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Equivalence and zero sets
of certain maps in infinite dimensions

MicHAL FECKAN

Abstract. Equivalence and zero sets of certain maps on infinite dimensional spaces are
studied using an approach similar to the deformation lemma from the singularity theory.
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1. INTRODUCTION

In this paper we shall use a singularity theory approach to study both right
equivalance (see [1, p. 1038]) of certain two maps in Banach spaces, and zero sets of
maps near their critical points. The method used in this paper is described in [1],
where it was used in a proof of Tromba’s Morse lemma. Using this method we
obtain both a theorem which is a generalization of Kuiper’s theorem [5], [6], and an
infinite dimensional version of Theorem 1.3 of [2]. From the theorem in Section 2
it follows the splitting lemma [1].

The plan of the paper is as follows

1. Theorem 2.1 in Section 2 gives conditions under which two functions are related
by a homeomorphism in some neighbourhood of a singular point.

2. Section 3 discusses the splitting lemma.

3. Section 4 deals with the infinite dimensional version of the Buchner, Marsden
and Schecter theorem [2]. That theorem provides a relation between the zero set
of a map near its singular point and the zero set of the first nonzero term of the
Taylor expansion of that map at that singular point near that point.

2. THE GENERALIZATION OF KUIPER’S THEOREM

Theorem 2.1. Let E be a Banach space. Let Q, P: U — R be C'-maps defined
on a neighbourhood U of 0 € E such that Q(0) = P(0) = 0 and DP, DQ are
Lipschitz. Let A be a vector field defined on UT = U \ {0} and f: U — R. We
assume
(1) Ac CHU), || A(z) ||[< 1 for any x € UT;
(2) DQ(x) - A(z) > c¢- f(x) for some constant ¢ >0,z € UT
and lim [2P@L _ ¢
0 Jf(@) ’
(3) feCHU™), feCOW), f(
ft-2z) < K- f(z) for any 0

0)=0, f(z) >0 for z # 0,
<t<1landz €U, K >0 is constant.
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Then Q + P is CO-right equivalent to Q at 0.

We say that functions g, f defined on a neighbourhood of 0 with ¢g(0) = f(0) =0
are CO-right equivalent if there is a homeomorphism 7 defined on a neighbourhood
of 0 with r(0) = 0 such that g(z) = h(r(z)).

Let us consider the initial value problem

yp(x) = =P (ye(x)) - A(ye(x))
Yo(z) =,

(1)

A

where z € U"‘7 yé(x) = dtyt(x)’ /_1(;17) = % Since P, Ac C! there is a unique

local solution of (1).

Lemma 2.2. For any T > 0 there exists an open neighbourhood Vi of 0 € E such
that for x € Vi \ {0} the initial value problem (1) has a unique solution on the
interval (=T, T).

PRrROOF OF LEMMA 2.2: In the standard arguments we obtain
1 1
P(a)| < / IDP(t-) - aldt <]« || - / DP(t )| dt
0 0

1 1
S/M1~f(t~:r)- Iz dt§M1/K~f(x)- ol di < M- fa) | 2],
0 0

where My = K - My, M follows from the condition 2. Thus for a sufficiently small
x we have

(2) [P(x)| < M- || 2 || - f (),

where Ms is a positive constant. Hence from the assumption 1 and (2) we have for

x#0

t
| ye(z) IIS/H yi(@) || ds+ [l = ||
0

[ Pys(@)) - Alys(@) |
Ys\T)) - Ys(T
et fLIE

t
<o+ [ M (o) | ds.
0

Using the Gronwall’s lemma we have

lye(@) <l @ || e <l || ™7 <[l || -My.
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By (2) it follows

21 = 9@ 1<l ws(e) =2 1< v @) -1
<r LA <r o 1

for some r € (=T, T), and we obtain
M- T
|2 (< ys(@) | +T [ yr(2) || - M2 <|| ys(z) | +Ma -T2 [z |
For a sufficiently small x we can find a small M5 as well. Hence
[z (< e [l ys(z) |
for a constant ¢ > 0. This finishes the proof, since

[zl /¢<|lye(z) |< My- ||z ||, Vo # 0 small, t € [T, T].

PrOOF OF THEOREM 2.1: Consider the initial value problem

(DQU(@) + hit.x) - DP(w(2)) ) - Alun(e)) = W (t.2)
(4) h0,2) =0, 2 £ 0
yt(x) is the solution of (1),

where z € Vp and T' > 3/c s sufficiently large. Let us choose a small neighbourhood
V1 of 0 such that Vi C U and for 0 £z € V]

| DP(ye(x)) - A(ye(x)) 1< /4.

Since lin}) ”Df](jg)” =0and || y¢(z) ||< My- || || we can find such V3.
Tr—

If |h(t, z)| < 2 for ¢t € [0,T] then

W(t,2) = (DP(ye(@)) - h(t.2) + DQ(ye()) ) - Aye(w))

> —2-c/4+c>c/2,
for = € (Vo \ {0}) N V4 = V1, and hence
h(T,z) >T-c/2> (3/c)-c/2=23/2.
Since h(0,z) = 0 we obtain a CO-map t(z): V:,?" — R such that

(+) h(t(z),z) =1.
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We put
H(x) = yy() (2)
for any x € V; and H(0) = 0. Since it holds
[ ye(2) [|1< My- || @ || Vo # 0 small, t € (=T,T)

from the proof of Lemma 2.2, the map H is continuous.
By the equations (4) and (1) we have

%(Q(yt(w)) + h(t,z) - P(yt(;p))) -0

and using (4) we obtain
Q(x) = Q(Yy(z) (@) + h(t(x),2) - P(ysa)())
= Q(Yi(a) (@) + P(yy(w)(2))-
Lastly we show that H is a local homeomorphism. If we put
Q1(x) = Q(x) + P(x) and P;(z) = —P(x)
then similarly as above we obtain maps y;} (z) = y—¢(2) and ¢T(z). Hence (Qq +
Pl)(y_t+(z)(z)) = Q1(z). We have
QUi+ (2)+1(x) () = Q(y_ﬁ(z) (yt(x)(fv))) = (Q1+ P1)(y_s+(»)(2) =
Q1(2) = (Q + P) (yy(z)(2)) = Q(),

where z = y;(,)(z). We have used the “flow” property of y;(x) at ¢ in the previous
equality. But

(5)

LQw(@) = ~P(n() - DQ - Alm(x).
According to the assumptions of Theorem 2.1, the map w(t) = Q(y(z)) is mono-
tone, and thus tT(z) = t(x) for = = H(z). Hence
Y_t+(2)(2) = Y=t () We() () = Vit (2)44(2) () = yo(2) = .
This implies H () = y_;+ () (). We obtain the conclusion of the proof. O

Remark 2.3. If F is a Hilbert space and f(z) =|| z ||* where k is a natural number
(k > 2) then we have the Kuiper’s theorem [5], [6].

Moreover, let Q: U — R be a C%-map defined on a neighbourhood U of 0 € F
such that Q(0) = 0. Assume

Qt-z)=t*-Q(z) VxeE,t>0
| grad Q(z) [>¢>0 Va, |z [=1

for constants & > 1, ¢. Then Q + P is CY-right equivalent to Q at 0 for any C?-map

P: U — R such that %H% |||ZT|D§2‘. Indeed, we take

A(z) = grad Q(o)/ || grad Q(x) ||, f(x) =[ « ||*~".
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3. THE SPLITTING LEMMA

We now briefly discuss the splitting lemma of Gromoll and Meyer [1].

Theorem 3.1. Let E be a Banach space possessing a splitting £ =Y @& Z, where
Y, Z are Banach spaces. Let P, Q be C%-smooth with a Lipschitz partial derivatives
D;P, D;Q, defined on a neighbourhood U of (0,0). Let A(y, z) be a C0-vector field
on Ut =U\{(y,2) |y =0} and let f: UNY — R be a C%-map such that

(1) A:UT =Y, |A(y,2)| < 1, A is Cl-smooth by y;

(2) DyQ(y,2)A(y,z) > c- f(y) for (y,z) € UY, where ¢ > 0

and lim % = 0 uniformly with respect to a small z;

z—0
(3) feCHUTNY), f(0) =0, f(y) >0 ify # 0 and
f(t-y) < K- f(y) for any t € [0,1], where K is a positive constant.

Then the function Q(y, z) 4+ P(0, z) is CO-right equivalent to Q(y, z) + P(y, ) at
(0,0) by a homeomorphism H(y,z) = (h(y, 2), z).
PRrROOF: Applying Theorem 2.1 for the functions Q1(y,z) = Q(y,z) — Q(0, 2),
Pi(y,z) = P(y,z) — P(0, z) uniformly with respect to a small z we obtain our
result. O

Splitting lemma. Let H be a Hilbert space and h: U — R a C'-map, where U
is a neighbourhood of 0. We assume that h(0) = Dh(0) = 0, D?h(0) exists and
D2h(0) = (Bwy,ws), where B is a Fredholm operator. Moreover we assume that h
has a continuous partial derivative Dgh fory e YNU, where H =Y ®Z,Y =im B,
Z =kerB.

Then there is a homeomorphism H(y, z) = (h(y, z), z) such that

where (y,z) € Y @ Z is small, h is continuous, h(0) = 0.

PRrROOF: We consider the equation Vyh(y, z) = 0, where Vy is the partial gradient.
The implicit function theorem guarantees that this equation uniquely defines a C°-
map y(z) such that Vyh(y(z),2z) = 0. Let us put

h1y.2) = h(y + (=), 2) and Py, 2) = ha(y,2) — 5(By.)

Q(w:2) = 5By}, Aly.2) = By/ | By |, fw) =l |

Since B is invertible on Y we obtain
By
DyQ(yv Z) !

I By |

=l By lzc |yl

for some ¢ > 0. Moreover

1
D,P(y, )| < / | D2P(t-y,2) || - ||y | dt
0
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and from this we have
y—=02-0 |yl
Theorem 3.1 implies the assertion of the lemma. O

4. THE INFINITE DIMENSIONAL VERSION
OF THE BUCHNER, MARSDEN AND SCHECTER THEOREM

We need the following definition.

Definition. We say that an open set S C H (H is a Hilbert space) has the property
B if there exists a function h: H — R such that
(i) hisa Cl-map, 0 < h < 1;
(ii) supp h C S, supp h C Bj; for some R > 0 (supp h is the support of h),
and Bp, is the ball with the radius R at 0;
(iii) || grad b ||< R.

Theorem 4.1. Let g be a CF-map g: H — R, (k > 3), g(0) = Dg(0) = ---
Di=1g(0) =0 (2 <i < k) and Q be the i-form

We assume that there exist an open set S and a number rg > 0 such that

(i) S has the property B with a function h;
() P={e| |lz|=1, Q@) =0}C Int{z|h(z) =1} =V
dist (V '\ V, P) > r;
(iii) || grad Q(z) ||> 9, Vx € S.

Then there are neighbourhoods Uy, Uy of the point 0 and a C1-diffeomorphism

F such that
(a) F(Q71(0)nU1) € g~1(0) N Ua;

(b) F(0) =0, DF(0) = I.

Moreover if we assume the condition

Q(yn) — 0 implies dist (yp, P) — 0

for || yn ||= 1 and n — oo,

(©)

then in (a) we have the equality.

Here Int A is the interior of the set A; dist (A, B) is the distance of the sets A, B.

PROOF OF THEOREM 4.1: Let us put N(z) = ”g“f:;g((;))” - h(x). By the assump-

tions of the theorem we have

N(z) is a C'-map, || N(z) ||< M, || DzN() |< M
for some M > 0 and any = € H.

(6)
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We consider the following initial value problem

M Y/ (z,7) = %Yt(:v,r) = h(z,r)- N(Yt(:v,r))

Yo(z,r) =2, r > 0,

where h(x,r) = h(x - r)(r-z,--- ,r-x)/r, and h(z)(z,--- ,x) we obtain by the
Taylor’s theorem

g(w) = Q(.”L‘) + B(‘T)(xv L),
where h is an i-linear C* L map, h(0) = 0.
Then there exist M, 79 > 0 such that

(7) A, )| < M - |r]

for |r| < 7 and || z ||< R. We can consider R > 3.

Lemma 4.2. There exist constants Mo, r1 > 0 such that
Yi(z,r) € B, || Yi(x,7) —x |< My - |r|

for | x |< R/2, |r| < r1 and |t] < 2.
PROOF OF LEMMA 4.2: The assertion is a consequence of (6), (7). O

We put
Vi ={z eV |dist(z, P) <ro/2}.

Then V; is open and P C Vj.
Proposition 4.3. Ifz ¢ Vi, || z |= 1 then dist (z,Q71(0)) > ro/4.
PROOF OF PROPOSITION 4.3: Let y € P. We can assume that (x,y) > 0, since
+y € P. Then we have for any t € R
|z —t-y =t —2tz,y) +1> 1 - (z,y)
=1+ @) 1-(z,9)>1-(xy)
=llz—yl® /2= r§/8 > 1§/16.

This completes the proof. O
As a consequence of Lemma 4.2 and Proposition 4.3 we obtain

Lemma 4.4. There exists ¥ > 0(F < r1,r9) such that if x € Vi N dBy then
Yi(z,r) € V, and if x ¢ Vi, € OBy then Yi(z,r) ¢ Q~1(0) for any t, |t| < 2 and
r, |r] < T.

We put

Fa)=llz | Yi(z/ 2]l =] )
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for x # 0 and F'(0) = 0. By Lemma 4.2 we have

) DF(0) = I, (I = Identity).

From the equation (I) we obtain
X{(x,r) = Dgh(z,r) - N(Yi(z, 7)) + h(z,r) - Do N (Yi(z,7)) - X¢(w,7)
Xo(z,r) =1,

where X¢(z,7) = DzYi(x,7). Since N satisfies (6) and Dyh(z,r) — 0 uniformly
with respect to x, | z ||< 2 if » — 0, applying the Gronwall’s lemma we obtain

9) (Xi(z,r)—1) =0
uniformly with respect to z, || z [|[< 2 if r — 0.
We put

e(z,r) =Yi(z,1) — 2.
Then we have
F(a) = ot | @ -e(a/ 2,2 ).
Hence

DoF(@)o = v+ (/| @l vy -e(a/ 2| )l o )+
s Le(a/ Nl lal) (o= ta/ o) -a/ 2] )+

d
+(2.0) - —e(a/ x|l ])).
By (8), (9) it follows
v—DgF(z)v —0
uniformly with respect to v as * — 0. Hence F' is a local diffeomorphism at 0.
By Lemma 4.4 we have

d
Q@)+t h(e,r) = Q(¥ilw, 1) ) = h(.7) — he,r) =0
forz € ViNIBy, r < T.

Hence for x such that z/ || z ||€ V1 and || z ||< 7, we have

9(x) = Q(F(x)).

On the other hand, Lemma 4.4 also implies

F(z) ¢ Q71(0)

ifz/|zl¢ Vi, [lz|<T i
Concerning the map F~! = F we obtain immediately the first assertion of the
theorem. ~

To prove the last part of the theorem, assume x € g~1(0) NUs and = ¢ F(Q‘1 N
U1). Then g(z) = 0, F(z) ¢ Q1(0). This implies 2/ ||  ||¢ V1. On the other
hand, 0 = g(z) = Q(z) + h(z)(z,--- ,x). Hence 0 = Q(z/ || z [|) + O(|| « [|). By
(C) we have |Q(y)| > ¢ > 0Vy ¢ Vi, y € 0B1. We arrive at the contradiction for
Uy small.
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Remark 4.5. 1. If | grad Q(z) ||> ¢ > 0 for any z, ||  ||= 1 then we obtain again
the Kuiper’s lemma (see the assertion 2 of Theorem 4.6).

2. If H is a finite dimensional space then we have Theorem 1.3 from
[2] for functions (see Remark 4.9).

Now we consider a map g(z) = Q(x) + h(x), where g: H; — Ho is a map which
has the same properties as in Theorem 4.1 where we considered the case Hy = R;
Hy, Hy are Hilbert spaces. But instead of the assumption (iii) of Theorem 4.1 we
assume

DQ(z) is surjective and || DQ(z)v ||> 1o for any
(10) x € S and v such that
|l v]|=1 and vl ker DQ(z).

By using (10) there exists ¢ > 0 such that we can find for any y € S the linear
mapping B(y): He — Hj satisfying DQ(y) - B(y) = I and | B(y) ||< ¢, im B(y) =
(ker DQ(y)) ™, | DyB(y) |I< c.

We put N(z,r) = B(z) - h(z,r) - h(x), where h(z,r) is defined as in the proof
of Theorem 4.1. Then DQ(x) - N(z,r) = h(z,r) - h(z) and we see that for the
map g: Hi — Hg possessing the above properties we obtain a similar theorem as
Theorem 4.1. Indeed, we consider instead of (I) the following equation

Yt/(xv T‘) = N(CL‘,T)
Yo(z,r) =2, r > 0,

and we can repeat the above proof. We summarize our results in the following
theorem.

Theorem 4.6. Let Hy, Hy be Hilbert spaces. Consider g: Hy — Hj a Ck—map,
k>3 and g(0) = Dg(0) = --- = D" 1g(0) =0, 2 < i < k. Let Q be the i-form

Q) = = - Dig(0)(a,- - 2.

2!

We assume that there exist an open set S and a number ry > 0 such that

(i) S has the property B with a function h;
(ii)) P={z| |lz||=1,Q(x)=0}C Int{z |h(z)=1} =V
dist (V '\ V, P) > ro;
(iii) || DQ(z)v ||> ro, DQ(x) is surjective for any = € S and
v, || v]|=1, vLker DQ(z).
Then
1. There are neighbourhoods Uy, Us of the point 0 and a Cl-diffeomorphism F
such that
(a) F(QT1(0)nU1) C g=(0) N Ug;
(b) F(0)=0, DF(0) =1.

653
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Moreover if we assume the condition

Q(yn) — 0 implies dist (yp, P) — 0

for any || yn ||=1 and n — cc.

(©)

Then in (a) we have the equality.

2. If the assumption (iii) is satisfied for any x, | = ||= 1, i.e. By C S in (iii).
Then g(F(x)) = Q(x) for any « € U;. For this case we do not assume the conditions
(i), (1).

PROOF: It remains to prove the statement 2. Since Q(t-y) = t' - Q(y) we have
DQ(t-y) =t"~1. DQ(y). Thus we establish the assumptions (i), (ii) by taking
S={t-z| lzl=11te(1/2,2)}
hix) = f(l = |*),
where f: R — [0,1] is C°°-smooth, supp f C (1/4,4) and

f(z) =1Vz €[9/16,16/9).

Corollary 4.7. Let g: H — R¥ be a C3-map and g(0) = Dg(0) = 0. Let

D2(0)(u,v) = ((Aru,v), (Azu,v), -+, (Agu, ),
where A;: H — H are continuous linear maps. If there exists rg > 0 such that
| det(A;u, Aju)| > 7o

for any u € H such that || u |= 1. Then g is C'-right equivalent to the map

fla) = %((Alx,x), (Agz, ), - - - ,(Akx,x)).

Remark 4.8. This corollary generalizes the Morse-Palais lemma [1].

Remark 4.9. The condition (C) of Theorems 4.1-2 is always satisfied for finite
dimensional cases. The assumptions (i), (ii) of Theorems 4.1-2 are satisfied for
finite dimensional cases provided P C S. Indeed, by using the partion of unity
theorem [4, p. 377], we can construct such a function h. On the other hand, the
assumptions of these theorems implies P C S. For infinite dimensional cases, the
last assumption of the definition of the property B is problematic by using the
partion of unity theorem. The author does not know whether the condition

P C S, dist(S\S,P)>cy>0

will already imply the existence of such a function h. These conditions remind the
well-known (P.S.) condition for variational problems [3].
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