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ON EXPONENTIALLY BOUNDED SOLUTIONS OF LINEAR
PARABOLIC DIFFERENCE-DIFFERENTIAL EQUATIONS

Jikt JARNIK, Praha
(Received January 30, 1973)

0. INTRODUCTION

The purpose of the present paper is to establish some results concerning the number
of linearly independent solutions of the equation

2
1) : Z(%z-,%,%,x,t)u=b(x,t)u(x,t—l)
which are exponentially bounded for t - —co. Here ¥ denotes a parabolic dif-
ferential operator of the second order, x € R". It will be shown that under some
assumptions there is only a finite number of linearly independent solutions with this
property.

Let us first recall some results by J. KurzweiL [1] which will be used in our in-
vestigation.

If X is a Banach space, W its linear subspace, then the codimension of W with
respect to X is denoted by codim W = codim(W'X). The restriction of a linear
operator Q : X — X onto Wis denoted by Q|y-

If {k;}, {e:} are sequences of real numbers,
2 k; integers, 0 = ko < k; <k, <...,0<¢9; for i=0,1,...

then Q({k;}, {e.}) denotes the set of all linear operators Q : X — X such that there
exists a sequence of linear subspaces X ¥ of X with the following property:

X=XO5x05X® 5 | codim (X“)lx) s k,-"leu)" =0

Theorem 01 [1; Theorem 2.1.] A linear operator Q : X — X is completely
continuous if and only if there exist sequences {k}, {o} satisfying (2) so that
lim 0; = 0 and Q € .Q({ki}, {Qi})'

i
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If all operators from a set # of linear operators from X into X belong to
Q({k:}, {e:}) with the same sequences {k;}, {e;}, e; = 0, we shall say that the
operators from & are uniformly completely continuous.

Theorem 0.2. [1; Corollary 3.1.] Let Q;:X — X be linear operators, j = —1,
—2,... For ¢ > 0 denote by Z(c) the set of such {x;|j =0, -1, =2,...} that
(3) ijj=xj+13 .I= —la _2"--3

4) lim sup ¢/||x;[| = +o0 .
jo—o

If Q; are uniformly completely continuous, then dim Z(c) < + oo for any ¢ > 0.
Parallelly to equation (1) we shall consider equations

2
(5) .?(a 9 2,x,t)u=0,

ox?’ ox’ ot

02 a8 o
(6) g('a';ia 5;,’67, X,t)u=f(x,t).

\

Throughout the paper, we shall subject the operator .# to the following conditions:

n

(i) Pu = Zla,-j(x, 1)

i,j=

o2 = ou . Ou
+ ) alx,t)— + aplx, ) u — —;
0x, 0x; i:zl ( )6x- ol 1) ot

J i

(ii) all coefficients of % are defined for all (x,t)e H, H = D x (—c0, + o) where
D < R" is a region and bar denotes the closure, and belong to H*(/2* 0 <
<a <1 (see e.g. [4]), i.e., they are uniformly Holder continuous in their
domain together with their derivatives D;D3a(x, t) (a stands for any one of the
coefﬁcients), 2r + s < 2, with the exponents a, o in the variable x, ¢, respectively;

(iii) & is uniformly parabolic, i.e., there are positive constants 4, u such that
A& < aij(xa 1)&&; < né?
for all (x, r) € H and all vectors & = (£, ..., &,).
The set D will be assumed to be bounded and to satisfy the following condition:
(iv) For every point P € dD there exists an n-dimensional neighborhood V(P) such
that ¥V(P) n 8D can be represented for some i, 1 < i < n, in the form

X; = h(xl, seey xi_l, Xit1s 000> x,,)

where h, D h, D?h, D,h are Holder continuous with exponent .

(Cf. [3], Definition of property (E) on p. 64. Since D is independent of ¢, it has even
property (E) from [3], p. 65, i.e., D,D,h, D?h exist and are continuous functions.)
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It is well known that the solutions of (5) and (6) may be expressed in terms of the
Green function or of the fundamental solution. (For definition and properties
of Green functions and fundamental solutions see e.g. [3] or [4].)

If G = G(x, 1, ¢, 1) is the Green function of (5), then

@) u(x, 1) = J‘DG(x, t,& 1) @(¢) dé — J"J‘DG(x, t, & 0) f(¢,0)dEdo

is the solution of (6) with the initial condition u(x, t) = ¢(x) (¢ is a continuous
function defined on D with ¢ = 0 on dD) and zero boundary condition.

Similarly, if I is the fundamental solution of (5) and & satisfies our assumptions
with D = R", then

®) u(x, 1) = f ) I(x,t, & 1) o(£) d& — ‘HR I(x, 1, ¢, o) f(&, 0) d¢ do

is a solution of (6), u(x, 7) = ¢(x) for x € R".

For the Green function G and the fundamental solution I' the following estimates
hold:

©) |D3D5 G(x, 1, &, 7)| < const (t = 1) 77 E(x, 1, &, 1),
(10) |DiD% I(x, 1, &, 7)] < const (1 — 7)™ E(x, 1, £, 7),

y=1%(n+2r +s), E(x,1,&1) = exp[—c|]x — &*/(t — 7)] (c > 0) for all non-
negative integers r, s such that 2r + s < 2 and for ¢ > 7. (See e.g. [4; pp. 427, 469].)

1. INITIAL-BOUNDARY VALUE PROBLEM

Let D = R” be a bounded region which satisfies condition (iv) guaranteeing the
existence of the Green function for the equation (5) (see e.g. [3; Theorem 16 on p. 82]),
H = D x (=00, +0). Denote by C = C(D x {~1,0)) the family of all continuous
functions w : D x (~1,0) — R" which are identically zero on the boundary 4D x
x {—=1,0>.If we C, denote by Q, : C — C the shift operator defined by

(11) QW) (x, ) = u(x,2s +t +2),

where u(x, 1) is the solution of (1) satisfying

(12) u(x,2s + 1) = w(x,t) for (x,f)eD x (—1,0)
and
(13) u(x,H)=0 for xedD, t=2s—1.
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If G is the Green function of the equation (5), we can write the solution u of (1)
satisfying (12), (13) in the form

u(x, 1 =f G(x, 1, & 25) w(Z, 0) d¢ + f ' f G(x, 1, & 7) B(E, 7) (¢, T — 1) d& de .
D 2sJ D
Hence according to (11),

(14) (0w) (x, 1) = f G(x, 25 + 1 4+ 2, £ 2) w(E, 0) dE +

D

2s+t+2
+J J' G(x,2s +t +2,& 1) b, Du(é, t — 1)dédr =
2s D

- f G(x, 25 + 1 +2, & 25)w(&, 0) d& +
D

0
+J jG(x,2s+t+2,§,25+r+1)b(§,2s+r+l)w(5,t)dédt+
—-1JD

t+1 .
+j G(x,2s +t +2),&2s + 1+ 1)b(&2s + 7+ 1) u(£, 25 + 7) dédr.
0

Lemma 1.1. Let |b(x, t)| < B(t) forallxe D and te R,

t+1
(15) f (t—t+1)7""?B(2s +7+1)dt < B,

(16) J ? J '_'1“(1 o 1) B(s + 1 4 1) ded < Je(t) — 2(0)

for all ty,t,, te{~1,0>and i = 1,2,...,n. Here B is a constant and y : {( —1,0)
— R is a continuous nondecreasing function, x(O) = 0.

Then for all t,, t, € (—1,0), x', x* € D and w € C, Q, satisfies
(17)  |Qw(x*, 1) — Qw(x%, t,)| < const |w| (|x' — x|+ x(t,) — x(22))),

s=—1,=2,..., |w| = sup |w(x, t)| taken for all (x,t)e D x {—1,0). The con-
stant on the right hand side of (17) depends on the coefficients of (1) and on n.

Remark. Conditions (15), (16) are satisfied e.g. if | B(t)| < const forall ¢ € R.

Proof. Denote the right hand side integrals in (14) successively by I, I, I;. We esti-
mate these integrals by means of (9), taking into account that for x( = (x 1o
cos Xij— 19xi9x1+1" ,X) )

(18) G2, 1, &, ) — G(x', 1, &, 7) = J D.,G(x, 1, & 7) dx;,
x1y
provided the whole integration interval belongs to D.
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Given two arbitrary points x!, x> € D, we can pass from the former to the latter
along a piecewise linear line formed by segments s; parallel to coordinate axes which
lies wholly in D. Moreover, the assumption (iv) guarantees that, denoting the length
of s; by I(s;), s; may be chosen so that

Zi:l(s,-) < const ||x' — X?|

where the constant depends on D but not on the points x', x2. Hence we can write -

13

G(x? 1, & 1) — G(x', 1, & 1) =) j‘ D,G(x, 1, &, 1) dx

where every s; is a segment parallel to a coordinate axis, say x;, and D, indicates
differentiation with respect to x,.

Consequently,
[1(x2, 1) = I,(x', 1)] <

< const || ZI j (t +2)" @D B(x, 25 + 1 +2,£,25) dé dx <
ID < const |Jw] ||x' — x?|| .
Taking into account (15), (16) we obtain similarly
L%, 1) = I(x", )] < const [Jw] - [x* ~ x*.

The last integral I involves the values of u(&, 2s + ) for t € €0, 1). Nevertheless,

u(é 2s +1) = J‘ G(&, 2s + 7,1, 2s) w(n, O) dn +

D

2s+1t
+ J‘ I G(¢, 25 + 1,1, 0) b(n, o) u(n, 0 ~ 1)dn do .
2s D :

Since ¢ — 1 €¢2s — 1, 25s) we can write u(, o — 1) = w(, 6) where ¢ =6 — 1 —
— 2s e {—1, 0). By virtue of (9), this implies the estimate
|u(€, 2s + 7)| < const ]]w]] .
Hence we obtain by (15), (16)
[I3(x%, 1) — Is(x', 1)| <
< const ||w| [|x* - x’”J\tH(t -7+ 1).—1/2 B(2s + t + 1)dr <
0

< const [w] [+ = x1]
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Similarly we estimate the differences in ¢, using

(19) G(x, 15, &, 7) — G(x, 1, &, 1) = rD,G(x, t, & 1)dt,

ty
[Li(x, t;) — I,(x, t,)] <
t2
< const ”W”J J (t+2) @22 E(x,2s +t +2,&25)dEdt <
tid D

< const |w| |1, — 1] .

For the second integral we have

it~ 1t = ons o] [

A
ty

f(: A
D

CE(x,2s +t+ 2,825+t +1)B(2s + 1 + 1)dédrdr <
< const |[w] [x(t2) — x(t,)]

-1

and for the last one, assuming without loss of generality t, < t,,

t1+1
Is(x, t5) = I(x, t,)| = J‘ j‘ [G(x,2s + 1, +2,&2s + T+ 1) —
0 D

= G(x,2s +t; +2,&2s + 1 + )] b(E 25 + 1 + u(& 2s + 1).dédr +

<

to+1
+J J G(x,2s + 1, + 2,825 +© + 1)b(&, 25 + v + Nu(&, 2s + 1) dEdr
D

t+1

—E(x,2s+t+2,§,25+r+1)b(6,25+1+1)u(§,25+r)
t

t2 Pty +1
SN
t1 4O D a

t+1
+J J'G(x,Zs—{—tz 42,625 + 14+ 1)b(&2s + 7+ 1) u(é 25 + 1) dEdr <
D

ti+1
< const |w| J

.d¢drdt +

t2 py+1 .
J (t—t+1)""B@2s +1+1)drdr +
t1 J O
t2+1
+ const ||w] B(2s + t + 1)dr < const ||w| |x(t2) — x(t:)] -
t;+1
Putting all these estimates together we obtain (17), which completes the proof

of Lemma 1.1.

Lemma 1.2. There exist constants y, v such that the operators Q defined by (11),
s = —1, =2, ... belong to Q({k}, {e.}) with

(20) Qo =1, 01 = v, @i =212 for i=2,3,..,
ko = 0, k‘ =1, ki = (21'—2 + 1)"+1 for i=2,3,...
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Proof. Let us omit the subscript s. (14) together with (15), (16) implies | Qz(x, 1 s
< const ||z| for a]lxe D,te{(—1,0)and z € C. Hence | Q|| < const = p.

Fix a point x%€ D and denote d; = sup, ,.p|x, — ykl (x = (x5, x25 .0 X,), ¥ =
= (V15 Vaseus y,,)). The set of points

x = (x7 + j1dy[277% X3 + jody[277F, L XD+ juda[2772)

with j, integers forms a rectangular net. Choose one point x/***/"e D in every
(n-dimensional) rectangle of this net which has non-empty intersection with D and
denote the set of these points by @ (for fixed i). (Since D is a bounded set, @' is
finite and the number of its points is not greater than (2”2 + 1)".) Further, let
9:<0, B> = (—1,0) be such that x o ({) = { for all { e <0, B>.

Denote
X@=C, X = {zeC|Qz(x° 0) = 0},
XD ={zeC| Qzx, 3(joB2""%) =0 for xe®?, j, =0,1,..,2172}.

Then evidently codimXP|y < k;, ko =0, k; = 1, k; = (2172 + 1)"*! for i =
=23,...

Letze X, i 2 2. For any (x,t) e D x {—1, 0) there exist integers x,, ¥, ..., %,
such that

|t — (B[22 S B2772, |x — x| S dyf2i72.
We have according to Lemma 1.1

|0z(x, £) — Qz(x***,  Y(xoB[2"7%)| <
" =< const ||z” (Ix - x’“’""""l + |x(t) (—X(9(%o/3/2i_2))‘) :

|0=(x. 1) 5 const ] [ 21 (dJ277%) + pJ2i7]

as Qz(%, 7) = 0 by virtue of z € X?. Consequently,

Joz| = const (Z di + P) = Sz
where the constant v depends on the coefficients of the equation (1) and on the region
D. Hence ¢; = v[2'~2 for i 2 2. Since the cases i = 0, 1 are easy, we may consider
the proof of Lemma 1.2 complete.

Theorems 0.1 and 0.2 enable us to establish
Theorem 1.1. Denote by Z(c) the set of all solutions u(x, 1) of (1), (13) which
Sulfil u(x, t) = w(x, t) for (x, 1) e D x {—=1,0), we C, such that

(21) lim sup e““[u(x, )] < + oo .

t>—w
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Then for every real c,
(22) dim Z(c) < +0 .

Proof. Theorems 0.1 and 0.2 concern the set Z(c). Nevertheless, it is sufficient to
define for a solution u: R~ — R of (1), (13) functions u,: D x (—1,0) —» R,
ug(x, t) = u(x, t + 2s)and

Wu) = {us|s = —1,-2,...}

and it is clear immediately that the restriction of W (the set of all W(u)) to Z(c) is
a bijection of Z/(c) onto Z(e°) for any real c. (Cf. [2; Definition 3.2 and Lemma 4.1].)

2. SOLUTIONS PERIODIC IN x

The results of Section 1 may be modified to the initial value problem with the
coefficients of % and the initial function w periodic in x. Formulas (8), (10) used
instead of (7), (9) enable us to establish a lemma formally identical with Lemma
1.1. The space C = C(R" x {(—1, 0)) denotes then the set of all functions
w:R" x {—1,0) - R which are continuous and periodic in x with a given period
(more precisely: periodic in x;, i = 1,2,...,n with the periods P; respectively).
Defining the operators Q, by (11) again, Lemma 1.2 holds without any change. Hence
we assert

Theorem 2.1. Assume that the coefficients of & are periodic in x; with given periods
P;(t =1,2,...,n). Denote by %(c) the set of all solutions u of (1) which are
periodic in x; with the same periods P; (i = 1,2, ..., n) and fulfil (21).

Then for every real c, (22) holds.

3. ESTIMATES OF dim Z(c)

In this section we shall establish an estimate of dim Z(c) which follows from
Theorem 3.2 [1]. Let us briefly recall the notation of [1] which is adopted in the
sequel. (Cf. [1; Definitions 1.2 and 2.2].)

Let m be a positive integer, M(m) the set of real m x m matrices (a;}), |a;;| < 1
fori,j=1,2,...,m. We denote

g(m) = sup det (a;;) overall (a;;)eM(m).

Let m, p be positive intégers, {k;}, {o:} sequences of real numbers satisfying (2).
Find the integer s = 0 such that )

(23) m=pk,+z, 0<z=plkyrs— k).
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Denote (empty product being equal to one by definition)
s—1

(24) . E(m, p) = g(m) [T o7 "+~ 2" .
i=0

Note that the estimate g(m) < m™? holds (see [1; p. 368]).

Theorem 3.1. [ 1; Theorem 3.2.] Let Q, € Q({k;), {0:}) fors = —1, =2, ..., 9, > 0.
Let m, p be positive integers, ¢ > 0,

. pee < L.
C

Then dim Z(c) < m.
The following lemma is a modification of [2; Lemma 3.1].

Lemma 3.1. Let m, p be positive integers, let k;, o; be defined by (20). Then

(i) Z(m, p)'/mr = g(m)'™? u  provided k, < < ky;
p
(i) Z(m p)t/mr = g(m)!/mp pr/my(m=pim  provided k, < %<
p

IA
&

- t/mp __ 1/mp u pim —r+3+(p/mE;zik;
(i) Z(m, p)'/™ = g(m)'/m?y 5 2

provided k,_ | < m <k,rz3.

p

Proof. If ko, < m[p < k, then according to (23) s = 0, z = m and (i) follows
immediately. Similarly, if k; < m/p < k, then s = 1, z = m — p and (ii) follows.
Finally, if k,_, < m|/p < k,and r 2 3, then

2 pakamk )r-2 v p(ki+1—ki) v p(m—pk, - 1)

i=2 21-2

[\

r=2 r-2 mp
= g(m) PPy CE i k) —ke 1) 2—pz[i§2(i‘2)(kl+1—ki)—(r‘3)kr—1]( v > _

2r—3
'u,,z v \"P zrilki
’g“”$><§3)2”“

r—1
The next step is to estimate Y k; for k; = (2°"2 + 1)"*'. By elementary calcula-
. i=3

r—1 r—3 n+1 r-3
sh-p@ =g (")
i=3 i=1

which proves the lemma.

tion,

i=1 =0\ .k
L 20 — &+ -
=r—3+ . — < r-3+42 207Dk 1) =
k;1< k) 2k -1 k;l( k )( )

=r -3 + 2(2r—-3 + 1)n+1 - 2(2n+1 1) =r—-1 + 2(2r—3 + 1)n+l _ 2n+2 .

¢
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2

This estimate together with g(m) < m™? used in the assertion (jii) of Lemma 3.1

yields

p/m
E(m, p)llmp < ml/zpy (lj) 9 rH3H(p/mIr=1+2(27 "3+ 1)nri-2n4+2)
v

Since r = 3, it is p(273 + 1)'*! < m < p(2"7% + 1)"*'; hence 2pm~I(2777 +
+ 1)"*! < 2 and we can estimate the last exponent as follows:

A

—r+ 3+ B[ — 1227 4 1)t - 202
m .
m

g-r+5+£[r—1—2"+2]§—r+5+£(r—5)=(r—5)(ﬂ— )
m

On the other hand, 2"~2 = (m/p)"/®*! — 1. Since p < m, we obtain

sz, (B pm (1 (m 1/(n+1)_1 (p/m)—1=
v 8l \p
— 8ml/2py ‘_‘)p/m P ”("“)q/ m ,
v m p

W(C) = Cl/(n+1)((l/(n+l) — 1)—1 [%(C”(’H-l) — 1)]1/( .

Now we are able to formulate the desired estimate as

(25) Z(m,p)'/m»

IIA

Theorem 3.3. Let p, v and k;, ¢, have the meaning from Lemma 1.2, formula (20),
let uflv < E. :

Then to every € > O there exists A (g, E) so that the following assertion holds:
If Q; e Q{ki}, {ei}): j = =1, =2, ... then

dim Z(c) < (1 + ¢) (8eve)"* ! In (ve)"+*
provided cv 2 A, E).

Proof. Put m = [4(1 + &) (8evc)"* ! In (vc)"*'], p = [ In(vc)"*'], the brackets
denoting the whole part of a number. Then for cv sufficiently large it is m > 2"*1p
and hence, substituting the above values of m, p into (25), we obtain

E(m, p)'im* < w* (ﬂ) 8ve(l + 8)~ "+ D (8vec) ™! < W+ <ﬂ)i(1 4 g U@+
P \ \p/ec
where ¥*(m[p) — 1if m[p — +co. Hence there exists A = (e, E) such that

E(m, p)''™r < 1
4
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provided cv 2 A(e, E) and Theorem 3.1 implies the inequality for dim Z(c) which
completes the proof.

Taking into account the existence of a bijection of Z(y) onto Z(e”) where Z(y)
is either the set from Theorem 1.1 or from Theorem 2.1, we conclude

Theorem 3.2. Let Z(c) have the meaning from Theorem 1.1. Then to every ¢ > 0
and E > 0 there exists A(e, E) so that

(26) dim Z(c) < (1 + &) e *v)"* ! (c + Inv)(n + 1)

provided e°v 2 e, E), p/v < E.

Similarly we obtain

Theorem 3.3. Let Z(c) have the meaning from Theorem 2.1. Then to every ¢ > @
and E > 0 there exists (g, E) so that (26) holds provided e°v > (¢, E), u[v < E.
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