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ON GOOD CHARACTERIZATIONS FOR DIGRAPHS

PAVEL KOMAREK, Praha
(Received June 14, 1984)

Suppose a class ¢ of digraphs is characterized in two ways: by the nonexistence
of a homomorphism from some fixed digraph A (this fact is denoted by ¢ = 4 +)
and by the existence of a homomorphism fo some fixed digraph B (this is denoted
by 4 = — B). The equality A + = — B will be then called a good characterization.
The importance of good characterizations consists in the fact that every theorem
of this type makes the efficient solution of the appertaining problem possible.

The aim of this paper is to show some new good characterizations. Further, we
shall prove one necessary condition for the digraphs 4 which appear in good charac-
terizations of this type.

1. INTRODUCTION

In the beginning we shall present some necessary definitions and facts. Denote
the set of all digraphs (without loops and multiple edges) as 2. A homomorphism h
in 2 from a digraph G = (¥(G), E(G)) to a digraph H = (V(H), E(H)) is a mapping
h: V(G) —» V\H) such that (x, y) € E/G) = (h(x), h{y)) € E(H).

Suppose G, H € 9, h is a homomorphism from G to H; we denote by h(G) the
subgraph of H defined by

W(G) = ({1v); ve V(G)}, {(A(vr), h(02)); (035 v2) € E(G)}) -

Further, we introduce the following classes of graphs:

A+ is the class of all digraphs G € 2 such that there is no homomorphism from A4
to G.

— B is the class of all digraphs G € 2 such that there exists a homomorphism from G
to B.

An other concept to be defined is the good characterization (Edmonds, 1965).
In this paper we will understand a good characterization as a relation 4 + = — B
(see [3]). -

There are two known classes of good characterizations in 2:

P,+ = - U, (for every n 2 1) (see [4]) and

A, ,+> = = B, , (for every m,n,m 2 2, n 2 2) (see [2]).
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2. THE NECESSARY CONDITION

We shall show here one necessary condition for the digraph 4 when 4 + = - B.

Definition 1. Let C = (V, E) be a semicycle (defined as in [1]) on n vertices, let
V= {vg, ..., 0y_1}, let E = E, U E,, where E,, E, are defined by

E,={e€E; e=(v;,v;4,); i€{0,1,...,n — 1}},

E,={e€E; e =(v;+1,v), i€{0,1,...,n — 1}}, where v, = v,.
We call the semicycle C balanced iff |E,| = |E,| = k (k = n|2).

Lemma 1. The semicycle C is balanced iff there exists a directed tree T and
a homomorphism h such that h(C) =

Proof.1) Suppose that C = ({vg, ..., v24—1}, E) is balanced. We shall construct T
as a directed path whose vertices will be integers. Define h{v,) = 0. Suppose h(v,) =
= m. If (v;, v;+,) € E, define h(v;y,) = m + L. If (v;4,,v,) € E, define h{v;,,) =
= m — 1. The semicycle C is balanced so that when we go through all the vertices
of C (back to v,), we must be again at the vertex 0. This means that h is a homo-
morphism from C to the directed path T, where V(T) = {r,r + 1,..., —1,0,
1, ..., s} for some integers r < 0, s 2 0.

2) Suppose that C = ({vo, ..., v,-1}, E) is a semicycle, T is a directed tree and h
is a homomorphism satisfying h(C) = T. For every w € V(T) define the height H w)
by:

a) H(h(v,)) = 0;

b) H(w) = m + 1, if there exists a vertex w’ such that (w’, w) e E(T), H(W') = m;

¢) H(w) = m — 1,if there exists a vertex w’ such that (w, w’) € E(T), H(w') = m.

It follows that if x, y € V(T) satisfy (x, y) € E(T) then H(y) = H(x) + 1.

Lete = (v;, v;4+4) € E (so that e € E,); then (h{v;), h{v;,)) € E(T) and H(h{v,,,)) =
= H{hv;)) + 1. On the other hand, let ¢’ = (v;+4,v;) € E (so that e’ € E,); then
(hv;4,), h{v))) € E(T) and H(h(v;+,)) = H(h{v;)) — 1. Starting at v, and going
through all the vertices of C back to vy, we must, in T, get to h(v,), with height
H(h'vs)) = 0. It follows that |E,| = |E,|. n

Theorem 1. Let A, B be two digraphs satisfying A+ = — B. Then all semicycles
contained in A are balanced.

Proof. Suppose that there exist digraphs A4, B such that A+ = - B and 4
contains a non-balanced semicycle C. Put k = |E{C)|. Lemma 1 implies that for
every homomorphism h the digraph h(C), and then also h{A), contains a semicycle C,,
where IE(CI)| < k. This means that every digraph which is not from the class
A - must contain a semicycle Cy, |E(C,)| £ k. We shall use here the following
theorem: For any natural numbers n, ¢, there exists a digraph G whose chromatic
number x(G) > ¢ and such that G contains no semicycle C, with |E(Cy)| £ n.
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Putting ¢ = x(B) and n = k, we see that there exists a digraph G with G 4 + but
G ¢ — B. This contradicts A + = — B. [

3. GOOD CHARACTERIZATIONS

Now we shall define an infinite family of digraphs 4, ,,, — examples are in

Fig. 1 — and show that for every 4,,, ,., there exists a digraph B, , ,, such that
A + = - B

m,n,p,q m,n,p,q°

Definition 2. Let m,n, p,q be integers, 0 p<n-2,0=<qg < m— 2. By
mm.p.q W€ denote the digraph (V, E), where
V={0,...mym+1,...m+p,—q,...,-1,0,1,..,n},
E={@ii+1);i=0,...m+p-1}u{{,i+1)i=—-q,...,n=1}u

U {(0’, m)} (see Fig.1).
Let us remark that the classes A4

A

mn,p,q +* are mutually different.

o 1 2 3 4 5 6

>0 > 820> o> —r® e+ 0—0-o—+>0—>0—0
0—>0—>0-90—p0-—20—10-—>e O—>0 0 —0—>0-»0-»0
3'-20 -1 0 1 2 3 4
. Ays21
A.s,/;, 1,3 b3 2
Fig. 1

Definition 3. Let G be a digraph without directed cycles. Define the valuation
of the vertices of G by u(x) = (dy, d;), where d,(d,) is the length of the longest
directed path ending (styrting, respectively) at the vertex x.

Definition 4. Let r = 1, define the digraph F, = (V,, E,) by

o 10
;|
L)
h
20
‘ 10
_ 'y
I3 oll T
] 01
®02
Fig. 2

426




V,={ij;i20,j20, 1<i+j<r),
E, = {(ij, pq); ij, pa €V, i < p, j > q} (see Fig. 2).

Definition 5. Let m, n, p, q be integers, 0 < p<n — 2,0 =< q £ m — 2. Define
two subsets V., and Vi, of V,, 4,2 by

Viy = {ii € Vsn-25i 2 1, i 2 q},
VU(P) = {UE VM+n-2; , g n’a j g p}

(in Fig. 3, the vertex sets V,,,,-2, Vi and Vy,, are shown form = 7,n = 5, p = 2,

°
VU{p) . ° .
° °
o ° °
° ° °
° ° °
° ° °
VL(q) ‘ o * o *
° °
°
°
® °
° °
°
°
Fig. 3

= 3), define the set E by
E = {(vl, vz) € Em+n—2; Ul € VL(q)’ vz € VU(p)} .

Define now the digraph B, , ,,=(V',E) by V' = V,1,-2, E' = Epy,-2\E.
In Fig. 4 we see B, 4,1,0-

The following lemma appears already in [2]:

P9

Lemma 2. Let G be a digraph without directed cycles. Suppose for every x € V(G),
d, + d, S r holds, where (dy, d,) = p(x). In other words, its longest directed
path contains at most r edges. There exists a homomorphism h: G — F, satisfying
the following conditions:

Let x € V(G), p(x) = (dy, dy).

a) Ifd, = d, =0, then h{x) = 01.

b) Otherwise (1 < d; + d; £ 1), h(x) = d,d,.

Proof. For every x € V(G) the vertex h(x) exists (see Definition 4). Let v,,v, €
€ V(G), u(vy) = (dy, d;), u(v;) = (d}, d3). Let (vy,v,) € E(G). Then d, < dj and
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d, > dj (see Definition 3). The definition of E, implies that (d,d,, did}) € E,. This
means that (v, v,) € E(G) = (h(v,), h(v,)) € E, holds. L]

Fig. 4

Theorem 2. Let m,n, p,q be integers, 0 < p<n-—2,0<q=<m—2. Then
(in the class 2) '

A + =—>B

m,n,p,q m,n,p,q *

Proof. a) First we shall prove that 4,,,,,+ < - B, ypq Let GEA, , , . +.
This means that there is no homomorphism from 4,,,,, to G. So, G contains no

directed path P, with k = m + n — 1 and no directed cycle. Hence, by Lemma 2,

0 1‘ m-1 m m+! m+p-1 m+p
o -0 so e vee @ —w0® —»0 esr O~—>0
@ oo @0 ->0® ') .I.-’.
-q.':JJ’ -1 0 1 n-1 n'
A”':";qu
Fig. 5
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there exists a homomorphism h from G to F,,.,-,. Suppose now that there exists
no homomorphism from G to B,,, , ,. That means that there exists an edge (v, v,) €
€ E(G) such that h(v,) € Vi), h(v;) € Vy(,,)- There exists a directed path P, (s = m)
ending v, and another directed path P, (s' 2 p) starting v,. There exists also a di-
rected path P, (t 2 q) ending v, and another directed path P,. (f' 2 n) starting v,.
This is a contradiction with the assumption G € A4,, , ,,, +- It means that 4,, , , , +
+< - B holds.

b) It remains to prove that —» B, , , . S A, , .+ Let Ge = B, , .. Suppose
that G ¢ 4,,, , .+ From these two statements it follows that there exists a homo-
morphism h from 4,, ,, , ,t0 B,, , , .. There is a directed path P, ending at the vertex m
and also another directed path P, starting at m (see Fig. 5); this means that h(m) e
€ Vy(py- There is a directed path P, ending at the vertex 0’ and also another directed

path P, starting at 0'; this means that h{0") € V.

m,n,p,q

2,3,4,0

Fig. 6b
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We have (0', m) € E(Ap,n.,,), but there are no edges between V) and Vy,,
in B, ,,, This contradiction implies that if Ge - B, , ,, thenGe 4,,, ,,+-
The proof is complete. : ]

Some examples of good characterizations are seen in Fig. 6.

Remark. Theorem 2 shows that there exist good characterizations 4 + = — B,
where A contains vertices of degree 3. This suggests that the following conjecture
is perhaps not too adventurous:

Conjecture. For every orientation of a tree T there exists a digraph B such that
T+ = — B. ’
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