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Vydává Matematickf ústav ČSAV, Praha 

SVAZEK 92 * PRAHA 9. 10. 19é7 * ČÍSLO 4 

STRONG MAXIMUM PRINCIPLE FOR WEAK SOLUTIONS 
OF NONLINEAR PARABOLIC DIFFERENTIAL INEQUALITIES 

JAN KADLEC, Praha 

(Received March 10, 1966) 

1. INTRODUCTION 

Let 0 be a region in £w+1. Let u be a weak solution of the parabolic nonlinear 
differential inequality (2.1), where the conditions of Section 2 are satisfied. Let 
(x0, t0) e 0 and let us denote S(x0, t0) the set of all (x, t) such that t < t0 and there 
exists a vector function q>(t), cp e C(1)(f, t0) where q>(*) = x, <p(*0) = x0, (<p(t), x)e0 
for T e <*, *0>. 

The function u is said to have a maximum (in S(x0, *0)), near the point (x0, t0) e 0> 
if for any n-dimensional ball K and every 8 > 0 such that (x0, t0) e Qid) = K x 
x <*0 — <5, t0>, the inequality 

supess u(x, t) 2> supess u(x, f) 
(jc,r)6Q(*») (xft)eS(xo>to) 

holds. 

The purpose of this paper is to prove the following two statements: 

1. The function u is bounded from above on every compact subset of 0. 

2. If u has a maximum M near the point (x0, *0) 6 0 then u(x, i) = M almost 
everywhere in S(x0, t0) (Strong maximum principle of NIRENBERG [3].). 

To prove these results, we use the method of DE GIORGI [2]. Using this method, 
apirori estimates for solutions of nonlinear parabolic equations were obtained 
by LADYZHENSKAYA and URALTSEVA [6]. For basic results concerning the elliptic 
equations from this point of view see STAMPACCHIA [4]. 

This paper is a generalization of Vyborn^'s and author's result for weakly nonlinear 
parabolic equations [1]. 
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2. DEFINITIONS 

2.1. Definition. Let En be an Euclidean n-space of variables x = (xi9..., xn), and 
let t be the time-variable. Put En+i = En x Ei9 the set of all pairs P = (x, t). Let 0 
be a domain in En+1. Let m be the Lebesgue measure in En+i9 \i — the n-dimensional 
Lebesgue measure and fit — the 1-dimensional Lebesgue measure. 

The set of all infinitely differentiable functions in (9 with a compact support in (9 
will be denoted by B(6). 

Let u 6 L2(&). We denote I(u) the interval (infess u(P), supess u(P)), osc u = 
Pe0 PeO G 

=* supess u(P) — infess u(P) and put t = xn+1. Let M(u) be a set of all i = (ii9... 
PeQ Pe0 

..., i,,^!) such that 

D "-^es;- ' (w-•. + ••• + <» 
is defined a.e. in (P, q = (qj)jeM(U) be a vector. Let us denote 0 = (0, 0,..., 0), ea = 
= (<5i«, ^ •-, &*» 0) for a = 1,..., n. (Here <5a/, = 0 for a 4= /?, (5aa = 1.) 

The space of all u e L2(&) for which 

,1/2 
< +00 w--(í.(w+Äí|) 

will be denoted by PV2
(1'0), briefly W. It is obvious that for ueWwe have 0eM(u)9 

ea € M(u). Put du * (Dsu)jeMiu) a.e. in (P. 

2.2. Definition. Let p be a real variable. In the following we assume all qualities 
real. Let aj (j --= U ..., n), c be functions of x, t, p9 q satisfying the following relations 
for some fixed u (q = du): 

1) aj(u - ft, du) e L2(€>)9 c(u - h9 du) e L2(0) for h e/(u), 

ii » 
2) I «/P» <0 «., - <A <0 P = v I |*J* - M^P2 w h e r e v > °> 0 < p < osc u, 

i -- i j = i 0 
€0e/(u), 

3) I |«/A q)| £ M2( f |«.,| + P) for 0 < j> < osc u, <?0 e/(u), 
j - - i j = i <P 

4) £ (djdxj)(aj(u - ft, du) - a/u, du)) -f c(u - ft, 3u) - c(u, 5u) £ M4 J ^u/dx,! 
i--i J = I 

for every ft 6 /(u) in the sense of distributions. 

(Here we do not express the dependence on x and t.) 
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2.3. Example. Let u be a function with derivatives of the third order continuous in (9. 
Let c(v, du) = 0, 

33„\3 

Then conditions 1) to 4) are satisfied for u > 0. 

arctg Xj 

2.4. Definition. In the following, let u be a solution of the nonlinear parabolic 
inequality 

\du\ (2.1) j " ś l ^ a X u , ð u ) + c ( u , ő „ ) + Mз2: 
Oř j = i дxj j = i ðx, 

in the sense of distributions, ueW. 
The objective of this paper is to prove the common parabolic strong maximum 

principle for u. We must slightly modify the formulation of this principle because u 
is not necessarily a continuous function. 

3. PROOF OF THE BASIC INEQUALITY 

3.1. Lemma. Let ueW; then \u\ e Wand || |u| \\w g l^\\w 

Proof. 

ÕXj 
ѓ 

дu 

ÔXj 

a.e. in 0. 

3.2. Lemma. Let u,veW. Then max (u, v) e W. 

Proof, max (u, v) = i(u + v) + i(|u — v\). 

3.3. Notations. Let us denote JR' the operator of regularization which is posi
tive selfadjoint and for every v with compact support in & there is a r\0 such that 
RXdvjdxj) = (dfixj) R"v, R"(dvjdt) = (dfit) R"v in <9 for 0 < t\ < r\0. 

Further, let us denote ^i(t) = \ji(Su tu t2, t) the continuous function defined for 
ti < t2, <?! < i(f2 - fj) by 

\l/(t) = 0 for f£(f., f2), 
î (f) = 1 for fe(f, +SU t2 -St), 

«/r'(f)= \\Sl for fe(f.,f. +St), 

«A'(f)= -1 /5 , for fe(f2-<5. , f2). 
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In a similar manner the function 

#2> *o> r9 x) = $(5l9 ~r, r, |x - x0j) 
is deined. 

If h is a constant we put vh = (v)h » max (t? - ft, 0). 
Let P0 -= (x0, *0), Q > 0, cr > 0. Then we denote 

* t i-(Po) = KQt0 - {P; |x - x0| < e, r - to - *}> 
ke(x0) = kQ = {x; Jx - x0| < e}, 

Q e i n ) « Q*,, - fcc x (*o - *> *o)> 
Bfftff(P0) = {P; |x - x0| = Q9 t0 - <x < t < tQ}9 

Mh(u) ~{P;Pe 0, u(P) > h} - Mh, 
K « ^(kt). 

The intersection of M* and the set KQt99 QQt99 BQt9 will be denoted by K*,*, Q* ,*> Ĵ ,«r 
respectively. 

Now we can state the main theorem of this section. 

3-4. Theorem. Let x0, t0, Q9 a be such that QQ$0 <= 0. Then there exists a constant 
C = C(u) such that 

(3.1) ~ f |Vu42dm + i f u J d f i S i f u^dM-r-

+ C ( f u\ Am + f (|Vufc| + tt|l) ttfcdfiJ, 

for a.e. Q9 t09 a and for all h e J(u), where 

Proof. Let us denote ¥dl(t) = ^(5 l 910 - <r, t0, t), Xd2(x) = x(<52» *o> £» *) and 
put q> =-= H ' - J ^ ^ ^ t i ) * in the inequality 

0 £ f (u ^ - £ «/**. **) — + c(u> du) <?> + M 3 | V u l <A dm 
J © \ 3* j - i 5xj / 

for <p ^ 0, <p e ^(©), which is an other form of (2.1). Thus we obtain (with respect 
* to 2.2 condition 4)) 

f (R«U J XHV9i(R«u)h - f R\(u - h, du) ~ XHWdi(R'u)h + 
J A 3f /=! dXj 

+ [J?'c(u - h, du) + Ms^jVuj] V J l ř u U d m ž 0 
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for t\ < qQ. We denote the integrals in the inequality by J0, Ip J„+i respectively. The 
integration by parts yilds 

ľ0 = - ľ ^ З Д ^ d m . - ľ l(R*u)ћXð2Vði(æu)h 
JфOt JфOt 

= ľ (R*u)i Xð2 ?Ęb dm + ľ (R"u)ћ Xð2Wðl | (R"u)h dm 
Jф Ot Ję Ot 

dm = 

with respect to properties of Rn. Thus 

' - 1 [.("•« x - í . í , t a 

and 

Further, 

hmJ 0 = - uhXÔ2-—-
n-o 2 J * dt 

dm . 

— (XSlWSl(R"u\) 
CXj L2(<P) 

C(ÖUS2)(\ — (R-u) 
дx 

+ IRHM + -
L2«P) ) s 

ś C(Slt <52, u) 

and 

dm = s J . ^ 1 - ' ^ * * " " - ^lXMR'u)'i 
--[.x-'-"^d"-J.s;p r*'-* ) f d" 

for <pe0(0). Thus we have ( W ^ J i W . ^ W ^ ^ w e a k l y 
L2(0). Further, R>a/u - h, du) - aju - fc, 3a) in L2(&) and consequently 

lim I} = f aX" ~ *. to) J- (*•.**(«)-) d m • 

In a similar way can find lim /»+1- We have 
•J-.0 

1 f („*_•4i) «!__ d m ^ f £ aX» - *. «̂) /- (V*-- ) d m + 

+ f [C(M _ fcf 3«) + M3|V«|] XSlTSluh dm = 0 . 

in 
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Further, 

í, a/u -h,du)-±±Xfluhdm = 
dxj 

= - - f aj{u-h,du)T6l^^z^uhdm + 
Je-«2<|x-x0|<e °- r -*0! 

+ {aJ{u-h,du)VilXS2~^dm. 

Letting 5X -* 0, 82 -» 0 we obtain 

U u 2 d u - J f « 2 d « - £ f a / u - M t . ) ^ d m + 
2JK„.O 2 J K „ , . J"1 J A..- °XJ 

+ f vjaj(u - h, du) uhdu+ f [c(u - h, du) + M3|Vu|] ufc dm S 0 
J BQ,V J QQ,O 

for a.e. Q and a.e. f0 and <x. We put v,. = (xj - x0)j\x - x0\. Now we can use proper
ties 2) and 3) of 2.2 and obtain 

(3.2) v f |V«42 dm - Mi f u2 dm g £ f a/u - h, du) ~h 

Jce,„ Je . . . J = 1 Je e , . d x i 

- f c(u - h, du) u„ dm á - f u2 du - - u2 du 

+ C f (|Vufc| + u„) u„ du + M3 f |Vuft| u„ dm . 

dm — 

+ 

Next, 

• 2 dm (3.3) M 3 f |Vu„| uh dm g 1 f |Vu„|2 + - 1 f «2 
JQC,<T 4JQC ,«T V JC*.* 

and by (3.2) with respect to (3.3) we obtain the assertion of our theorem. 

3.5. Lemma (CACCIOPOLI). Let a > 0 and 

a f (o\r) dr £ fi + <o(g) <K#) 

for #i < g < g2- Then 

a r<a(r) dr g jS + a^fai " Qi)~2 f 92(r) d r • 
J o ' J Ql 

Proof. See [2]. 
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3.6. Lemma. Let v e W^\ke) where q^l.PutN = {X; tf(x) = 0}, M = fc„ - iV. 
e c ke. Then there exists a constant C such that 

(3.4) ( f |D|« dX' = - g - <>(«))»"• WM))»/- QjVt>|« dji)1" , 

where 1/p = 1 — l/g. 

Proof. See [5]. 

4. BASIC THEOREM 

4.1. Theorem. Lef SQ > 0, 8<r > 0, 6tf+^f,+*r c (P. Tften 

(4.1) f |VWft|
2dm+[ ^ d M ^ C r - i - + l + l l f u2dm. 

jQe,a JKe,0 L\dQ) Od JjQe + 6a,<r + 5<T 

Proof. Put a = v/2, co(r) = (fBr „ (|Viifc|
2 + w2) d//)1/2; then J§ co2(r) dr 

- ta..(IH2 + M*2)dm-Further> Put <Kr) = c(Ur.A
 d^)1/2 

p = U w2 d/i - ^ f u2 d/x + C \ u2 dm . 
^ J Ke + ce,<r ^ J K6to jQe + 3e,er 

We have by Theorem 3.4, 

- f co2(r) dr g jS + OJ(R) cp(R) (Q < R < Q + SQ) 
2 Jo 

and consequently, 

(4.2) fV ( r )d r = c [ f «* dm + - i - f «Jdml 
J o LJe e + d e i e , \OQ) jQe+6<l,, J 

+ - «* dM - - J M* dM • 

Integrating by <x over (a, a + <5.j) we obtain (4.1). 

+ 

4.2. Theorem. Let Qe+se,a+sa c <P, 0 < E < 1. Put 

h _ m\Qe + de,<7 + Se) 

(Heren(kt) gna = m(Qe,„-)) Let 

(4.3) *<:*<($" 
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Then 

(4.4) f u2dm <C(Ah)2'«+2>(Q
2+ *)(-!- +± + l)[ u2dm. 

Jc.„ \(°Q) ba / Ja .+a.„+^ 

Proof. Let "Us denote a = n(kt) Q»(Ah)n'iH+2\ p = a(Ah)2'<*+2\ It is obvious 
that aj? = m(e*+,e>(r+Ar) and, by (4.3), p < <5<x/4, a < ^k^qV^2^ < v(kx)ff. 
Further put Af = {t; t0 - a - 8a < t < t0, n(Kh

e>t) > a}. 
If ftx(M) > p then 

<*P - m(Qe+ ,e> ,+„) = \,x(Kh
+ie,t)dt = [ n(Kh,t) dt > up 

Jo JM 

which is not possible. Hence, fit(M) -§. fi
fty Theorem 3.4 we have 

J uldfiSl i i J d | i + - C | u2
hdm + C\ (\Vuh\ + uh)uhdfx 

JjCr,o(*0,0 J«r,* (*0,0 J Qr,*(*0,0 J Br,s(*0,0 

for a.e. t0 — a < t < tQi 0 < s < <5a, g < r < Q + 5Q. Let us take a fixed t. If 
I — s f M then /*(K*>s(x0, *)) < a and, by Lemma 3.6, 

f u2 dn < C(e) [f4.Khj(x0, t))Y» f \Vuh\2 dn 
jKr,o(x0,t) J Kr,s(X0,0 

and K<s(*o , 0) -S a-
We obtain 

f a2 d/i <J Ca2/" f |Vu*|2 d/i + 
J «r,0(XO,0 J *r,s(*0,0 

+ C J II2 dm + C J (| Vn»| + w*) uh d/i 
J Qr,2#(XO,0 J Br,2fi(X0,t) 

for r - s $ M, 0 < s < 2p. 
Integrating by s over the set 0 < s < 2fi, t — s # M (the measure of this set is less 

or equal 2/? and greater then ft because iix(M) :g /?) we get 

(4.5) j? f u2
h dp <i Ca2/B f |VwA|2 dm + 

J .Kr,o(XO»0 J Qr,2#(*0,0 

+ C/?f u^dm + Cisf (\Vuh\ + uh)uhdti. 
J Qr,2/>(«0.0 J »r,2»l(*0.«) 
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Further a2/n = (n(kl))
2/tt Qza'xp and, by (4.5), integrating by te(t0 - <r, t0) we 

obtain 

f u\ dm £ f uidm^cT (±- f |Vu,|2 dm + 
J G « . < - J Qrt<r(xo,ro) J fo-<r \ a J «2r,2.«(xo,.) 

+ f u2 dm + f (|V«A| + IIA) u, d/A df ^ 
J Qr.2^(X0,0 J Br,2^(X0,f) / 

£Cp(^-\ \Vuh\2 dm + f u2 dm + 
\ a J Qr,<r+K6tr(X0,t0) J Qr,<r+ %<1<r(Xo,*o) 

+ f (|V«»|+ «»)«»«-/») 
jBr,<r + %t5<-(X0,-0) / 

for g < r < Q + i<5g because 2)5 < «5d/2. 
Now, let us integrate the latter inequality by r over (Q, Q + ido). Using the inequa

lity of Holder and Theorem 4.1 we obtain 

^ d , < c , ( ^ ( i + ( ^ + l ) + i + i + 

•(1+rAi + f)f M'dm-

5. BOUNDS FOR A SOLUTION 

5.1. Theorem. Let g > 0, CT > 0, 0 < v < 1. Then there is a T = T(v, OJQ2) such 
that 

(5.1) supess u(P) < fc + r-ll2Q-n'2cr-1/2 ([ \u - h\Y dm1'2 

for QQ,9 C ®> hel(u) such that 

m(Qh
to) < rQ

na. 

Proof. The number T will be chosen later in the proof. Put 

A = r - i / 2 e - , / 2 f f - i / - v y 0 / 2 , 

where w0 = J ^ , \u - h\2 dm,Xm = h + X- 2~mX, Q„ = VQ + ( 1 - V) 2~m
e, <rm = 

= KQI,K = OQ-2. 
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Let us put Q « Qm+U a * <rm + 1, 8Q ** Qm ~- # m + 1 , 5cr = cr,,, ^ ^ + 1 in Theorem 
4.2. Obviously <5# = (1 - v) QJ2m+\ 

e 2 W + 1 \ 2 m + 1 J ^ 2m 
da = 

and, by Theorem 4.2, 

(5.2) w m + 1 = | « 2

m + i d m ^ f « L < ! W ^ 
J^Cm+l. t fm+l JQ<?m+l,ffm + l 

<i C(e"<r)-2/<"+2> ( m ( # : > , J ) 2 / ( " + 2 > ( e

2 + ,,) fl + 1 + ^ 2 2 m w m 

We must suppose that 

(5.3) ' a„ = m(et, J = ( - ^ J ^ /#0 «V , 

(5.4) a m = e/ .(fe 1) eVvB + 2, i.e. T = E V"+ 2//(fe,) . 

If (5.3), (5.4) hold, then, by (5.2) 

(5.5) w m + 1 = C(K + K-1) ( eV)- 2/ ("+ 2> a m

/ B + 2 2 2 m w w 

if 

(5.6) a m ^ C 0 2 - m ( 1 + " / 2 V f f , 

where C0 = (iC(v)) 1 +" / 2

A f(A: 1). 

It is obvious that 

^,,..;; dm g м^ dm 
JßЧm<ГmZ Jßřm.<rm 

for all m, so that 

(5.7) a m A 2 2" 2 ( m + 1 > = w, 

where A2 = Q'^'^W^T'1. 

Thus, we have 
/ n\2/(« + 2) 

(5.8) W m + 1 g C 1 ( L - J 2 m ( 2 + 4 / <" + 2 »W m t 2 / ( " + 2> 

for (5.6). 
Let us take T so small that (5.6) is necessarily true for m = 1 and 

r ^ C02
-4, r = ( c 1 " 1 2 _ < " + 4 > ( 2 + 2 / ( " + 2 » ) < » + 2 > / 2 . 
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Put co = n + 4. Now we prove by induction that 

1) (5.6) holds for m odd, 

2) if m is even then 

(5.9) wm _ w 0 2-~ . 

a) We have (5.6) for m = 1 and (5.9) for m = 0. 

b) Let us have (5.6) for m and (5.9) for m — 1. 

Then by (5.7) 
n < n < 0 " " w ( m ~ 1 > w ).-2>}2(m+\) __ 
" m + 2 = " m + 1 = z W0A z — 

= r^w(T2a,+22m(2~ct,) _ C 02 ( m + 2 ) ( 1 + n / 2V(j 

and so we have (5.6) for m + 2. Now, we can use (5.8) and write 
/ r \ 2/0. + 2) 

w < Q I __\ 2m ( 2 + 4 / ( r t + 2 ) )2~< o m ( 1 + 2 / ( , , + 2 ) ) 

2«(l+2/(/i + 2))H;l+2/(« + 2) < 2 " w ( m + 1 > w 

and consequently, (5.9) for m + 1. 

Now 0 _ JQvc>v2{y wfc

2

+A _ wm -> 0, i.e. un,}_ = 0 a.e. in Qveviff. 

5.2. Theorem. The solution o/(2.1) is locally bounded from above. 

Proof. This theorem follows immediately from Theorem 5.1. 

5.3. Consequence. 1/ m(Qh

Qt(r) _ \TQno and M — supess u(P) > h, then 
PeQe,« 

(5.10) supess u(P) _ - - t - ^ < M . 
->eQve,v

2<- 2 

Proof. We use the estimate 

(I |и - h\2 åmfiг й ^~- Гil2

в

nl2al/2 

ö\.«г 2 

and Theorem 5.1. 

5.4. Consequence. Lei* m(Qh

Gt<,) ~+ cash -+ M where c < \TQno. Then supess u(P) < 
PeQvQ,v2a 

< M. 

5.5. Definition. A function u is said to have its maximum on a set of measure zero 
on QQt9 if m(Qh

t9) -* 0 as h -+ M. 
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5.6. Remark. Let QQ,v c #• We can change u on a set of measure zero so that 
u(P) & supess u(P) for every P e QUt0. Further, this fact will be supposed. 

PeQ*>* 

5.7. Lemma. Let Q9,<, e 0, Q < 1. Tfcen to et?ery e0, «lf 0 < Co < *i < 1 ***re 
exists a v0, 0 < v0 < 1 swc/i fftaf *o eircry v, v0 < v < 1 there exists K0(su e0, v) ~ 

(5.11) f uld/iZeoitkdflM-h)2 

J K0ltr 

and (4.2) is satisfied for tQ, a and 8Q ~ (1 - v) Q, QV ~ g, f/ien 

(5.12) f «»2 dp = e./iffc.) W (M - ft)2 . 
J -Kvfl.o 

Proof. By (4.2) 

f u2 dM = f u2 dM + C2 i«(fc.) ( l + \ ) e"(T(M - ft)2 , 
JKve.o J*,,. \ ( l - v ) 2 e V 

since Jg o2(r) dr = 0. Thus, by (5.11), 

f u\ dp = (4K) Q"(M - ft)2 L + aC2 (l + —*—X\ = 

= ^i ) (ev)"(M-f t ) 2
£ t , 

where 

*-^+^(i+^-?)]s?[«-+-^?} 
Now, it is sufficient to choose v0, K0 so that 

5.8. Remark. If e0 = 1/2, E, = 8/9 we can take v0 = (3/4)1/B, K0 = (1 - v)2/l2C0. 

5.9. Lemma. Let 

(5.13) f u\ dn = 8l |<fc.) (ve)- (M - ft)2 , 
J J~vtf ,0 

1 > a > .J^ , ft* - ft = a(M - ft), »j = e,a~2 . 
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Then 

Proof. If / . « , „ ) > n /z(kt) (ev)" then 

f u\ dfi = f ^ u2
h &ti > (h* - hy n /x(fcx) (ev)» = £ l /.(fcO O ) " ( M - hf, 

J JKVC.O J £ h ve,o 

which is not possible by (5.13). 

5.10. Remark. We can take a » J( 14/15), *? = 20/21 for et = 8/9. 

5.11. Definition. Let 0 < v < 1, QQt<T c (P. Let us denote T the set of all f e <f0 -
— tr, *0) for which 

f u2d/i = f » 2 d ^ + c ( l + l \ f «2dm 
J*ev,o(*o,s) JKC,O(*O,*) \ (1 — V) g / JQe,s-t(xo,t) 

for a.e. s > f, s e (*0 — a, f0). By Theorem 4.1 

^i(('o - <Mo) - T) = 0. 

5.12. Theorem. Let t0 - <reT9 JKQO U\ dju g e0 ^(/q) £n(M - A)2, 0 < e0 < 1, 
e0 < ex < 1, v0 < v < 1, a ^ K0£

2, where v0, K0 are from Lemma 5.7. TTien 
w(2*v,<rv-) -* 0 as h-*M. Further, there exists b = b(e0, el9 v, K0), 0 < b < 1 
such Mar m(Q*v><n,2) S iTQn(Tv2+n for h = A + b(M - A), <r = K0e

2. 

Proof. We use Lemmas 5.7 and 5.9 for a = (ex)1/4, f/ = (et)
1/2 and obtain 

ju(K*;,s) = r\ ix(kx) (QV)H where h* = X + a(M - X) for a.e. s e (t0 - a, *0). 
Thus, we can use Lemma 3.6 for a.e. s, q = 1, w = a* - uk where h* < h < k 

and obtain 

I* - fcl 4*2,*) _ c(n) Q f |vu| d/x. 

JK%V,.-KV,» 

Integrating by s e ( « 0 - CTV^, *0) w e 0btain 

I* - k\ w(Q*v,^) = C« f |Vn| dm . 

j Q h e v , a v 2 - Q k y v , e v 2 

Put k = M - 21, h = M - lf D{t) _ Q*r-2« _ Qu-^ W e h a v e 

( |V«| dmY < m(D(0) f |Vw|2 dm 
^ D < " / JJHD 
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and, using Theorem 4.1, 

l\m(Ql~JM S Cg2m(D(l)) f )Vu|2 dm = 
JD(1) 

S CQ
2m(D(l)) [ \\u\2 dm = C(rj9 v) [ l + 2-H m(D(l)) l2

Q
no . 

Hence 

(5.14) [m(Q%;,U)]2 ^ C(n, v, K0) m(D(l)) Q"CJ . 

oo 

Put lm = 2-m(M - h*) (m = 1, 2, ...)• Obviously £ m(p(Q) ^ /.(fct) fiV, 
m = 1 

fcNe»)]2 = I N Q » ) ] 2 = c(„, v, K0) e
2 v , 

m = l 

i. e. m(Q^v"Jvf) -> 0 as m -+ 0, and for fc sufficiently large k = k(e0, el9 v, K0), 
m(Ql~Jv\) k iFoW+2 . 

However, M - lk = A -f- (1 - (1 - a)J2k) (M - A) and Theorem is proved. 

6. MAXIMUM PRINCIPLE 

6.1. Theorem. Let t0 — o e T and Je* w be not a.e. equai to M = supess u(P) 
Qe.<x 

on K^. T/ten u has its maximum on QQi(T on a set of measure zero. 
Proof. Obviously it is sufficient to prove that m(Qh

eVt<rv2) -» 0 as h -» M for all v 
sufficiently close to 1. Thus, let v be fixed and h < M. Then obviously s0, 0 < e0 < 1, 
exists such that 

I 2 
U 

K 

u\ d̂ í = s0 n(k?) Q"(M - h)2. 

We can suppose (1 — v") < e0 < 1 and ex = ej /2, K0 = K0(e0, ei9 v). Using 
Theorem 5.12 we obtain 

(6.1) m(Qh
VQiV2x(x09 to-G + x))-+0 

as h -+ M and x g K0£
2, t g cr. Let us denote Tx the set of all T, 0 < x <£ <r for 

which (6.1) holds. We have (0, K0£
2> c Tt. Put xt = sup T. Obviously xt e Tx. 

(o,t)<=ri 

Let xt < <r. Then there is x e (0, t j ) sufficiently close to xt such that t0 — cr + x e T 
and 

lim K£*,.0-ff+t(*o, 'o)) =" Kfci) enfl - V) < 80 ̂ kO Q
n. 

*-*M 
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There exists h < M such that 

ul < n(Klt0.a+z)(M - hf < eorfkJlftM - hf L 
™(Qh

Vä,M
xo, t 0 - a + т + т*)) -> 0 

Let us repeat our reasoning for a — T instead for a and obtain 

™(Q*Q,V2AX< 

as h -» M, T* S K0Q
2, T* g <7 — T. 

Thus we can take T* such that Tt — T < T* < K0£
2, T* < or — T, i.e. r t < T -f-

+ T* G Ft. Hence xx = a. 

6.2. Theorem. Let t0 — a e T and let u be not equal to M a.e. on KQt(t. Then 

supess u(P) < M . 

Proof. This Theorem is an immediate consequence of Theorem 6.1 and Con
sequence 5.4. 

6.3. Theorem. Let 0 < v < 1 and let a ax > 0 exist such that 

supess w(P) = M . 

Then u(P) = M a.e. on QQt(J - QQt<Jl. 

Proof. If u(P) = M a.e. in KQttS2 does not hold for some a2 > at such that t0 —-
— a e T, then we obtain a contradiction with the assertion of Theorem 6.2. 

6.4. Theorem. Let 

supess w(P) = M 
P€Qev,ai 

for some v, 0 < v < 1 and every au 0 < at < a. Then u(P) = M a.e. in QQ,** 

Proof. This Theorem is a consequence of Theorem 6.3. 

7. MINIMUM PRINCIPLE AND HOLDER CONTINUITY 

7.1. Theorem. Let aj (j = 1,. . . , n), c, u be functions satisfying 

1) aju - h, du) e L2(<P), c(u - fc, du) e L2(0)for all hel(u), 
2) I «XP. q) «., - <P> q) P = v f |« p __ M l P 2 where v > 0> ^ osc n < p < 

< 0 > £ J „ 6 / ( M ) , 
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3) I HP, q)| -. M2( £ \qv\ + \p\) for - osc u < p < 0, q0el(u), 

4) Y (djdxj) aj(u - ft, du) - aj{u9 du)) + c(u - h9 du) - c(u, 3u) £ M4|V11J /or 
J»i 

et?erj> A e/(a) in̂  t/ie sense of distributions, 
» 

5) dw/d* 2> J] (djdxj) a^u9 du) + c(w, 3w) + M3|?w| in the sense of distributions, 
1«i 

ueW. 
Then the function uh = — min (u — h9 0) satisfies (3.1) and consequently all our 

theorems hold for the function — w. 

Proof. It is sufficient to modify the proof of Theorem 3.4. The other theorems are 
based only on Theorem 3.4. 

7.2. Theorem. Let as (j = 1,..., n)9 c, u be functions satisfying 1) to 4) of section 
2.2, (2.1) and 1) to 5) from Theorem 7.1. Then u is locally Holder continuous in 0. 

Proof. In Remarks 5.8 and 5.10 we take v = v0 and suppose a = K0Q
2. 

Let us denote M = supess u(P)9 m = infess u(P)9 X = (M + m)/2; u$ = uk9 

u-x=k-u + u+. Then /.(^,„) ^ }/i(>i) ft" or K---.- " O = M^i ) <T~-
In these cases (for simplification we take t0 — a € T) either 

(7.1) f (u+
x)

2^^^(h)Qn(M-X)2 

or 

(7.2) f (..rYd^gi^kOelM-A)2. 

Consider, e.g. (7.2). Then we use Theorem 5.12 and obtain for h = X + b(M — X)9 

HQlo,«vo>) = WcrvJ+". By (5.10) we have 

thus, 

supess u(P) g A + ------- (M - X); 

osc w Ž. ( - + ) 2(M - X) = Ь* osc м 

because 2(M — A) = osc u. Here 0 < fc* < 1. 
Qe* 

We have 

(7.3) osc u < b* osc w , b* < 1 

for o = K0#
2 and v = ^(9/16) = (9/l6)1/M. 
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Hdlder continuity of u follows from (7.3). 
The assertions indicated in the introduction are immediate consequences of 

theorems in Sections 4. to 7. 
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Výtah 

SILNÝ PRINCIP MAXIMA PRO SLABÁ ŘEŠENÍ NELINEÁRNÍ 
PARABOLICKÉ DIFERENCIÁLNÍ NEROVNOSTI 

JAN KADLEC, Praha 

Nechť 0 je oblast v En+x (eukleidovském prostoru n proměnných a času t). Nechť u 
je řešení nelineární diferenciální nerovnosti 

— = Yé — aAu> du) + c(w> du) + M Y 
dt j^ídxj i=i 

дu 

дx. 

ve smyslu zobecněných funkcí. Funkce aj9 c jsou funkce proměnných x, t a nějaké 
soustavy derivací funkce u, kterou souhrne označíme du. Nechť tyto funkce mají 
následující vlastnosti: 

1) cij(u — h, du), c(u — h, du) e L2(@). 
2) Existuje konstanta v > 0 a N tak, že 

n Piu n 

Yaj(u - h,du)~ - c(u - h,du)(u - *) £ vV 
I-i dxj i-xi 

дu 

дx,\ 
N(u - h)2, 
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õu 
ÔXj 

i«i \1=i \dXj ) 

4 ) Ž — faX" - fc> 5 w) - oJ{u9 du)) + c(u - h, du) - C(M, 8U) ^ - N £ 
j~idxj - ;=-i 

\ 
pro všechna fe z oblasti hodnot funkce u a u(x, ř) > h. 

O řešení u se předpokládá, že u e L2(0) a dujdxi e L2(0) (í = 1,2,..., n). 
Pro (x0, í0) 6 6 označíme S(x0, ř0) množinu všech (x, t) takových, že t < t0 a že 

existuje vektorová funkce q>(r), <p e C(1)(í, t0) pro kterou cp(ř) = x, <p('o) = *o> 
(<P(T), T) € 0 pro všechna T e <í, í0>. 

Dále řekneme, že u nabývá svého maxima (v S(x0, t0)) v bodě (x0, ř0) e ů), když 
pro každou n-rozměrnou kouh K a pro 5 > 0 takové, že (x0, ř0) e Q(<,) = K x 
x <*o -A*o>»pktí 

supess w(x, ř) i> supess w(x, t) . 
(x,.)€Q(*) <*,t)€S(xo,to) 

Z těchto předpokladů vyplývá, že funkce u je v 0 lokálně ohraničená shora. Když u 
nabývá svého maxima (v S(x0, ř0)) v bodě (x0, ř0), pak u je skoro všude v S(x0, ř0) 
konstantní. 

Jestliže kromě těchto podmínek vyhovuje funkce u analogickým podmínkám, 
zaručujícím platnost principu minima, pak u v 0 lokálně vyhovuje Holderově pod
mínce. 

Резюме 

СТРОГИЙ ПРИНЦИП МАКСИМУМА ДЛЯ СЛАБЫХ 
РЕШЕНИЙ НЕЛИНЕЙНЫХ ПАРАБОЛИЧЕСКИХ 

ДИФФЕРЕНЦИАЛЬНЫХ НЕРАВЕНСТВ 

ЯН КАДЛЕЦ ^ап КаоЧес), Прага 

Пусть 0 — область в Еп+Х (евклидовом пространстве п пространственных 
и переменной *)• Пусть и — решение нелинейного даффзренщшгьного нера
венства 

Su * 3 • " 

т š I т~вX"'õu)+ <u>õu) + мï, 
õt j"i дxj .=1 

õu 

дx, 

в смысле обобщенных функций. Здесь ар с — функции от х , . и некоторого 
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набора производных функции и, обозначнного в совокупности через ди. Пусть 
эти функции обладают следующими свойствами: 

1) а/и - к, ди), с(и - к, ди) е ^2(Ф). 

2) Существует постоянная V > 0 и N так, что 

" дu n 

£ ÜJ(U - k, õu) - c(u - k, õu) (u - A) ž v X 
I=-i дxj І = - I 

дu 
дxÅ 

- N(u - kf. 

õu 
дxj 

3) ^Ыи-к9ди)\*N(^ р- + (и-*)). 
-1-1 \У-1 |0*/ / 

И 3 и 

4 ) Е — (а/и - Л, 5и) - а/и9 ди)) + с(и - к, ди) - с(«, Зи) ^ - # ^ 
У--1 5 Х ; ;=-=1 

для всех постоянных к на области значений функции и и и(х, I) > к. 
Относительно решения и предпологается, что 

ие^2(Ф) и -^~€^2(Ф) (г = 1,2,..., и). 
Зх4 

Для (х0,10) е (Р обозначим 8(х0,10) множество всех (х, I) таких, что г < г0 

и существует векторная функция ф(т), ф е Са)(1,10), для которой ф(*) == х, 
ф(*о) = хо> (ф(т)> *) е # Для в с е х т е <*> *о>-

Далее, скажем, что и достигает своего максимума (в 5(х0, *0)) в точке (х0, 10) е 
е Ф если для всякого п-мерного шара К и 3 > 0 таких, что (х0, г0) € 0,(3) = 
= _К х <*0 — 8,10у, имеет место 

вире88 и(х, I) §: 8ире88 м(х, I) . 
(*,*)еС<й> (*,Ое5(*о,'о) 

Из наших предположений следует, что функция и локально органичена 
сверху в Ф. Если и достигает своего максимума (в 5(х0, *0)) в точке (х0,10), то и 
равна постоянной почти всюду в 5(х0,10). 

Если кроме описанных условий и удовлетворяет аналогичным условиям, 
обеспечивающим, что имеет место тоже принцип минимума, то и в Ф локально 
удовлетворяет условию Гельдера. 
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