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On the preservation of separation axioms in products*

Milan Z. Grulović, Miloš S. Kurilić

Abstract. We give sufficient and necessary conditions to be fulfilled by a filter Ψ and
an ideal Λ in order that the Ψ-quotient space of the Λ-ideal product space preserves Tk-
properties (k = 0, 1, 2, 3, 3 1

2
) (“in the sense of the  Los theorem”). Tychonoff products, box

products and ultraproducts appear as special cases of the general construction.

Keywords: separation axioms, box product, ultraproduct, ideal product topology

Classification: Primary 54B10, 54D10, 54D15

0. Introduction.

The aim of the paper is to answer the following question: given a family of topolog-
ical spaces, “sufficiently” many of them having the Tk-property (k = 0, 1, 2, 3, 3

1
2),

under what condition (filter-) quotient space of ideal product space will preserve
that property. And while we solve that problem numerous new questions come
from our considerations, too obvious that we would find it necessary to state them
explicitly.
Through the paper {Xi | i ∈ I} will be a nonempty family of nonempty sets. Xi

will be a topological space with “ground” set Xi and topology Oi, arbitrary unless
otherwise stated. The notation, so far the well-known notions are considered, is
standard.
Preliminaries are given more because of the coherence of the text and introducing

some notation.
Our methatheory is ZFC (which does not mean that we need necessarily all its

axioms).

1. Preliminaries.

For Ψ ⊆ P (I), ∼Ψ is a well-known relation on
∏

i∈I Xi determined by Ψ:

f ∼Ψ g iff {i ∈ I | f(i) = g(i)} ∈ Ψ.

For the sake of brevity we will denote the set {i ∈ I | f(i) = g(i)} by If,g . Of
course, If,g = Ig,f . It holds the following

Lemma 1.1. For Ψ ⊆ P (I), Ψ is a filter on I if and only if for any family of
nonempty sets {Xi | i ∈ I}, ∼Ψ is an equivalence relation on

∏

i∈I Xi.

For a filter Ψ on I and f ∈
∏

i∈I Xi, [f ] will be the equivalence class of the
relation ∼Ψ containing f (i.e. [f ] = {g ∈

∏

i∈I Xi | f ∼Ψ g}). For A ⊆
∏

i∈I Xi we
put A∗ =

⋃

f∈A[f ].

q will be the canonical mapping from
∏

i∈I Xi onto the quotient set
∏

i∈I Xi/ ∼Ψ.

*Presented at the Fifth International Conference Topology and Its Applications, Dubrovnik, 1990.
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Lemma 1.2. Let A, Aα, α < β be subsets of
∏

i∈I Xi and let Ψ be a filter on I.
Then it holds:

(a) (A∗)∗ = A∗;

(b) (
⋃

α<β Aα)
∗ =

⋃

α<β A∗
α;

(c) A∗ = q−1(q(A)), q(A∗) = q(A);
(d) if B ⊆

∏

i∈I Xi/ ∼Ψ, then q−1(B) = (q−1(B))∗;

(e) if A ⊆ q−1(B), then A∗ ⊆ q−1(B).

Lemma 1.3. Let Ψ be a filter on I and let A =
∏

i∈I Ai, B =
∏

i∈I Bi, ∅ 6=
Ai, Bi ⊆ Xi. It holds:

(a) A∗ ⊆ B∗ iff {i ∈ I | Ai ⊆ Bi} ∈ Ψ;
(b) A∗ = B∗ iff {i ∈ I | Ai = Bi} ∈ Ψ;
(c) f ∈ A∗ iff {i ∈ I | f(i) ∈ Ai} ∈ Ψ;
(d) A∗ =

∏

i∈I Xi iff {i ∈ I | Ai = Xi} ∈ Ψ;
(e) A∗ ∩ B∗ = ∅ iff {i ∈ I | Ai ∩ Bi 6= ∅} /∈ Ψ.

Proof: (a) Assume A∗ ⊆ B∗, that is q(A) ⊆ q(B) (1.2 (c)) or, in other words,
∀ f ∈ A ∃ g ∈ B f ∼Ψ g and let J = {i ∈ I | Ai ⊆ Bi} and f ∈ A be such that
f(i) ∈ Ai − Bi for any i ∈ Jc. By assumption, for some g ∈ B, If,g ∈ Ψ and since
If,g ⊆ J , J ∈ Ψ too.
The converse is equally trivial.
(e) Let A∗ ∩B∗ = ∅. That is equivalent to q(A)∩ q(B) = ∅, therefore no element

from A is in relation ∼Ψ with any element from B and, surely, {i ∈ I | Ai ∩ Bi 6=
∅} ∈ Ψ would be in contradiction with it.
Analogously, A∗ ∩ B∗ 6= ∅ or, equivalently q(A) ∩ q(B) 6= ∅, implies ∃ f ∈ A

∃ g ∈ B such that If,g ∈ Ψ and, clearly, If,g ⊆ {i ∈ I | Ai ∩ Bi 6= ∅}. �

Lemma 1.4. Let Ψ be a filter on I, A ∈ Ψ, L ⊆ I, Bi ⊆ Xi and let πj be the

projection
∏

i∈I Xi → Xj . Then:

(

⋂

i∈L

π−1
i (Bi)

)∗
=

(

⋂

i∈L∩A

π−1
i (Bi)

)∗
.

Proof:
⋂

i∈L π−1
i (Bi) =

∏

i∈I Ci,
⋂

i∈L∩A π−1
i (Bi) =

∏

i∈I Di,

where Ci =

{

Bi i ∈ L

Xi otherwise
, Di =

{

Bi i ∈ L ∩ A

Xi otherwise
.

Now, {i ∈ I | Ci = Di} ⊇ A and by 1.3 (b) the assertion follows. �

2. More preliminaries.

Lemma 2.1. Let ∅ 6= Λ ⊆ P (I). Then it holds: ∀L1, L2 ∈ Λ ∃L3 ∈ Λ L1 ∪
L2 ⊆ L3 if and only if for any family of topological spaces {(Xi,Oi) | i ∈ I},

BΛ = {
⋂

i∈L π−1
i (Oi) | Oi ∈ Oi, L ∈ Λ} is a base for a topology on

∏

i∈I Xi.

If (∅ 6=)Λ ⊆ P (I) satisfies the above condition and Λ ↓ is ideal generated by Λ
(Λ ↓= {L ⊆ I | L is a subset of some set from Λ}), then BΛ = BΛ↓.
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Definition 2.2. Topology on
∏

Xi with the base BΛ, Λ an ideal on I, will be

called Λ-ideal product topology and be denoted by OΛ. The topological space

(
∏

i∈I Xi,O
Λ) will be denoted by

∏ΛXi and its quotient space, determined by the

mapping q :
∏

i∈I Xi →
∏

i∈I Xi/ ∼Ψ, by
∏Λ

ΨXi, while O
Λ
Ψ will be the correspond-

ing topology.

From now on, Ψ will be a filter and Λ an ideal on I. Instead of
∏

i∈I Xi we will
simply write

∏

Xi (in general we will not point out any index set if it is clear from
the context what set is in question).

Lemma 2.3. If O ∈ OΛ then O∗ ∈ OΛ.

Proof: Let B =
⋂

i∈L π−1
i (Oi) ∈ BΛ and f ∈ B∗. Then for some g ∈ B, If,g ∈ Ψ

and f ∈ U =
⋂

i∈L∩If,g
π−1

i (Oi) ⊆ U∗ = B∗ (1.4). �

Corollary 2.4. The mapping q of the topological space
∏ΛXi onto the topological

space
∏Λ

ΨXi is open.

Proof: Obviously, q is open if and only if for any O ∈ OΛ, q−1(q(O)) = O∗ is
open. �

Lemma 2.5. Let A ⊆ I. Then ΨA = {B ∩A | B ∈ Ψ} and ΛA = {B ∩A | B ∈ Λ}
are, respectively, filter and ideal on A.

The corresponding topological spaces (for the index set A) will be denoted by
∏ΛA Xi and by

∏ΛA

ΨA
Xi.

Lemma 2.6. Let A ∈ Ψ. Then the mapping φ of topological space
∏Λ

ΨXi onto

topological space
∏ΛA

ΨA
Xi, defined by φ[f ] = [f |A]A, is a homeomorphism, where

[f |A]A = {g ∈
∏

i∈A

Xi|f |A ∼ΨA
g}.

Proof: φ is obviously a bijection.

Further, let r be mapping of
∏Λ

i∈I Xi onto
∏ΛA

i∈AXi defined by r(f) = f |A, and

let qA be the canonical mapping of
∏ΛA

i∈AXi onto
∏ΛA

ΨA
Xi. Trivially, r is continuous

and open, whence φ is continuous and open, too. For φ is continuous (open) if and
only if φ ◦ q = qA ◦ r is continuous (open). �

3. The (ΛΨ)-condition.

Definition 3.1. For a filter Ψ and an ideal Λ on I the condition

∀A ∈ Ψ ∀B /∈ Ψ ∃L ∈ Λ(L ⊆ A ∩ Bc ∧ Lc /∈ Ψ)

will be called the (ΛΨ)-condition or, more simply, just (ΛΨ).
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Theorem 3.2. Let Λ be an ideal and Ψ a filter on I. Then the (ΛΨ)-condition

holds if and only if ∀ k ∈ {0, 1, 2, 3, 31
2} and for any family {(Xi,Oi) | i ∈ I},

{i ∈ I | (Xi,Oi) is a Tk-space} ∈ Ψ implies
∏Λ

ΨXi is a Tkspace.

Proof: (⇐) Suppose the (ΛΨ)-condition is not satisfied; thus there exist some
sets A ∈ Ψ, B /∈ Ψ, such that for any L ∈ Λ, L ⊆ A∩Bc ⇒ Lc ∈ Ψ. Let, for i ∈ A,
Xi be a two-element discrete space, otherwise Xi is a two-element indiscrete space
(in both cases the “ground” set is {0, 1}). Then {i ∈ I | Xi is a Tk-space} ∈ Ψ,

while
∏Λ

ΨXi is not a Tk-space (for any k ∈ {0, 1, 2, 3, 31
2}). For if f(i) = 1 for each

i ∈ I and g(i) = 1 for i ∈ B only, it holds: g /∈ [f ], g ∈ [f ] i.e. [f ] = q−1({[f ]}) is

not closed. Therefore {[f ]} is not a closed set in
∏Λ

ΨXi and, consequently,
∏Λ

ΨXi

is not a T1-space. One (similar) step more and it follows that
∏Λ

ΨXi is not a T0-

space either. So it remains to be proved g ∈ [f ]. Assume g ∈
⋂

i∈L π−1
i (Oi), L ∈ Λ.

Clearly, due to the choice of topological spaces,
⋂

i∈L π−1
i (Oi) =

⋂

i∈L∩A π−1
i (Oi).

Let us put L1 = L ∩ A, L2 = L1 ∩ Bc and let

h(i) =

{

1 i ∈ Lc
2

0 otherwise.

Since Lc
2 ∈ Ψ, h ∈ [f ] and it is not difficult to see that h ∈

⋂

i∈L1
π−1

i (Oi) (L1 =

(L1 ∩ B) ∪ (L1 ∩ Bc) = (L1 ∩ B) ∪ L2 and if i ∈ L1 ∩ B, h(i) = g(i) = 1, if i ∈ L2

h(i) = g(i) = 0).

(⇒) In the coming considerations it is assumed that (ΛΨ) holds.

(0) Let A = {i ∈ I | (Xi,Oi) is a T0-space} ∈ Ψ and let [f ], [g] be two different

elements from
∏Λ

ΨXi. Then for some L ∈ Λ, L ⊆ A ∩ Ic
f,g and Lc /∈ Ψ. For

any i ∈ L, f(i) 6= g(i), and in the topological space (Xi,Oi) there exists an open
set containing either f(i) but not g(i) (in that case we put i ∈ Lf ) or vice versa
(i ∈ Lg). L = Lf ∪ Lg and at least one of the sets Lc

f , Lc
g does not belong to Ψ.

Suppose Lc
f /∈ Ψ and let O =

⋂

i∈Lf
π−1

i (Oi) where Oi ∈ Oi is such that f(i) ∈ Oi,

g(i) /∈ Oi. Now, f ∈
⋂

i∈Lf
π−1

i (Oi) (hence, surely, [f ] ∈ q(
⋂

i∈Lf
π−1

i (Oi))) but

[g] /∈ q(
⋂

i∈Lf
π−1

i (Oi)) ([g] = [h] for some h ∈
⋂

i∈Lf
π−1

i (Oi) would imply Ig,h ∈ Ψ

and Ig,h ⊆ Lc
f , contradiction). �

(1) Suppose A = {i ∈ I | (Xi,Oi) is T1 } ∈ Ψ, f, g ∈
∏

Xi, [f ] 6= [g] and
let L ∈ Λ be such that L ⊆ A ∩ Ic

f,g and Lc /∈ Ψ. Then for any i ∈ L there

is some open set Oi ∈ Oi containing g(i) but not f(i). It follows directly that

[f ] /∈ q(
⋂

i∈L π−1
i (Oi)). We conclude that {[f ]} is a closed set in

∏Λ
Ψ Xi. �

(2) Let A = {i ∈ I | (Xi,Oi) is T2 } ∈ Ψ and [f ] 6= [g]. For any i ∈ L, where L
is an element from Λ satisfying L ⊆ A ∩ Ic

f,g and Lc /∈ Ψ, there exist disjoint open

sets Ui, Vi ∈ Oi containing, respectively, f(i) and g(i) and, as in the previous case,

it is easy to see that q(
⋂

i∈L π−1
i (Ui)) ∩ q(

⋂

i∈L π−1
i (Vi)) = ∅. �
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(3) Assume A = {i ∈ I | (Xi,Oi) is T3 } ∈ Ψ. We already know that the space
∏Λ

ΨXi is a T1-space. Thus only its regularity is to be proved.

Let [f ] ∈ q(O), O ∈ OΛ. Hence f ∈ [f ] = q−1({[f ]}) ⊂ q−1(q(O)) = U . By
1.2 (c), U = U∗. We show and it finishes the proof that there exists some open set
W and some (closed) set F such that [f ] ⊆ W = W ∗ ⊆ F ⊆ F ∗ ⊆ U∗ ⊆ U where
we have that F ∗ is closed. For then:

[f ] ∈ {[f ]} = q([f ]) ⊆ q(W ) = q(W ∗) ⊆ q(F ∗) ⊆ q(U) = q(O)

and q(F ∗) is closed (q−1(q(F ∗)) = F ∗ — 1.3 (c)).

Let f ∈ B =
⋂

i∈L π−1
i (Oi) ⊆ U , L ∈ Λ. If B1 =

⋂

i∈L∩A π−1
i (Oi), then

B∗ = B∗
1 (1.4). L ∩ A = ∅ implies B∗

1 = U =
∏

Xi and this case is trivial. If
L ∩ A 6= ∅ then for any i ∈ L ∩ A, (Xi,Oi) is a T3-space and f(i) ∈ Oi, therefore
for some open set Vi ∈ Oi it holds:

f(i) ∈ Vi ⊆ Vi ⊆ Oi. Let V =
⋂

i∈L∩A π−1
i (Vi), F =

⋂

i∈L∩A π−1
i (Vi) and

W = V ∗. Now

[f ] ⊆ W =W ∗ = V ∗ ⊆ F ∗ ⊆ B∗ = B∗
1 ⊆ U = U∗.

Let us note that F is closed (if g /∈ F then for some i ∈ L ∩ A, g(i) ∈ Vi
c
and

g ∈ π−1
i (Vi

c
), while πi(Vi

c
) ∩ F = ∅), but the point is that F ∗ is closed too. That

is an immediate consequence of the following lemma:

Lemma 3.3. If the (ΛΨ)-condition holds, then {i ∈ I | Ai is closed} ∈ Ψ implies
(
∏

Ai)
∗ is closed.

Proof: Let A = {i ∈ I | Ai is closed} ∈ Ψ and f /∈ (
∏

Ai)
∗. Since B = {i ∈ I |

f(i) ∈ Ai} /∈ Ψ (1.3 (c)) there exists some L ∈ Λ such that L ⊆ A∩Bc and Lc /∈ Ψ.

For any i ∈ L, f(i) ∈ Ac
i and Ac

i is open. It follows: f ∈
⋂

i∈L π−1
i (A

c
i ) ∈ OΛ and

⋂

i∈L π−1
i (A

c
i ) ∩ (

∏

Ai)
∗ = ∅. �

(31
2 ) In order to simplify the notation we will immediately assume that Xi is

a T3 1
2

-space for each i ∈ I. There is no restriction in it — one just should recall

Lemma 2.6 and note that if A ∈ Ψ and (ΛΨ) holds, then (ΛAΨA) holds as well. Of
course, this assumption could have been used in all previous cases.

Xi being a completely regular space, topology Oi is uniform for some uniformity
Ui for Xi, generated with the base Bi = {Bi ∈ Ui | Bi is open}.

Definition 3.4. For L ∈ Λ, A ∈ Ψ and family {Ui ∈ Ui | i ∈ L}, let RL
AUi be the

binary relation on
∏

Xi/ ∼Ψ defined by:

([f ], [g]) ∈ RL
AUi if and only if ∀ i ∈ L ∩ A (f(i), g(i)) ∈ Ui.

RL
ΨUi =

⋃

A∈Ψ RL
AUi.
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Lemma 3.5. (a) If ∀ i ∈ L, Ui ⊆ Vi, then RL
ΨUi ⊆ RL

ΨVi;

(b) (RL
ΨUi)

−1 = RL
ΨU−1

i ;

(c) RL
Ψ(Ui ◦ Ui) = RL

ΨUi ◦ RL
ΨUi

(here ◦ is standard product of relations: (x, y) ∈ U◦V iff ∃ z((x, z) ∈ V ∧(z, y) ∈ U));

(d) RL1
Ψ Ui ∩ RL2

Ψ Vi = RL1∪L2
Ψ Wi where

Wi =











Ui i ∈ L1 − L2

Ui ∩ Vi i ∈ L1 ∩ L2

Vi i ∈ L2 − L1.

Proof: (c) ([f ], [g]) ∈ RL
Ψ(Ui ◦ Ui)

iff
∃A ∈ Ψ∀ i ∈ L ∩ A (f(i), g(i)) ∈ Ui ◦ Ui

iff
∃A ∈ Ψ∀ i ∈ L ∩ A∃ ai ⊂ Xi ((f(i), ai) ∈ Ui ∧ (ai, g(i)) ∈ Ui)

iff
∃A ∈ Ψ∃h ∈

∏

Xi (([f ], [h]) ∈ RL
AUi ∧ ([h], [g]) ∈ RL

AUi)

iff
∃h ∈

∏

Xi (([f ], [h]) ∈ RL
ΨUi ∧ ([h], [g]) ∈ RL

ΨUi)

iff
([f ], [g]) ∈ RL

ΨUi ◦ RL
ΨUi.

(d)

([f ], [g]) ∈ RL1
Ψ Ui ∩ RL2

Ψ Vi

iff

∃A1, A2 ∈ Ψ(∀ i ∈ L1 ∩ A1 (f(i), g(i)) ∈ Ui ∧ ∀ i ∈ L2 ∩ A2 (f(i), g(i)) ∈ Vi)

iff
∃A ∈ Ψ∀ i ∈ (L1 ∪ L2) ∩ A (f(i), g(i)) ∈ Wi.

The last equivalence is checked directly, when the implication (⇐) is in question,
use A1 = A2 = A. �

Definition 3.6. B = {RL
ΨBi | L ∈ Λ, Bi ∈ Bi}.

Lemma 3.7. B is a base for some uniformity U for
∏

Xi/ ∼Ψ.

Proof: Let us fix two elements RL
ΨUi and RL1

Ψ Vi from B (Ui, Vi ∈ Bi). Obviously,

∀ f ∈
∏

Xi ([f ], [f ]) ∈ RLUi (∀ i∆Xi
⊆ Ui). Let, for i ∈ L, Bi ∈ Bi be such that

Bi ◦ Bi ⊆ Ui ∩ U−1
i . Then:

RL
ΨBi ⊆ RLU−1

i = (RL
ΨUi)

−1

(RL
ΨBi) ◦ (R

L
ΨBi) = RL

Ψ(Bi ◦ Bi) ⊆ RL
ΨUi.

Let, for i ∈ L∩L1, Wi ∈ Bi be a subset of Ui∩Vi and for i ∈ L−L1 let Wi = Ui,

for i ∈ L1 − L let Wi = Vi. Then (by 3.5 (d)) RL∪L1
Ψ Wi ⊆ RL

ΨUi ∩ RL1
Ψ Vi. �
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Lemma 3.8. q−1((RL
ΨBi)[[f ]]) =

⋃

A∈Ψ

⋂

i∈L∩A π−1
i (Bi[f(i)]).

Proof: g ∈ q−1((RL
ΨBi)[[f ]]) iff

[g] ∈ (RL
ΨBi)[[f ]]

iff
([f ], [g]) ∈ RL

ΨBi

iff
∃A ∈ Ψ∀ i ∈ L ∩ A (f(i), g(i)) ∈ Bi

iff

∃A ∈ Ψ g ∈
⋂

i∈L∩A

π−1
i (Bi[f(i)]).

Let us note that, since Bi is open (in Xi×Xi with Tychonoff product topology),

for (any) a ∈ Xi Bi[a] is open, too. Thus, q
−1((RL

ΨBi)[[f ]]) ∈ OΛ. �

Lemma 3.9. Uniform topology OU of the uniformity U is equal to topology O
Λ
Ψ.

Proof: Let O ∈ OU and f ∈ q−1(O). Then for some RL
ΨBi ∈ B, (RL

ΨBi)[[f ]] ⊆ O
whence

f ∈ [f ] = q−1({[f ]}) ⊆ q−1((RL
ΨBi)[[f ]]) ⊆ q−1(O),

and by the previous remark q−1(O) ∈ OΛ, that is O ∈ OΛ
Ψ.

Suppose now O ∈ OΛ
Ψ and [f ] ∈ O. It follows f ∈

⋂

i∈L π−1
i (Oi) ⊆ q−1(O)

for some L ∈ Λ and some family {Oi ∈ O | i ∈ L}. Since for i ∈ L, f(i) ∈
Oi, there exists some Bi ∈ Bi such that f(i) ∈ Bi[f(i)] ⊆ Oi. Therefore f ∈
⋂

i∈L π−1
i (Bi[f(i)]) and since (by 1.3, 1.5 and 3.8)

q−1((RL
ΨBi)[f ]) = q−1((RL

ΨBi)[f ])
∗ = (

⋃

A∈Ψ

⋂

i∈L∩A

π−1
i (Bi[f(i)]))

∗ =

=
⋃

A∈Ψ

(
⋂

i∈L∩A

π−1
i (Bi[f(i)]))

∗ = (
⋂

i∈L

π−1
i (Bi[f(i)]))

∗ ⊆ (
⋂

i∈L

π−1
i (Oi))

∗ ⊆ q−1(O),

it follows

[f ] ∈ q(
⋂

i∈L

π−1
i (Bi[f(i)])

∗) = (RL
ΨBi)[f ] ⊆ O.

Thus O ∈ OU .

We conclude: OΛ
Ψ is uniform topology for uniformity U , thus

∏Λ
Ψ Xi is completely

regular space. �

4. Discussion about the (ΛΨ)-condition.

In the end let us examine some of the cases when the (ΛΨ)-condition is satisfied.
In the sequence we will be using the following notation (see 2.2): for A ⊆ I, A ↑
and A ↓ are, respectively, filter and ideal generated by A.
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Lemma 4.1. Let Ψ = A ↑. Then the (ΛΨ)-condition holds if and only if Λ

contains all finite subsets of A and under assumption that (ΛΨ) holds,
∏Λ

ΨXi is

homeomorphic to (
∏

i∈A Xi,O
ΛA).

Proof: Let Ψ = A ↑. In order to avoid trivialities we assume that A 6= ∅. Then if
a ∈ A, A − {a} /∈ Ψ whence for some L ∈ Λ, L ⊆ A ∩ (A − {a})c = {a}. L must
be {a}, otherwise it would be ∅c /∈ Ψ. On the other hand, if Λ contains all finite
subsets of A and B /∈ Ψ (i.e. A * B), then ∅ 6= A∩Bc and if L is a finite nonempty
subset of A ∩ Bc, we have L ∈ Λ and Lc /∈ Ψ.
As for the second part of the lemma, it is an immediate consequence of 2.6:

∏Λ
ΨXi is homeomorphic to

∏ΛA

ΨA
Xi and since ΨA = {A}, ∼ΨA

is the identity

relation on A. �

Let us note (if necessary at all) that Tychonoff product is obtained when Ψ =
{I} = I ↑ and Λ is the set of all finite subsets (“Fréchet ideal”).

Lemma 4.2. Let Λ = L ↓. Then the (ΛΨ)-condition holds if and only if L ∈ Ψ.

If the condition (ΛΨ) is satisfied,
∏Λ

ΨXi is homeomorphic to the quotient space

(
∏

Xi,O
P (L))/ ∼ΨL

.

Proof: Let Λ = L ↓. If it were: (ΛΨ) holds but L /∈ Ψ, then for some nonempty
set L1 from Λ it would be L1 ⊆ Lc, a contradiction.
Let us suppose now L, A ∈ Ψ, B /∈ Ψ. Then L ∩ A ∩ Bc is a nonempty element

of Λ and, certainly, (L ∩ A ∩ Bc)c /∈ Ψ. ((L ∩ A ∩ Bc)c = (L ∩ A)c ∪ B ∈ Ψ would
imply ((L ∩ A)c ∪ B) ∩ (L ∩ A) = L ∩ A ∩ B ∈ Ψ, a contradiction to B /∈ Ψ.)

If (ΛΨ) holds, i.e. L ∈ Ψ,
∏Λ

ΨXi is homeomorphic to
∏ΛL

ΨL
Xi, but ΛL = P (L).

�

Thus, this time, we obtain a quotient of the box product (as it is defined in [4]),
that is, just the box product when Ψ = {I} (and Λ = P (I)). This case includes
ultraproduct spaces ([1]) as well: Let L be I and Ψ a non-principal ultrafilter. Let
us still remark, maybe superfluously, that the last part of the lemma is independent
of whether Λ is principal or not.
As we see from 4.1 and 4.2, the situation is completely clear (from the viewpoint

of the (ΛΨ)-condition) when either ideal Λ or filter Ψ is principal. The fact that
neither of them is principal, however, significantly interferes with our work. Thus,
at least for this time, only a few observations will be made.
We have already shown (see the proof of 4.2) that if (ΛΨ) holds then ∪Λ ∈ Ψ.

Because of it, 4.2 and the last remark following 4.2, we can as well assume that
∪Λ = I and Λ ∩Ψ = ∅.

Lemma 4.3. If Λ,Ψ are nonprincipal, ∪Λ = I, Λ∩Ψ = ∅ and A ∈ Ψ then ΛA,ΨA

are nonprincipal, ∪ΛA = A and ΛA ∩ΨA = ∅.

Proof: Clearly, ∪ΛA = A, and if it were that ΛA is principal, it would follow
A ∈ Λ∩Ψ. If ΨA were principal generated by A0(⊆ A), Ψ itself would be generated
by the same set. Finally, it is obvious that if B0 ∈ ΛA ∩ΨA then also B0 ∈ Λ ∩Ψ.

�
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At this place let us recall that it has been noted that if (ΛΨ) holds then (ΛAΨA)
holds too. Therefore one consequence of Lemma 4.3 is that under given assumptions

there is no use of 2.6 in clarifying what
∏Λ

ΨXi space looks like.
We end with a comment that evidently the (ΛΨ)-condition is not sufficient for

preserving T4-property and

Lemma 4.4. Let |I| = λ ≥ µ > τ ≥ ℵ0 and let Λ = {L ⊆ I | |L| < µ},

Ψ = {A ⊆ I | |Ac| < τ}. Then the (ΛΨ)-condition holds and
∏Λ

ΨXi is exactly the

box product space from [5].

Proof: Let A ∈ Ψ and B /∈ Ψ. Then |Ac| < τ (thus |A| = λ and Λ ∩Ψ = ∅) and
|Bc| ≥ τ . From Bc = (Bc ∩A)∪ (Bc ∩Ac) it follows |Bc ∩A| ≥ τ and any subset of
Bc ∩ A of cardinality τ belongs to Λ, while its complement does not belong to Ψ.

�
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