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LIFTS OF GENERALIZED SYMMETRIC SPACES 
TO TANGENT BUNDLES 

MASAMI SEKIZAWA, Tokyo 

Dedicated to Professor Hidekiyo Wakakuwa on the occasion of his 60th birthday 

(Received November 8, 1984) 

Summary. A simple proof is given of the fact that the complete lift of a simply connected 
generalized symmetric pseudo-Riemannian space to its tangent bundle is a generalized symmetric 
pseudo-Riemannian space. 

Keywords: complete lift, generalized symmetric pseudo-Riemannian space. 

The theory of generalized symmetric spaces and regular s-manifolds was studied 
many authors (see, for example, [1] —[4], [6] — [10]). A useful tool for this study 
by the algebraic characterization of regular s-manifolds established by O. Kowalski 
[6]. M. Toomanian [9] found a construction how to lift the structure of a regular 
pseudo-Riemannian s-manifold to its tangent bundle. The result is a pseudo-
Riemannian regular s-structure on the tangent bundle. His method is analytic, and 
the calculations involved are rather complicated. 

In this paper we give a simple and more algebraic proof of the Toomanian's result 
in the case when the base manifold is simply connected. We are using only basic 
facts from the paper [11] by K. Yano and S. Kobayashi and those from the book [6] 
by O. Kowalski. 

Section 1 is a summary of concepts about lifting operations from a base manifold 
to its tangent bundle. Section 2 deals with the theory of regular s-manifolds. In these 
first two sections, we restrict ourselves to the facts which are needed in Section 3. 
Finally, in Section 3 we prove our main theorem. 

I would like to express my sincer gratitude to Professor O. Kowalski for suggesting 
this problem to me, for several useful discussions and for his encouragement. I would 
like to thank also the Department of Mathematical Analysis, Charles University 
in Prague, which provided convenience for my research stay in Prague. 

1. TANGENT BUNDLES 

In this section we give a brief survey on prolongations of tensor fields and con
nections of manifold to its tangent bundle. We refer to Yano-Kobayashi [11] for 
more details. 

261 



Let M be a smooth manifold of dimension n. Let X(M) be the Lie algebra of all 
smooth vector fields on M and X(M) the tensor algebra of all smooth tensor fields 
on M. For any smooth mapping <p of M into a smooth manifold IV, let cp* denote the 
differential of <p, <p* its dual mapping. 

Further, let Mx be the tangent space of M at a point x in M and TM = (J Mx the 
tangent bundle over M with the natural projection n. xsM 

Given a system of local coordinates (x1, x2, ..., x") in M, we denote by (x1, x2, . . . 
..., x", ti1, w2, ..., un) the system of local coordinates in TM determined as follows: 
If x' = X&£(d/ctoc% G Mx and x is a point with the coordinates (a1, a2,..., a") with 
respect to (x1, x2, ..., x"), then x' has the coordinates (a1, a2, ..., a", b1, b2, ..., bn) 
with respect to (x1, x 2 , . . . , xn, u1, w2,..., un). 

For a function / on M, the function n*f on TM induced by the projection n is 
denoted by fv and is called the vertical lift of the function / from M to TM. Any 
1-form co on M may be regarded, in a natural way, as a function on TM. We denote 
this function by ico. The value of the function ico at a point (x, Xx) in TM is 
(*co) (x, Xx) = co^K*), where Xx is a tangent vector of M at a point x in M. For any 
vector field y o n M we define a vector field Yv on TM by Yv(ico) = (co(Y))v for all 
1-forms co on M. We call Yv the vertical lift of the vector field yfrom M to TM. For 
any function / on M we denote by d/ the differential of/, d/ is a 1-form on M. We 
define the vertical lift of a 1-form d/on M by (d/)y = d(fv) for all functions/on M. 
We define the vertical lift of an arbitrary 1-form co on M by cov = X ^ ) " (dx1)", 
where co = ^co,. dx\ We extend the vertical lifts defined above to a unique linear 
mapping of the tensor algebra X(M) on M to the tensor algebra X(TM) on TM 
under the condition (T®S)V= Tv ® Sv for all tensor fields Tand S on M. 

For a function/on M we pu t / c = i d/and call the function fc on TM the complete 
lift of the function / from M to TM. For a vector field y on M we define a vector 
field yc on TM by y c / c = (Yjf)c for all functions/ on M. We call Yc the complete 
lift of the vector field yfrom M to TM. Given a 1-form co on M we define a 1-form coc 

on TM by coc(yc) = (co(y))c for all vector fields yon M. We call coc the complete lift 
of the 1-form co from M to TM. We extend the complete lifts defined above to a 
unique linear mapping of the tensor algebra X(M) on M to the tensor algebra X(TM) 
on T Munder the condition ( T ® S)c = T" ® Sy + Tv ® Sc for all tensor fields T 
and 5 on M. 

In terms of the system of local coordinates, we easily obtain that 

YC =%Yi d\dx{ + Xu r(ayycV) djdu1 

for all vector fields Y= ^y'S/dx* o n ^ - F r o m this formula for Yc we get the fol
lowing lemma (cf. Yano-Kobayashi [11], Remark in Section 5). 

Lemma. Let x' be a point in TM which is not in the zero-section of TM. Then 
the set [Yc. e (TM)X. \ Ye £(M)} is the whole tangent space (TM)X,. 

Yano and Kobayashi [11] have derived a number of properties of the lifting 
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operations. We sum up here only those which will be used later (see Proposition A 
to Proposition F below). 

Proposition A. For any tensor field T of type (p, q) on M, we have 

TC(Y[, Yc
2, ..., Yc) = (T(Yl9 Y2,..., Yq))

c 

forallYteX(M)(i = 1, 2, ...,q). 

Proposition B. Let g be a pseudo-Riemannian metric on M. Then the complete 
lift gc of g is a pseudo-Riemannian metric on TM with n positive and n negative 
signs. 

Let V be an affine connection on M. Then there exists a unique affine connection Vc 

on TM which satisfies 
VC

CYC = (VXY)C 

for all X, Ye X(M). We call the connection Vc the complete lift of the connection V 
from M to TM. Now we have 

Proposition C. If R and T are the curvature tensor field and the torsion tensor 
field for V, then Rc and Tc are the curvature tensor field and the torsion tensor 
field for Vc. 

Proposition D. If M is complete with respect to an affine connection V, then TM 
is complete with respect to Vc, and vice versa. 

Proposition D is an immediate consequence of a result from [11], saying that 
a Jacobi vector field along a geodesic in (M, V) considered as a curve in (TM, Vc) 
is a geodesic, and vice versa. 

Proposition E. IfV is the Riemannian connection of M with respect to a pseudo-
Riemannian metric g, then Vc is the Riemannian connection of TM with respect 
to the pseudo-Riemannian metric gc. 

Proposition F. Let R and T be the curvature tensor field and the torsion tensor 
field of an affine connection of M. According as R = 0, V.R = 0, T = 0 or VT = 0, 
we have Rc = 0, VCRC = 0, Tc = 0 or VCTC = 0. 

2. AFFINE REDUCTIVE SPACES AND REGULAR s-MANIFOLDS 

We shall give some preliminaries which can be found in the book [6] by Kowalski. 
First of all we shall recall some elementary properties of the reductive homogeneous 

spaces. 
Let K be a connected Lie group and H its closed subgroup. Consider the homo

geneous manifold K\H. Let f => E) be the Lie algebras of K and H, respectively. 
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Suppose that there is a subspace m cz I such that I = f) + m (direct sum of vector 
spaces) and ad(ft) m = m for all he H. Then the homogeneous space KJH is said 
to be reductive with respect to the decomposition I = I) + m. Let V be the canonical 
connection of the reductive homogeneous space KjH. Then the curvature tensor 
field R and the torsion tensor field f are parallel, that is, ¥R = ¥T = 0 (see, for 
example, [5] Theorem 2.6, p. 193). 

Further, we need the concept of the affine reductive space. 

Let (M, ¥) be a connected manifold with an affine connection. The group of all 
affine transformations of M preserving each holonomy subbundle of the frame bundle 
g(M) is called the group of transvections of (M, ^ ) . It will be denoted by Tr(M, ^ ) . 
Now (M, V) is called an affine reductive space if the group Tr(M, V) acts transitively 
on each holonomy bundle. It is known [6, Theorem 1.25] that a connected manifold 
(M, 9) with an affine connection is an affine reductive space if and only if M can 
be expressed as a reductive homogeneous space KJH with respect to a decomposition 
f = I) + rrt, where K is effective on M, and ^ is the canonical connection of KJH. 
The following is essentially due to K. Nomizu (cf. [6, Theorem 1.40]): 

Proposition G. Let (M, V) be a connected and simply connected manifold with 
a complete affine connection such that VR = VT = 0. Then (M, V) is an affine 
reductive space. 

Next, we concentrate on the pseudo-Riemannian regular s-manifolds. All defini
tions and theorems below are slight modifications of those for the Riemannian case 
given in Kowalski [6]. We also refer to Cerny-Kowalski [1], 

Let (M, g) be a smooth pseudo-Riemannian manifold. An sstructure on (M, g) 
is a family {sx \ x e M} of isometries of (M, g) (called symmetries) such that each 
sx has the point x as an isolated fixed point. An s-structure {sx} on (M, g) is said 
to be regular if 

(i) the mapping (x, j;) i-> sx(y) of M x M into M is smooth, 

(ii) for every pair of points x j e M w e have sx o sy = sz o sx, where z = sx(y). 

If we define the tangent tensor field S of type (1,1) of {sx} by Sx = (sx)*x for each 
x G M, we can see that {sx} is regular if and only if the tensor field S is smooth and 
invariant with respect to all symmetries sx. 

A generalized symmetric pseudo-Riemannian space is a connected pseudo-
Riemannian manifold (M, g) admitting at least one regular s-structure. Every 
generalized symmetric pseudo-Riemannian space is a homogeneous pseudo-
Riemannian manifold. 

Let (M, g) be a generalized pseudo-Riemannian space and {sx} a fixed regular 
s-structure on (M, g). Then the triplet (M, g, {sx}) will be called a pseudo-Riemannian 
regular s-manifold. Let now V denote the Riemannian connection of (M, g) and 
let S be the tangent tensor field of {s,}. Following [3], we introduce a new linear 
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connection ^ by the formula 

^rz = vyz-(v(/.S).lys)(s-1z) 
for all 7, Z e X(M). We call this connection the canonical connection of (M, g, {sx}). 
The basic properties of the affine manifold (M, ^) are given in [3], [6]. In particular, 
(M, ^) is always an affine reductive space [6, Corollary 11.27]: 

Proposition H. The canonical connection of a connected pseudo-Riemannian 
regular s-manifold (M, g, {sx}) is always complete and satisfies VR = ¥T = 0, 
Vg = VS = 0. Also (M, ¥) is an affine reductive space. 

The next proposition gives sufficient conditions for an affine reductive space to 
become a pseudo-Riemannian regular s-manifold. It can be easily compiled from 
Propositions V.3 and V.4 in [6]. 

Proposition I. Let (M, V) be a simply connected affine reductive space, and 
o e M a fixed point. Let g be a pseudo-Riemannian metric on M such that Vg = 0. 
Finally, let S0: M0 -» M 0 be a non-singular linear transformation. 

Suppose that the following conditions hold: 

(i) I0 — 5 0 is a non-singular transformation of M0, 
(ii) R0(S0Y, S0Z) S0W= S0R0(Y9 Z) W and T0(S0Y, S0Z) = S0T0(Y, Z) for all 

Y9Z,WeM0, 
(iii) R0(S0Y, S0Z) = R0(Y, Z) for all Y, Z e M0 , 
(iv) g0(S0Y, S0Z) = g0(Y, Z) for all 7, Z e M0 . 

Then the space (M, g) admits a unique pseudo-Riemannian regular s-structure {sx} 
such that (s0)*0 = S0. 

The converse is also true for the arbitrary choice of the origin o. 

3. LIFTED s-STRUCTURES 

In this section we show that the structure of a simply connected pseudo-Riemannian 
regular s-manifold can be lifted to its tangent bundle. We shall start with 

Proposition 1. Let (M, V) be a simply connected affine reductive space, and Vc 

the complete lift of the affine connection ¥ from M to its tangent bundle TM. 
Then (TM, Vc) is an (simply connected) affine reductive space. 

Proof. Let R and 7*be the curvature tensor field and the torsion field of the con
nection V on M. Then ¥R = ¥T = 0 since (M, ^) is an affine reductive space. 
Now let Rc and Tc be the complete lifts of R and T from M to TM, respectively. 
By Proposition C, Rc is the curvature tensor field and Tc the torsion tensor field of ¥c. 
Further, ^ c £ c = VCTc = 0 holds in virtue of VR = ¥T = 0 and Proposition F. 
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Since the connection ^ is complete, the connection Vc is also complete by Proposition 
D. Hence Proposition 1 follows from Proposition G. 

Now we prove the main theorem of this paper. 

Theorem. Let (M, g) be a connected and simply connected pseudo-Riemannian 
manifold admitting a regular s-structure {sx}. Further, let TM be the tangent 
bundle over M and gc the complete lift of g from M to TM. Then the pseudo-
Riemannian manifold (TM, gc) admits a regular s-structure {s'x,}. In other words, 
the complete lift of a simply connected generalized symmetric pseudo-Riemannian 
space to its tangent bundle is a generalized symmetric pseudo-Riemannian space. 

Proof. Let V be the canonical connection of the pseudo-Riemannian regular 
s-manifold (M, g, {sx}). Then (M, V) is an affine reductive space and Vg = 0. Hence, 
by Proposition 1, (TM, Vc) is a simply connected affine reductive space. Moreover, 
^cgc = 0. Here ¥c is the complete lift of V to TM. 

Next, we prove that the space (TM, gc) has a regular s-structure. Let o' be a fixed 
point which is in TM but not in the zero-section of TM, and let o = n(o') e M. It is 
sufficient to prove the conditions (i) —(iv) of Proposition I for Sc,, Rc

0,, fc, and gc,, 
using the validity of (i) —(iv) for S, R, T and g at o, and also at any other point 
xeM. 

Since S0 is non-singular, the set {S0Y0 | Y0 e M0} is the whole tangent space M0 . 
Here Y0 denotes the value of a vector field Yat o. By Proposition A, SC,YC, = (SY)C, 
holds for all Ye £(M). Therefore, by Lemma in Section 1, the set {SC,YC,| Ye £(M)} 
is the whole tangent space (TM)0, at o' e TM. This implies that Sc, is non-singular. 
In a similar way it is proved that I0, — Sc, is non-singular. Hence the condition (i) of 
Proposition I is valid. The calculations for (ii) — (iv) are straightforward. For example, 
we show the proof of the formula (iii) RC,(SC,Y', SC,Z') = RC,(Y', Z') for all Y', Z' e 
e (TM)0,. By Lemma in Section 1, it is sufficient to show this for vectors Y' = Yc, 
and Z' = Zc

0, which are the values of the complete lifts Yc and Zc of any vector fields Y 
and Z on M. Using Proposition A, we see that 

£o c <(W> s°,ze
0.) Wc

0, = (R(SY, sz) wyo, = (R(Y, Z) W)c
0, = RC,(YC

0„ zc,) wc
0, 

for all Wc, e (TM)0,, where Wc is the complete lift of some We 3£(M). Hence, using 
Lemma in Section 1 again, we get RC{SC

0,Y
C

0,, S
C

0,Z
C,) = Rc

0{Yc
Qt, Zc

0). 

This completes the proof of the theorem. 

Remark 1. This theorem is a generalization, for the simply connected case, of the 
following result which has been stated without proof in [11]: If M is a pseudo-
Riemannian (or affine) symmetric space with a metric g (or a connection V), then TM 
is also a pseudo-Riemannian (affine) symmetric space with a metric gc (a con
nection Vc, respectively). 

Remark 2. As mentioned at the beginning of this paper, Toomanian [9] con
structed a pseudo-Riemannian regular s-structure on the tangent bundle over 
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a Riemannian regular s-manifold wihout restriction to the simply connected case. 
To do this, he first defined transformations sx., x' e TM, on TM as follows: Let {sx} 

be the regular s-structure on (M, g). Further, let \J/X, x e M, be the mapping of the 
Lie group K of transformations on M to M defined by ^x(a) = ax for all a e K, 

and let Ty, y e M, be the mapping of M to K defined by Ty(x) - - ^ o s , for all 
x e M. Now let, for any x' = (x, Xx) and y' = (y, Yy) in TM, 

s'x>(y') = (*M (O* Yy + (Kw)* ^(sx)Xe) , 
where a i-> ad(a) is the adjoint representation of K on its Lie algebra, and Xe = 

= (TX)*XXX. Next, he proved that (TM, gc, {sx.}) is a pseudo-Riemannian regular 
s-manifold [9, Theorem 3.2]. Finally, he showed that the tangent tensor field 5' 
of {s'x,} is the complete lift of the tangent tensor field S of {sx} [9, Theorem 3.3]. 
Therefore, we see that, for each x' e TM and x = n(x'), the following diagram is 
commutative: 

TM—s-^—> TM 

M ^ — * M 

References 

[1] J. Černў, O. Kowalski: Classification of generalized symmetric pseudo-Riemannian spaces 
of dimension n ^ 4. Tensor, N.S. 38 (1982), 255-267. 

[2] A. S. Fedenko: Ѕpaces with symmetries (Russian, a booklet). Izd. BGU Minsk, 1977. 
[З] P. G. Graham, A. J. Ledger: s-rеgular manifolds, Differential Geomеtry — in honor of 

Kentaro Yano. Kinokuniya Publ., Tokyo, 1972, 1ЗЗ—144. 
[4] A. Gray: Riemannian manifolds with geodesic symmetries of order З. Ј. Differential Geo-

metry 7 (1972), З4З-З69. 
[5] S. Kobayashi, K. Nomizu: Foundations of diflľerential geometry II. Interscience Publ., 

New-York, London, 1969. 
[6] O. Kowalski: Generalized symmetric spaces. Lecture Note in Mathematics 805, Ѕpringer-

Verlag, Berlin, Heidelberg, New York, 1980. 
[7] A. J. Ledger: Аffine and Riemannian 2ľ-spaces, Ѕeminar on Mathematical Ѕciences 5, Kеio 

University, 1982. 
[8] A. J. Ledger, M. Obata: Аffinе and Riеmaшiian s-manifolds. Ј. Diftľеrеntial Gеomеtry 2 

(1968), 451-459. 
[9] M. Toomanian: Riemannian extensions and completе lifts of s-spaces. Ph. D. Thеsis, Thе 

Univеrsity, Ѕouthampton, 1975. 
[10] S. Węgrzynowski: Classification of gеnеralizеd affinе symmеtric spacеs of dimеnsion 

n á 4. Dissеrtationеs Math. 194 (1984), 1 — 77. 
[11] K. Yano, S. Kobayashi: Prolongations of tеnsor fiеlds and connеctions to tangеnt bundlеs 

I - Gеnеral thеory - Ј. Math. Ѕoc. Јapan 18 (1966), 194-210. 
[12] M. Toomanian: Rеgulaг s-strukturе on TM. Tеnsoг, N. Ѕ. 42 (1985), 225—228. 

267 



Souhгn 

LIFTY ZOBECNËNÝCH SYMETRICKÝCH PROSTORÛ 
NA TEČNÉ FIBROVANÉ PROSTORY 

MASAMI SEКIZAWA 

Je podán jednoduchý důkaz tvrzení, že úplný lift jednoduše souvislého zobecn ného symetric-
kého pseudoгiemannovského prostoru na jeho tečný fibrovaný prostor je op t zobecnènÿ sy-
metrický pseudoriemannovský prostoг. 

Резюме 

ПОДЪЕМЫ ОБОБЩЕНЫХ СИММЕТРИЧЕСКИХ ПРОСТРАНСТВ 
Н КАСАТЕЛЬНЫЕ РАССЛОЕНИЯ 

МА8АМ1 8ЕК12АУ^А 

Приводится простое доказательство того, что полный подъем односвязного обобщенного 
псевдориманова пространства в касательное расслоение является тоже обобщенным симме
трическим псевдоримановым пространством. 

АиХког*& аййгезз: ОераптеШ о ! Магпетапсз, Токуо Саки§е1 Ш^егзиу, ^кш-КПа МасЬ 
4-1-1, Ко§апе1 8Ы, Токуо, 184, 1арап. 
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