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On the existence of weak solutions for degenerate
systems of variational inequalities with critical growth

MARTIN FucHS

Abstract. We prove the existence of solutions to systems of degenerate variational in-
equalities.
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In this note we give a short proof of the following Theorem obtained in [1] not
relying on the partial regularity theory.

Theorem. Suppose that  C R" is a bounded open set and that p € (1,00)
is given. For a continuous function f : O x RN x R™ — RN we consider the
variational inequality

find u € K such that
V) Jo IVulP=2Vu - V(v —u)de > [q f(u,Vu) - (v —u)de
holds for all v € K

where the class K is defined as {v € H'"P(Q,RN) : v = ug on 90, v(zx) € K}.
Here K denotes the closure of a convex bounded open set in RY with the boundary
of class C? and g is a given function in HP(Q, RN) such that ug(Q) C K. Then,
if f satisfies the growth estimate

(1) |f(2,y,Q)] <a-|QF
for some constant a > 0 and if in addition
(2) a <1/diam K

holds, problem (V) admits at least one solution u € K.

As shown in [1] we obtain as a
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Corollary. If ug € HYP(Q,RN) N L™ is given and if f satisfies (1) as well as
a< m , then the Dirichlet problem

{ _8a( |Vu|p_28au) = f('vua vu) on Qa
uw=ug on oS
has at least one weak solution u € HVP(Q,RN) N L.

In the quadratic case p = 2 the above Theorem is due to Hildebrandt and
Widman [5] but we did not succeed to extend their method to general p. Our
proof (working for all p) is based on a compensated compactness type lemma
demonstrated in [2] with basic ideas taken from Landes paper [6].

Lemma. Suppose that we have weak convergence u,, — u in the space
HY(Q,RN). Then there is a subsequence {i,,} such that |Viiy,|P~2Viiy, —

_p_
|VulP~2Vu weakly in L»—1(Q,R™) and Vi, — Vu pointwise a.e. provided we
know

/Q \Vum|P~2 Vg, - Vodr < ¢ |¢lloo
for all p € C§(9, RYN) with 0 < ¢ < oo independent of m and . O

‘We now come to the

PROOF OF THE THEOREM: For m € N let

fm : O x RY x RV o RV

f(z,y,Q): if | f(z,y,Q)] <m
fm(@,9,Q) = { |f(fo7Q_)| - f(z,y,Q) else

and consider the approximate problem
find w € K such that

(V)m Jo IV0P=2Vw - V(v —w)dz > [q fm(sw, V) - (v — w) dz
holds for all v € K.

As shown in [1] the existence of solutions uy, to (V) can be deduced from
Schauder’s fixed point theorem. Recalling (1), (2) and the definition of f,, we
infer

(1 —a-diam K)-/ |Vt |P da g/ |V [P~ - [Vug) - de
Q Q
so that sup,, [[um| g1.p(q) < 0o. Thus we may assume

Um — u  in HYP(Q,RN)
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at least for a subsequence. In order to proceed further we linearize the varia-
tional inequality (V);,, making use of the fact that K is of class C2. As in [3,
Theorem 2.1, 2.2] we get for all 1) € C§(Q2,R"Y)

Um, -2 Um, * — Jm{H Um, VUm) - x
) {fg(lv (P72 Vg, - Vo = fon (- tm, Vum) - ) d

= fm[umeaK] V- N(um) bm (-, um, Vum) dz

where N (y) is the interior normal field of 9K and by, (-, um, Vuy,) has the prop-
erties

b (s U, V) > 0 a.e. on [uy, € 0K],
<

b (4, um, Vum) < a- |[Vum|P

with @ > 0 independent of m. Now we are in the position to apply the Lemma
and deduce

(4) / [Vt P72 Vi, - Vi do — / IVulP~2 Vu - Vi da
Q Q
(after selecting a suitable subsequence). We claim

5) [ s V) e = [ 0.V v,
To prove this we observe

(x, Um (), Vum (w)) — (:v, u(x), Vu(x))
for almost all = € Q, especially
fCoum, Vup) — f(,u, Vu) ae.

But for points x € (2 with the property that a finite limit
limyy—oo f (2, um(z), Vum () exists, we clearly have

fm (:17, um (), Vum(:zr)) = f(x, um(x), Vum(x))
for m >> 1, in conclusion fn, (-, tm, Vum) — f(-,u, Vu) a.e. On the other hand

the uniform growth estimate | fp, (2, y, Q)| < a-|Q|P combined with the smallness
condition (2) implies Caccioppli’s inequality

/ [Vum|P dz < - R_p/ |um — (um)R|p dx
Bry2 Br
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for any ball Br C Q2 with p independent of m. From this we easily get

sup |\Vum||Lq(Q/) < 0
m

for any subregion Q' CC € and with ¢ slightly larger as p. After passing to
a subsequence we may therefore assume

fm('a Um, Vum) g

weakly in the space Lilo/f (Q, RN ) for some function g. Using Egoroff’s Theorem
we find g = f(, u, Vu) which proves (5).
Next we look at the remaining integral

/ - N(um) - om (-, um, Vum) dx := I,
[um €K

and specialize 1) = v — u where v € K is arbitrary but with the property spt (v —
u) CC Q. (Note that (4), (5) remain valid). We have

W= (0= ) Aam) bt V)
[um €OK|Nspt (v—u)

+ / (um — u) - N(um) - b (-, um, Vum) dz
[um €OK|Nspt (v—u)

= I} +12,
I >0 an account of (v — um) - N(um) > 0 a.e. on [um, € K] Nspt (v —u) (due

to the convexity of K) and

|12 g/ - |VumP [um — u| dx
spt (u—v)

sa (/spt (u—v) |vum|qd:€)p/q ' (/spt (u—v) i = M# dx)l_p/q

——0,
m—00

since || V|| is uniformly bounded and

L4 (spt (u—v))

/ [t — u|ﬁ dx < const(q,p,diam K) - / | — ulP de — 0.
spt (u—v) spt (u—v)

Putting together our results we arrive at

(6) /Q|Vu|p_2Vu-V(v—u)dx2/Qf(-,u,Vu)-(U—u)dx
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for all v € K such that spt (u — v) CC Q. We have to remove the support
condition on v € K. To this purpose consider an arbitrary function v € K. Then

v—u € ﬁll’p(Q,RN) so that there is a sequence wp, € C§°(Q,RY) such that
wy, — v — u in the strong topology of the space HLP(Q,RN). Let F : RN — K
denote the projection onto the set K. Then vy, := F(u+wyy,) belongs to the class
K, moreover (6) is valid for vy,. It is easy to check that

vm — F(v) = v

weakly in H1P(Q,RYV), hence
/ \VulP~2Vu - V(vm —u) de — / VulP~2Vu - V(v — u) dz.
Q Q

After passing to a subsequence we may assume v, — v a.e. on €2 and since
| u, V)| - [um — u| < a-diam K - |[VulP € L1(Q)

we deduce from dominated convergence that
[ 650 = e = [ 1w Vi) (0= 0o
Q Q

so that w is a solution of the variational inequality (V). O
From [4] we get in addition

Corollary. Letu denote the solution of (V) obtained in the Theorem. Then there
is a relatively closed set ¥ C Q such that u € CH*(Q — %) for some 0 < o < 1
and H"P(X) = 0.
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