , 

Remark. If we put y = y - 7r/2AL in (2) or (3), we get a similar lemma, where the 
function sin x is replaced by the function cos x. 

Lemma 2. Property BVis invariant with respect to a translation of the origin of 
the Cartesian coordinate system of the space Br. 

Proof. We can see this, if we translate the origin to the point (a, 0, 0,..., 0), where 
a > 0, and for j = 1,2; y e Er_x define the functions g/x) in the following manner: 

9&i, y) = /X*i + a> y) for x±£ -a, 
gfau y) = A(o, y) + /2(o, y) - /3-j(xi + « J ) for - A g x ^ o , 
g/*i, y) = /,<*i + « J ) + (/i(o, y) + /2(o, y) - /-.(a, y) - /2(a, y)) (i + xly1 

for xx ^ 0 . 

Lemma 3. Letf be a function on Br9 which has everywhere the continuous deriva-
tivefXltX2)^)Xr

 3) and which has a Lebesgue integral on Er and lim f(x) = 0. 
I M I - + 0O 

Then the function f has the property BV. 

Proof. It suffices to prove this only for the real part of the function/. For x e 
r 

e Y\ <0, + oo) let us write 
fc=i 

-M*) = ľ r C/*1Ä ,У (č) àţ, ғ2(x) = f r (fxuX2 Xr)- (o dç. 
J П <*łe, + oo) J П (xk. + oo) 

3) We write fx, x, x= f ( . . . ( f\X\ 

" 2 , - r torV^'-A W ) ) ) 
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The functions F. (j = 1, 2) are evidently non-negative, monotone on the set 

f[ <0, + oo) and lim F/x) = 0 (j =- 1,2). 
fc-=l 

Fl(x) - F2(X) = f r [(/^....^r co -.(/««....*)" («] <% -
J n (xjc+oo) 

Í Л lÄ....*(f)dí = (-!/ /(*). 
ГI <x f c f + oo) 

Let Ku K2,..., K2r be a sequence of all closed octants of Er. On each octant K, 
(I = 1, 2, ...,2 r) there are non-negative and monotone functions fi% (j = 1,2) 
such that lim fjt(x) = 0 (j = 1, 2) andf(x) = fu(x) — flx(x) for xeKj. 

U*l| +-00 

For x e £ H(KZ), let us put cp/x) = max fn(x) (j = 1, 2). 
1 = 1 E(l;xeKi) 

Let us choose an octant, for example Kx. If we denote, for brevity, ̂ (x) = cp/x) — 
— ft i(x), for x e H^Ki), it is evident that the function P(x) = min [^(0, x2, x3,..., xr), 
ir/(x1, 0, x3 , . . . , x r),..., ̂ (x1? x2,..., xr_ l3 0)], where x e Kl9 is non-negative and mo
notone on the octant Kl9 lim F(x) = 0 and for x e H(K±) is F(x) = <p/x) — ft x(x). 

| |дs||-*+ 00 
лeKi 

If we putf/x) = fn + F(x), for x e Kx (j = 1,2), then the identity f/x) = fji(x) 4-
+ (px(x) - fn(x) = cp/x) (j = 1, 2) holds for x e H(Ki). If we define the functions 

fj (j = 1> 2) on other octants in a similar manner, then the functions/,- (j = 1, 2) have 
the required properties. 

Definition 3. Let f be a complex function of r real variables. Then the difference 

^hJ\x) = J\XU X2> •••> * i - l » * i + "> * i + l » **•> * r ) "~ 

~~ J\xl9 x2> •••» *i- l i» ^i? ^ i + l * •••> *r) 

will be called the difference of 1st order of function fin the point x with respect to the 
z-th variable with the h distance (if the right-hand side is meaningful). 

If we define the difference of w-th order A£;j£;;;;;£ f(x), then the difference 
A i 1 , i 2 , . . . > i n , in+l f/Y\ _ \in+l A-l,-2,... ,-n ft^A 

ah1,h2,...,hn,hn + 1J\x) ~ &hn + 1
 A/n,/i2,...,fc„J\X) 

will be called the difference of (n + l)-th order of the function f.4) 

Lemma 4. Let I ' ' * * *' \be a permutation. Then 

\P1>P2> '->PnJ 
\ A ~»Axi ~~ /1hpithp2t...>hpnJ\x) • 

4 ) Usually the difference is defined in this manner: Let be xeEr, heEr, then Aftf(x) =-
= f(x + h) — f(*). But the special case in which we demand that the point h c E r has only one 
coordinate different from zero is adequate here. 
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The proof is evident. 

Lemma 5. Let us have a vector h = (hl9 hl9..., hr) and a function f defined on the 
r 

interval J\ <*&• xk + fyc)-
Jk = l 

Then 

(4) f(x + h) =f(x) + t AlJ(x) + 1 £ KUf(x) + ... + 
i = l 2 ! i,j*==l;i-l-j 

+ T - 1 ^ I -<l.;te±iU, /W + <fcr*/W • 
( r - 1 ) ! i fc-=l;* = l , 2 , . . . , ( r - l ) ** l 2 lr"1 

ifc*i,(fc-l-0 

The proof can be carried out by induction. 

Lemma 6. Let us have n positive integers il9 il9..., in (ik g r; k = 1, 2,.. . , n), 
n rea/ numbers hh9 hil9..., hfn and a point x e Er. Le* M be a convex hull of points 

(xl9 x2,..., xr), (xl9 x2 , . . . , X|k_1? xlfc + hik, xik+l9..., xr) (k -= 1, 2,..., n). 

Lei a function f have a partial derivative fx. sX. y,_x. on the set M.5) 

Then there is a point <JeM such that 

ti\X:^JM = M . A ••• *<-/-«..-«, «*.(«) • 
The proof follows with the successive use of the mean value theorem for functions 

of one real variable. 

Lemma 7. Let us have r real numbers hi9 h29 ...9hr and a point x e Er. Let afunc-
r 

tionf have a finite derivative fXUX2 Xr e L(J) on the interval J = f| <xfc, xfc + hky. 
fc=i 

(A similar note about the points on H(J) applies here as in footnote5).) 
Then 

(5) AІfcЉЛ*) = jf,lЛ....JJu)àu 

The proof follows with the successive use of Fubini's theorem. 

Theorem 1. Let a function f9 defined on ErJ be either integrable on Er or have the 
property BV. For x e Er, A > 0 let us write 

(6) J^(X) = (£)7 A ( f (/(» + *)«*"* <-"W 
jfc-=l,2,...,r 

Then 

(?) Ш = ß)Г-ï f(u + X).USJ^àu. 

5) At the points on the boundary H(M), we mean always one-hand derivative. 
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Proof. I.fe L(Er). If in accordance with Fubini's theorem we change the order of 
integration in (6) and then compute the internal integral, we get formula (7). 

II. There are functions fj (j = 1, 2, 3, 4) which are non-negative and monotone on 
each closed octant and 

f = (fi - / - ) + i(/3 - /*) ; Hm fj(x) = 0 (j = 1, 2, 3,4) .. 
11*11 "* +00 

r 

Let us prove formula (7) on the octant J\ <0, + oo) for the functionfx. Let 0 < a < A, 
fc=i 

0 < B; then 

(8) £Y.f (f AW-^-^dii'jd^ 
VV J -*< l̂ fcl <-4 VJo <uk<B J 

fc=l,2,...,r fc=l,2 r 

/i(w) • I I (uk - a*)"1 • [sin A(uk - x*) - sin a(uk - x*)] dw . 
Jo<«fc<B k"1 

fc = l,2,...,r 

r 

Because the function ft is monotone on the set J~J <0, -h oo) and lim fx(x) = 0, the 
fc=l | | J C | | - * + OO 

r 

integral J0 <«fc<+oo fi(u) e1^"*'® du exists uniformly with respect to ti; e J~J «—A — a>u 
fc=l,2,...,r fc=l 

u <a, A}) and is also bounded on this set. Thus we can let B -+ + oo in equation (8). 
In a similar manner we can show that the integral 

/l(u) n s in f l(»*-**>d» 
< + co * = 1 uk ~ xk 
l,...,r 

exists uniformly with respect to a e Et and that it has the limit zero as a ~> 0 +. 

Í, 

CHAPTER I 

In accordance with theorem 1 the Fourier integral of a function / satisfying the 
requirements in definition 2 exists if and only if the limit 

(9) lim lA(x) 
A-+ + 00 

exists. In this chapter we shall find sufficient conditions for the existence of this limit 
for integrable functions. Functions which have the property BV will be treated in the 
next chapter. 

Theorem 2. Let us have a function f e L(Er), a point xeEr9 a real number 8 > 0 
and an integer n9 (0 < n < r). Pulling, for brevity, y = (xu x29..., xrt), v = 
= (un+i> un+2> •••> "r)> let the function f(y, v) be integrable as a function of v on 
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E r . n and let the following integrals converge: 

(io) f ( u f l u l a . . . t t j - 1 . w f i ; ; ; t u i s f ( y , » ) * u h < K - 2 . . . du i sdv , 
J|«iJ<5;k---l,2....,s 

where the indices (iu i2,.... is) assume every combination of the numbers 1, 2 , . . . , n, 
taken s at a time (s = 1, 2 , . . . , n). 

Then 

(11) lim f / ( w + x)J|5E-_^dtt==0. 
A-^ + oo J J„pj<5,(i-gjF,<*„) *=1 ttfc 

M>3,(n<___r) 

Proof. Without loss of generality, let us put xt = x2 = . . . = xr = O.If wedenote, 
w r 

for brevity, D == J"J(-~<5, <5) x TQ [(—oo, — <5)u (5, +oo)], we have by (4) 
fc=-l fc=w+l 

/.•v. f ^/ \T^T sin Auk. f W/x N-,--,-sin Alufc , 
(12) /(tt)n *du = /(0,v)n ~du + 

J D
 k = 1 % J D *=- Wfc 

+ t f --_. /(0. - ) f l ^ ^ d „ + ... + [ A -̂;;:»,Un/(0, v)f[S™^du . 
i= lJ D fc-=l ttfc J D fc=i ttfc 

All the terms of the right-hand side of (12) tend to zero as A -> + oo. Let us show this, 
for example, for the integral 

/«-_\ f _i •? . , M VT-T sinAttfc t T-i C5 sin_4ttfc t 

(13) <\*_;.\\*/(o,-)II d «= 11 *d«*. 
J D *=- % k = - + i j _ - wft 

.[ (nstoj4„,)(n!____). 
J! U i , l<a , ( l<p^_) K * * * \n<fc<r Uk J 

|«gl>5,(»<«_ir) 

i (u ttt2 . . . tts)
_1. Aj;ftt;v;;.%s/(0, t?) . sin Aux duA du2 du3 . . . dus di?. 

The internal integral on the right-hand side of (13) tends to zero as A -> + oo for 
s 

almost all t? e £,.-„, (tt2, tt3,..., us) e f|(—<5, <5) and according to (10) the integrand on 
k = 2 

the right-hand side of (13) has the integrable majorante Sn~r. \utu2 . . . us\"
x , 

. \Al^;:::luJ(o,v)i 
Thus we can take the limit as _4 -> + oo within the integral sign. 
Theorem 3. Let us have a function fe L(Er) and a point x e E r. Let a real number 

S > 0 exist such that the assumptions of the theorem 2 are fulfilled for n = 1, 2, . . . , . 
(r — 1) and for all permutations of the coordinates. Let the integral 

(14) f (u.u_... «.)-* ti&;:Uf(x) dtt [ («IИ2. . . -ГГ 1 AІ;5 Í 1 \ \ \T*/ ( - . ) ' 
J Ы<-i ' Ы 

fc=-l,2 r 
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be convergent. Let the limit (9) exist and be equal to the value f(x) for all functions 

which we get from the function f(u) if we fix the variables uik = xik (k = 1, 2 , . . . , s), 

where the indices il9 i%9...9is go through all the combinations of the numbers 

1, 2,..., r, taken s at a time, for s = 1, 2,..., (r — 1). 

Then the Fourier integral of the function f is convergent at the point x and equal 

tof(x). 

Proof. Let us put again x3 = x 2 = ... = xr = 0. According to theorem 2 it will 

do to prove that 

(15) lim Г f(u)f[$^^du = nr.f(0). 
^ ^ ^ J\mĄ<» fc = 1 uk 

k = l,2,...,r 

( 1 6 ) f /(„Щ^^duЛ f(0)fl^^áu + 
Jl«ifc|<* fc=:1 Uk J\uk\<S fc=sl Uk 

Jfc=T,2,...,r * = l , 2 , . . . , r 

+ І[ <m ľìУ^àu + í ľ ЌІ,UJf(0). 
І Г = 1Jltt |c|<ð fc = 1 Uк V". 1 J|Иfc|<« 

Jfc=l,2,...,r 1<J Jfc = l ,2 , . . . , r 

J^ SІП ÂUк , f A 1 2 r /-/лч T T s 1 n ^wJfc л 

. п - àu + ... + л^;:::,ttгf(o) П du • 
*«-• Щ J\uк\<õ fc=1 WJfc 

'Ы 
Jfc=l,2,...,r 

Obviously 

lini f / ( 0 ) n ^ ^ d M = 7rr./(0). 
A-+ + CO J j M f e | < a fc = l Wjfc 

&=-l,2,...,r 

All t h e other addends in (16) have the limit zero. Let us show this for 

(i7) f K±::^j(P)U^^-du-
J\uk\<3 fc=1 Uk 

Jfc=l,2,...,r 

J-T C5 sin -Aw* , f A u ..„ ./A.-f-\ sin yluk j 
= I ! * dw* • Ai;ftfy;;;n

jUnf(0) J ] dw 
k = n + l j „ 5 Uk J\uk\<3 * = 1 Uk 

Jfc=l,2,...,n 

If o n the last integral o n the right side of (17) we compute the integral of each ad

d e n d s in t h e difference separately, we get 

lim «-. f ti^;;;l,J(0) f\ ^ ^ d« = £ ( -1 / (*) ./(0) = 0 . 
-4-- + ao J\uh[<d fc==1 Uk * = 0 \ k / 

Jfc = l ,2, . . . ,л 

R e m a r k 1. T h e assumptions in theorem 3 can be a little weaker. Let us show this 

for t h e case of two variables. Let b e f e L(E 2 ) , (xu x2) e E 2 a n d let exist a real n u m -
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ber 8 > 0, complex number S and functions g, h e L(EX) such that the following 
integrals are convergent: 

u21 (f(xi + «i, *2 + ui) - g(*i + u±))dux dw2 ; 

<5 

U l 1 ( / ( * 1 + «1» *2 + Ul) - H * 2 + Ul)) ŮU1 &U2 l 
5 
d 

(uxu2y
l (f(xx + uu x 2 + w2) - g(xx + ut) - h(x2 + w2) + S) dut ůu2 

\ut\<6 
\u2\<d < 

and 

. .,. -i fa , x sinALui , lim ÍT x . g(Xi + ut) - du t = S ; 
-4-+ + oo J _ 5 Ui 

..i fá , / v sin Au0 

l i m gx x I 
AL-+ + 00 J _ 

íí 

h(x2 4- u 2 ) dw 2 = S . 
-ð U2 

Then the Fourier integral of the function/ is convergent at the point (xl9 x2) and 

has the value S. 

In many cases we can choose 

9(ui) = \(f(uu x2 + 0) + f(uu x2 - 0)) , 

Hui) = \(f(xi + °> u2) + f(xi - 0, u2)) ; 

$ = K/(* i + 0, x2 + 0) + / ( * ! + 0, x2 - 0) + / ( x t - 0, x2 + 0) + 
+ f(xx - 0 , x 2 - 0 ) ) . 

Remark 2. According to lemma 6 condition(14) holds if the function/ has the 
r 

derivative /Xl,*.,,...,Xr bounded on the setf{(—5, 8). 
fc=i 

Remark 3. For the convergence of the integral 

Í |uk|<f5;fc-=l,2,...,n 
VЄEr-n 

( " i « 2 •••««) * • Au

1

1f»y;::B,«„f(o,») d U l d « 2 . . . d«„ d» 
n 

from (10) it is sufficient to show that for the function 

F(xu x2, . . , x „ ) = \fxltxlt...*n(xi, *2, • - •> *«> t?)| dt; 
J«eEr-.n 

there exist numbers C > 0, a > 0 such that F(xl9 x 2,. . ., xw) ^ C|x xx 2 ... xn\
a"~l for 

|xj| < 8 (i = 1, 2,.. ., n) and derivative fXi,x2,...txn(
xi9 x2> •••> xn> u ) 1 s bounded when 

|Xi| < <5 (i = 1, 2,.. ., n) for each v e Er_„. 
The proof is obvious from the Fubini's theorem and from lemma 7. 

303 



Example. Integrability of the partial derivatives of the function/is not sufficient 
for the integrability of integrals (10) and (14). To show this, let us put 

f(x, y) = (1 - lg lyir1 . e~W for x eEl9 0 < \y\ < 1 ; 
f(x, y) = '^-M-M f0r x 6 EX, | j | = 1 ; /(x, 0) = 0 for x e E x . 

The function/is then continuous and / , df/dx, df/dy, d2f/dx dy e L(E2). If, how
ever, we choose 0 < 8 g 1, then 

f jT1. Ay
2/(*,0)dxdy = r^ffy-M/C^y) -/(x,0)dy))dx = 

Jo<y<5 J -co VJo / 

= f V w dx . f j - x ( l - lgy)"1 dj; = + oo . 
J -co J o 

Theorem 4. Le*/eL(Er) be a continuous function on Er and let exist r functions 
<pk e L(EX) such that 

f(x)\ <* <pk(xk) for (x1,x2,...,xk„1,xk+1,...,xr)eEr..1 andfor fc = 1, 2, . . . , r . 
r 

Let Jk c: Ej (k = 1,2,..., r) fee open intervals and J = J ] Jfc. / / we put, for brevity, 
fc=i 

j ; =- (xx, x2 , . . . , xrt), v = (wff+1, uw+2,..., ur), let 

(18) 

lim f |iifli*fa ... i i J " 1 . I ^ l i - ^ , /(y, »)| dnfl du£2... dn«, dv = 0 
*-° + Jj«£k(<^fc--l,2,...,s 

» € E r - n 

R 

almost uniformly on the set fJJfc/or a// the combinations (il9 i2>..., is) o/ the 
fc=i 

numbers 1, 2,. . . , n, taken s at a time (s = 1, 2,..., n), where n = 1, 2,..., r,for all 
possible combinations of the variables. 

Then the Fourier integral of the function f is almost uniformly convergent on J to 
the function f. 

Proof. Let us choose e > 0 and compact sets Kk a Jk (k = 1, 2,..., r) and put 
r 

K = f| Ki. There is a S > 0 such that all integrals in (18) are smaller than B on the 
fc=i 

set K. Let this S be stable, then for all x e K 
If rr , \*rr Sln Auk , f • . ^ sin Auk , f(u + x)Il ~du - /(x)n *du 
J|»ifc|<«5 * = = 1 wfc J | a ie j<^ * = - Wfc |*-k|<£ 

fc=l,2,...,r 

' - - Ji 

feU 

</WП —*<-« 
lmcl<а fc=i Wfc j 
fc=l,2,...,r 

+ ... + 

Ы<* 
fc = l,2,...,r 

A l , 2 , . . . , r rí \ Г T SІПAlijfc -

Ä=l uk I 
á ( 2 r - l ) . в . 
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If we substitute (4), with n instead of r, then in the integral 

I f(u + x).fl™^áu, 
\up\<d(0<p<;n) 
\uq\>d(n<q<.r) 

* = 1 Uk 

we get T addends which all tend to zero with A -> + oo uniformly on K. Let us show 
this for 

< Є + 

+ ilrc)-

í 
I 

f ti±:^,f(y,v + ^ n s«*** á U i Ů U 2...Ů U s d v 
Já<\up\<5(Q<p<.s) n<k<,r Uk 

K^;::Uňy,v + z).f{^^áu 
Up\<b(0<p<in) k - 1 uk 

\uq\>ó(n<q<,r) 

<2г 

8<\ug\<c(n<q<,r) 

where, for brevity, we put y = (xl9 x2,..., x„), z = (x^+1, xM+2,..., xr), v = 
= (un+li un+2,..., ur) for a sufficiently small number A > 0 sufficiently great C > 0 
and sufficiently great A > 0. 

Remark 4. Equation (18) holds, if the function 

F(xly x2,..., x„) = |f*lV*.2,,,,xJy, »)l do 

n 

is almost uniformly bounded on the interval J~J Jfc and for each t? e Er_w the derivative 
J f c = l n 

fx{ ,xt ,...,Xi (y? v) is also almost uniformly bounded on the Yl h-

CHAPTER II 

Throughout this chapter we shall assume that the given function f has the property 
BV and for such a function we shall seek a sufficient condition for the existence of 
limit (9). 

Lemma 8. For - o o _ ak < bk ~ + oo (k = 1, 2,..., r), let Xk(i) (k = 1, 2, ..., r) 
be functions which satisfy the inequalities 

o S J . A,(í) dř ^ ck for Çk є (ak, bk} (k = 1, 2,...,r), 

Let the monotone function f be non-negative on the interval I = Yl (aki bfc>. 
.:*=a 

Then the integral $if(x)Yl^k(xk) d x l s convergent and 

(19) 0 < /(*) I I A*(**) d x = maxf(x).J\ck. 
I J f c = - 1 x e l fc=l 
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Proof. For r = 1 inequality (19) is obvious from the 2nd mean value theorem. 
Further for r > 1 the proof follows with mathematical induction. 

Remark 1. The assumptions of lemma (8) hold for the function A(t) = t"1. sin t 
for t 4= 0, A(0) = 1 on the interval <0, +oo). That is, 

<*s 
sin t dt ^ % for ^ = 0 . (20) 0 й [ t~l 

Lemma 9. Letf be a non-negative, monotone and bounded function on the interval 

i=n<o,+°o). 
&=*i 

Then 

(21) lim ( ^ Y f / ^ 
4-"+ oo \7I/ J i fc=-l Xk 

Proof. The integral 

J i *-*. ** Ji w * = i xk 

is uniformly convergent on I so we take the limit within the integral. 

Theorem 5. Let a function f have the property BV and x e Er. Then 

(22) l im7i" r . f f(u + x)f[ ^ ^ d u = 2 " r . ^ / ( x 1 ± 0 , x 2 ± 0 , . . . , x r ± 0 ) . 
-4- + °o J Br

 k=sl uk 

Proof. Theorem 5 is the immediate consequence of both lemmata 2,9. 

Example. The function/(x, y) = 0 for x . y = 0, f(x, y) = x~2y~~2 sin x3 sin y3 

for xj> 4= 0 fulfils the assumptions of theorem 3 at each point (x, y) e E2, but it does 
not fulfil the assumptions of theorem 5 because the function/has on each unbounded 
interval the variation + oo with respect to each of its variable. 

Remark 2. According to lemma 3 the assumptions of theorem 5 are fulfiled when 
the function/is continuous on Er, has the continuous derivative/Xl,x2,...,*-.» which has 
Lebesgue integral on Er and lim f(x) = 0. 

l l * l ! - + co 

Theorem 6. Let a function f have the property BV and let the functions fj (j = 
= 1, 2, 3, 4) be continuous in some open set G c E r 

Then the Fourier integral of the function f is almost uniformly convergent on the 
set G to the function / 

Proof. Let K c G b e a compact set, then the functions// (j = 1, 2, 3, 4) are uni
formly continuous on the set K. There is a number M such that \fj(x)\ S M for 
x e E r (j = 1, 2, 3, 4). For each xeK there exist according to the lemma 2 the funct-
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ions g* (j = 1, 2, 3, 4) which are non-negative and monotone on each closed octant 
with the origin at the point x and for which 

lim g%{) = 0; \g%£)\ S 2r. M , for £ e E r ( / * 1, 2, 3, 4) ; 
I I 5 H - + 00 

/ ( " + x) = (gx(u) - ^ (u ) ) + i(gl(u) - ff J(u)) = gx(w), for u e Er. 

Furthermore 

(23) 

f f(u + x)n ^ ^ s d « i - f ^(«)n ^ ^ d u - f ^ n ^ d t i - . 
JE, *=I "fc JEr *=- «* J E , W f e = 1 wfc 

In a similar way as in lemma 9 we can show that the last integral in (23) is uniformly 
convergent, independently with respect to x e K and on each bounded set the in
tegrand has the integrable majorante 2 r . M. So we can carry out the limiting cross 

lim f /(« + x)n ^ l ^ d M = lim f g-(») fl ?H^d« = 

= nr,gx(0) = nr.f(x). 

CHAPTER n i 

Till now we have taken the external integral in (1) in the sense of Cauchy. In this 
chapter we take it in the sense of Fejer, which means 

(24) [ F(x)åx = lim f П (l -—)-F(x)dx. 
J E r -t-+«Ji:ы<A *=iV AJ 

k = l,2,.-.,r 

We shall search for the conditions for the convergence of this Fourier integral (1). 

Lemma 10. Let 

(25) lim I f(x) dx = I . lim Í 
-* + c 0 Ji*»«l< A 

* = l , 2 , . . . , r 

Then also 

(26) lim f nA_My/(x)dx = I. 
k = l,2 r 

Proof. Let us take instead of the function / the function F(x) = . £ / ( ±xlt ±x2 ..., 
±xr). (This means the summa 2r addends by all possible combinations of signs.) The 
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function F is even with respect to all its variables and 

f(x) áx = F(x) dx , 
J j X k l < ^ . JQ<xk<A 

fc=l,2,...,r *=l,2,...,r 

f f(x)n(l-^dx=f F(X)f\ (l-f}dx. 
' l*kl <A 
k=l,2 r 

CjCfc< 

fc = l,2,...,r 

It is sufficient to prove lemma 10 for the function F on the octant \\ <0, + oo). 
jfe=i 

For any number e > 0, there is a number A0 > 0 such that for any A > A0 

F(x) dx - I < s . I 
Then 

0<Xk<A 
fc=l,2,...,r 

f F(X)Ř fl — —^ djc - I S I f F(x)dx - I 
Jo<xfc<AL * = l \ A) |Jo<Jcfc<4 

fc=l,2,...,r fc = l,2,...,r 

+ |f ^(i-nfi-ylVl + lf *(*)*x 
|Jo<*fc<Xo \ * _ 1 \ AJJ I |Jo<x k <^ 

,2,...,r maxjcfc> l̂o 
fc=l,2,...,r 

f F(X)f[ (l - *)áx\ = I, + I 2 + I 3 + I 4 . 
Jo<xk<A * = 1 \ A) \ 

+ 

+ 
fc = l , 2 r 

+ 
maxjcjc>.4o 
fc=l,2,...,r 

Obviously Ix < e, lim I 2 = 0,13 < 2e. Let us fix A > A0 such that I 2 < s. If we make 
-4-> + oo 

up the indicated multiplication at I 4 and estimate according to the 2nd mean value 
theorem each addends, we get the estimate I 4 g 2 ' . 2e. 

Theorem 7- Let f be a function, defined on Er) which is either integrable on Er 

or has the property BV Let us put for x e Er, A > 0 

IA(x) = (2n)-M ^ r j f l - l | L y ^ / ( „ + x).ei<»'«du\d^. 
fc=l,2,...,r 

Then 

(27) ^>=<^i'K)д(iř)v 

The proof is similar to the proof of the theorem 1. 

Lemma 11. Let f be a function, defined and bounded on Er. For a function 
X e L(Er) on each octant K let JK X(u) du = 2~"r. 
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Then 

(28) lim f f(x + - \ X(u) du = 2~ r . £ / (x ± 0), 

for each point xeHrat which exist the limits f(x ± 0). / / moreover the function f is 
continuous in an open set G <= Er5 then (28) holds almost uniformly on G. 

Proof. I. The integral ^rf(x + u/A) X(u) du is uniformly convergent since / is 
a bounded function, and the integrable majorante is \k(u)\ . max |/(x)|. So we can 

xeEr 

take the limit A -* + oo beyond the integration sign. 
II. Let K c G be a compact set, then the function/is uniformly continuous on K. 

Let us choose a bounded interval I so that K c I and JEr_! \X(u)\ du < s . (2M)~ V 
where M = max \f(x)\. Then for sufficiently great A and for all x e K 

xeBr 

li f (x + í ) ^ t t ) d " ~f{x)\ ~ If (f (x + A) ~ / ( x ) ) A ( u ) d u 

|A(M)| du < 2e. 

+ 

+ 2M. 
E r-I 

Theorem 8. Let f be a complex function, defined and bounded on Er, which is 
either integrable on Er or has property BV Then the Fourier integral of the function 
f is convergent in the sense of Fejer at each point x e Er at which both the limits 
f(x ± 0) and the sum 2~~r. ^ / ( x ± 0) exist. 

If moreover the function f is continuous on an open set G cz Er, then the conver
gence of Fourier integral is almost uniform on G. 

r 

Proof. It is sufficient to put X(u) = (2%)"r. J"J ((sin \u^\\u^ in lemma II. 
j t= i 

Theorem 9. Let f be a complex function, defined and bounded on Er, which is 
either integrable on Er or has the property BV. Then at each point x e Er, at which 
there exist the limits f(x ± 0) and the external integral (1) is taken in the sense of 
Cauchy (it is fulfiled especially when the Fourier image of the function f is in
tegrable), the Fourier integral of the function f is convergent to the value 2~r. 
-L7(*±o). 

Proof is the immediate consequence of the lemma 10. 

Remark. Let the function/, defined on Er, be bounded and have the improper 
Riemann integral on Er, then it is almost everywhere (in the sense of Lebesgue) conti
nuous. Then according to the theorem 8 the Fourier integral of/ is convergent in the 
sense of Fejer almost everywhere to/ . 
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Výtah 

MNOŽNÝ FOTJRIERÚV INTEGRÁL 

JAN KUČERA, Praha 

V článku je formulí (I) definován Fourierův integrál pro funkce/ více proměnných, 
které jsou buďto integrovatelné nebo mají v jistém smyslu konečnou variaci. Jestliže 
konvergují všechny integrály (10) pro všechny možné permutace (il9 i2,..., Q 
a integrál (14) a jestliže konverguje Fourierův integrál pro všechny funkce, které 
dostaneme zafixujeme-li u funkce / některé proměnné, potom Fourierův integrál 
funkce / konverguje a má hodnotu /. 

Резюме 

КРАТНЫЙ ИНТЕГРАЛ ФУРЬЕ 

ЯН КУЧЕРА (Jan Kučera), Прага 

В статье определяется формулой (1) интеграл Фурье для функций / многих 
переменных, которые или интегрируемы или имеют в определенном смысле 
ограниченное изменение. Если сходятся все интегралы (10) для всех возможных 
перестановок (i1? ř2,..., Q, далее интеграл (14) и, наконец, интеграл Фурье для 
всех функций, полученных путем закрепления у функции / некоторых пере
менных, то сходится и интеграл Фурье функции / к значению / 
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