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Analytic nonregular cocycles over irrational rotations

M. LEMANCZYK*

Abstract. Analytic cocycles of type 11y over an irrational rotation are constructed and
an example of that type is given, where all corresponding special flows are weakly mixing.
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Introduction

Assume that T : (X, B, u) — (X, B, ) is an ergodic automorphism of a stan-
dard Borel space. Each measurable function f : X — R is called a cocy-
cle. In fact, the cocycle corresponding to f and a Z-action of T' is defined as
FM(z) = 28_1 F(TFz) it n > 0 and f)(z) = =S L F(Thz) if n < 0. Let
R = R U {co} be the one-point Alexandroff compactification of R. Then r € R
is said to be an extended essential value of f (see [9]) if for each open neighbour-
hood U(r) of r (in R) and an arbitrary set C of positive measure, there exists an

integer n such that
uCNT™CN{zeX: fM(z)eU)}) > 0.

The set of extended essential values will be denoted by E(f). The set E(f) =
E(f) N R is called the set of essential values of f and it is a closed subgroup of
R. The skew product

Ty (X xR,B,a) — (X xR, B, ), Ty(x,r)=(Tz, f(z)+r)

is said to be a cylinder flow. Here by i we denoted the product measure of
1 and infinite Lebesgue measure A on the line. A cylinder flow is ergodic iff
E(f) =R (]9)]); in this case the cocycle f will be called ergodic. A necessary
condition for an integrable f to be ergodic is | x fdu = 0. One case, where Ty
is far from being ergodic is the case of f coboundary, i.e. f equal to g — ¢7T for
a certain measurable g : X — R. One has f is a coboundary iff E(f) = {0}.
It may happen that E(f) is {0} but f is not a coboundary. According to [9],
such cocycles are said to be of type I1Iy. A cocycle f is said to be regular if the
quotient cocycle f*: X — R/FE(f) is a coboundary. It is not hard to see that
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nonregular cocycles are exactly those of type I11y. It is also clear that a cocycle
f is a coboundary if and only if co ¢ E(f) (that is there exists a set B of positive
measure and a compact set K in R such that f(")(z) € K whenever z, T"z € B).

In this note, we introduce a subclass of type I1Iy cocycles namely those with
unbounded gaps. This gives rise to a new condition for a real cocycle to be
nonregular. Using it and the idea of almost analytic constructions from [7] we
conclude with constructions of analytic cocycles of type I11j.

As an application, we give an answer to A. Katok’s question. Given an ergodic
automorphism 7" and a real zero mean cocycle f which is assumed to be in LT,
A. Katok in [4, Section 12.4] considers the special flows over T built under the
function fj,; = f+2mak+ 27l for any integers k and I (here we assume that e2mia
is an eigenvalue of 7" and that f,; is positive). If the cylinder flow T is ergodic
then all these flows are weakly mixing. According to [2] an ergodic real cocycle
is weakly mixing (meaning no L°°-eigenfunctions for 7') iff the only measurable
solution ¢ : T — T to the equation

; Tzx)
1 e27rzrf(:c) _ 05(
o @)
where r € R, |c| = exists for r = and then ¢ must be an eigenvalue o
h R 1 i fi 0 d th b i 1 f

T). Examples of ergodic weak mixing cocycles are contained in [2] (such are,
for example, all ergodic squashable cocycles). A. Katok asks whether it is pos-
sible to have a nonergodic cocycle f such that (1) has no nontrivial solution. If
E(f) = rZ with r # 0 then f is necessarily regular and it follows from [9] that
f is cohomologous to a cocycle taking values in 7Z, whence we have a solution
to (1) for 1/r and ¢ = 1. Combining our methods of constructing nonregular
cocycles and [7] we obtain however that there exist type I1Iy analytic cocycles
over certain irrational rotations for which there is no nontrivial solution of (1)
and in particular, an answer to the Katok’s question is obtained (see also [1], [3],
from which one can deduce a similar answer but only for the case ¢ = 1).

A complete discussion of the existence of smooth type I1Iy cocycles over an
irrational rotation is given in [10].

1. Type IIly cocycles. A general condition

Let 7 : (Y,C,v) — (Y,C,v) be an ergodic automorphism and f : ¥ —
R a cocycle. Then f is called a cocycle with unbounded gaps if there exists
a sequence of open intervals P, such that |P,| — oo and

(P : yeY keZyn Py =0

for all n > 1.
Let T: (X, B,u) — (X, B, i) be an ergodic automorphism. Denote by

R(T) = {(z,T*z) : z € X, ke Z}
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the relation generated by T'. An orbit cocycle is any measurable map ¢ : R(T) —
R satisfying
QB((E, y) + (ﬁ(yu Z) - QB((E, Z) =0

for all (z,y), (y,2) € R(T) (¢(z, T"z) = ¢ (), for a measurable ¢ : X — R
is an example of an orbit cocycle). If B € B then put

Re(T)=R(T)N B x B.
The corresponding restricted orbit cocycle g is defined as

B = lRp(T)

Lemma 1. Let ¢ : X — R be a cocycle. If there exists B € B such that the

restricted orbit cocycle ¢p is a cocycle with unbounded gaps then ¢ is of type
111y provided that it is not a coboundary.

PROOF: Suppose that » € R\ {0} is an essential value of p. Choose n so that
there exists an integer [ satisfying Ir € P,. Now, Ir € E(p) so given € > 0 there
exists N such that

wW(BNTNBN ™) € B(ir,e))) >0

which leads to an easy contradiction with the fact that ¢ has unbounded gaps.
d

Proposition 1. Suppose that T : (X,B,u) — (X, B,u) is ergodic and that
¢ : X — R is a cocycle whose certain restriction has unbounded gaps. Then

sup ({u(B) : B € B, ¢p has unbounded gaps}) = 1.

PRrROOF: Fix € > 0 and let C' € B, u(C) > 0 be such that p¢ has unbounded
gaps with a sequence (P,), P, = (an, bn) of the corresponding intervals. Since T'
is ergodic, we can find K > 1 so that if we put B; = Ufigl T'C then u(B1) >
1—¢/2. Consider 90(8), s=—-K,...,0,...,K as 2K + 1 measurable functions on
X. Then we can find a constant W > 0 and a set Y C X such that p(Y) > 1—¢/2
and

(2) o) ()| <W forall yeY and s=-K,... K.

Finally put B = By NY. It remains to show that ¢p has unbounded gaps.
Suppose that z, 7Nz € B. If [N| < K then |o)(z)| is simply bounded by
W since z € Y. We can hence suppose that [N| > K. We have z € T'C,
TNz € TIC, where 0 < i,5j < K —1. Since |[N| > K, the signs of N and N +i—j
are the same and

oW (@) = NI ) + oD (@) — oI N),
where z = T~z € C and TNT=J(2) = TVN=Jz € C. Since at the same time

z, TNz € Y, it follows from (2) that ¢ has unbounded gaps with a corresponding
sequence (Qn)n>ng, Where Qn = (an + 2W, by, — 2W) for n large enough. O

729



730

M. Lemanczyk

Remark 1. In the next section, we will construct some type 11y cocycles, where
the supremum in Proposition 1 is achieved (i.e. ¢ itself is a cocycle with unbounded
gaps). In general however the supremum is not achieved (we will construct type
111 analytic, hence continuous cocycles over irrational rotations and such cocy-
cles cannot have unbounded gaps).

Notice that if a restriction ¢ g of a cocycle ¢ has unbounded gaps then for each
cohomologous cocycle ¢ = ¢ + f — fT and € > 0 we can find a subset B: C B
with p(Be) > (1 — £)u(B) and such that ¥5_ has unbounded gaps.

Remark 2. For ¢ € L(X, ) recurrent (i.e. ¢ of zero mean), T. Hamachi has
found examples of type 111y cocycles whose no restriction has unbounded gaps.

Notice moreover that since the notion of a cocycle is in fact a notion depending
only on orbits of T, by a standard argument involving Dye theorem, we obtain
that each ergodic automorphism admits a recurrent cocycle with unbounded gaps
once there exists an ergodic automorphism with such a property. In the next
section we slightly strengthen this observation.

2. Abstract constructions of nonregular cocycles

First construction. We will now present a detailed construction of a cocycle
with unbounded gaps over T admitting a special sequence of Rokhlin towers. This
can be directly applied to any irrational rotation by «, where o has unbounded
partial quotients (see Appendix in [6]). An advantage of this kind of constructions
is that if « is sufficiently fast approximated by rationals then cocycles similar to
those presented below are cohomologous to smooth ones ([6], [7]).

Step 1. Given a; € Rt and n1 > 2, n; € N, denote
Ey ={0,+aq,... ,+nja1}.
Let b1 > 0 be a number which is a multiple of any element of F1.

Step 2. Given as € RT and ny > 2, ny € N satisfying certain additional
conditions, denote

Ey={e1tjag: j=0,...,n9, e; € E1}.
We require that for each ey € F1 and j =1,... ,ng,
ler £ jag| > b1.
Finally, fix a positive number bg which is a multiple of all elements of Fs.

Step k + 1. Given a1 € R" and npy1 > 2, npy1 € N satisfying certain
additional conditions, denote

Eppr={ex £ jagr1: j=0,... ,npy1, ep € By}
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We require that for each e, € By and j =1,... ,ngyq,

(3) |6k :I:jak+1| > bk'

Finally, fix a positive number b, which is a multiple of all elements of Fj ;.
By the construction, we obtain that

FiCcEyC...CE,C..., E>1

Moreover, in view of (3), for each k > 2, a,b € E},
1
(4) la = bl = Sbg—1

if a # b and either a ¢ Ej,_1 or b ¢ Fj_q.

Assume that T : (X, B, u) — (X, B, ) is an ergodic automorphism of a stan-
dard probability Borel space. We assume that 7' admits a special sequence of
Rokhlin towers

Ry = {1, TIy, ..., T% 1.} (k>1),

where u(Ugial T',) > 1 — ¢}, with g, — 0; moreover

L= 0P u. 0¥ (adisjoint union),
where T Ji(k) = Ji(f_)l fori=0,1,...,n. Furthermore, we assume that

Ik—i—l C Jék), k>1.

Definition of a real cocycle. For each k > 1 let ¢, : X — R be defined by
the following formula

0 ze g

ag xEJl(k)U...UJ,(LIz)

—Ngag T e J(k)

Nk +1
0 otherwise.

Finally, put

p@) =Y er(x), zeX.

k>1

Notice that ¢} ’s have disjoint supports, so ¢ is a well defined real cocycle. Denote

qr—1
By= | 7@\ 28 uI® ).
i=1

Clearly, u(By) > 1 — (e + 72 + 2-)-
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Proposition 2. Assume that n;, — oo. If (q;) is a rigidity time for T (i.e. if
fT9% — f — 0 in measure for each measurable f : X — R) such that for each

k>1 1
> <3
i>1 Qk-‘rz
then ¢ is not a coboundary.
ProoF: We have that 901(9%) =aqap on By, whileforalli=1,... /k—landz € X

we have ZZ 1 ng )(x) € Ey_1. Hence

Zcp q" x)| >ap —supEp_1 >b,_1>1 on By.

I(H_z = 0 on a set of measure at least 1 — qu’j_l Hence,

because of our standing assumption ()~ gok_H-)(qk) = 0 on a set of measure at

For each 7 > 1 the cocycle ¢

least 1/2. Since the measure of By, tends to 1, w(qk) does not go to zero in measure,
so ¢ cannot be a coboundary. (]

Proposition 3. Under the assumptions of Proposition 2, ¢ is of type 111y. In
fact  itself is a cocycle with unbounded gaps.

PROOF: A simple use of Borel-Cantelli lemma shows that given N for a.e. x € X
there exists k = k(x) such that cp(N)( ) =0 for all i > 1 (i.e. with probability 1,
the trajectory z,...,TN~1z does not cross I+ ;). We have then that o) (x) =

Zl 1 902 (:v), whence (V) () € E;. We have shown that (") takes values
only in ngl Ey. Tt follows now from (4) that ¢ has unbounded gaps. ([

Second construction. We assume now that 7' : (X,B,u) — (X,B,u) is an
ergodic automorphism. Let a; € RT and put Iy = {—a1,0,a1}. Suppose that
sets F; = {—a;,0,a;} with a; € R*, i = 1,... ,n are already defined. Choose
ant1 € RT so that

(5) inf |tant1 —en| >n+1,

en€Fbn

where B, = F1+...+ Fy. Let (hy) be an increasing sequence of natural numbers
such that

1 1
hn—i—l hn+2

Given n, find a Rokhlin tower R, of height A, i.e.

(6) hn ( +...)—0.

Ry = (In,Tly, ..., TP 11,
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with p(J;2 ”_1 T'I,) > 1 —1/2". Finally define (a coboundary)

an if e Thn/2,
on(z) =< —a, if zeTh 1],
0 otherwise.

It follows from (6) that 3, ~; pu(supp ¢n) < 400 hence by Borel-Cantelli lemma
the cocycle p(z) = 3, ~; pn(7) is well-defined and moreover for a.e. v € X and

all N € Z, o) (2) e Ug>1 E- Therefore, in view of (5), ¢ has unbounded gaps.
Notice however that if we represent

(p([hn/ﬂ (z) = ¢(hn/2] (x )_|_1/}(hn/2 (x),

where

=Y (@) and da@)= > @p(x)
k=1

k>n+1

then wgh"/z])(x) > ap —sup E,_1 > n for z from a set of measure at least 1/3
while

[hn /2]
supp (") J T*(suppgni1UsuppgniaU...).
=—[hn /2]

Hence, p(supp wé[h”/z])) < 2hn(f =+ hn1+2 +...) and in view of (6) we conclude

that cp([h”/ 2) is bigger that n on a set of measure at least 1/4 and therefore ¢
cannot be a coboundary.
Notice that if in addition

(7) ZZ—”<+OO

n>1""

then the ¢ which we construct is integrable. Therefore

Proposition 4. For each ergodic automorphism T’ there exists a recurrent cocy-
cle p € LY(X, 1) which is of type II1Iy and of unbounded gaps.
O

Remark 3. We can easily strengthen the above result to each LP(X, i), p < 400,
while for p = 400 it is no longer true (obviously, ¢ with zero mean bounded as
a function cannot have unbounded gaps as a cocycle unless it is a coboundary).
However, using well-known results concerning cohomology of L!-cocycles with
bounded ones (e.g. [4], see also [5]), we obtain that each ergodic T' admits a recur-
rent cocycle bounded as a function and whose certain restriction has unbounded

gaps.
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3. Nonregular analytic cocycles over irrational rotations

In Construction 1 of the previous section there is a lot of freedom. Our idea
was to construct ¢ as a series of coboundaries ) ;< ¢, in such a way that <p(N)

takes values in Uk21 E;. and Fj. is a set of the form Fy + ...+ Fj, where Fs is

a (finite) set of the values assumed by wéN), N € Z. In such a construction if we

know that the smallest nonzero value in Fj, is much bigger than the sup Ej_1 we
are sure that ¢ is a cocycle with unbounded gaps. Therefore, if in Construction 1

we play with values
(k) (k)
ag e Oy i1

is the constant value of ¢y on Ji(k)

(%)

where a, ,t=0,...,n; + 1 with

nk—i-l
S0, o =0
=0

then we will obtain a cocycle with unbounded gaps whenever the smallest nonzero
value from Fj, := {>°7__ az(.k) 2 8,7 > 0} (if j < s this sum is understood as the
sum from s to nj + 1 and then from 0 to j) will be sufficiently big with respect
to any number from Ej_1. Obviously many of the agk)’s can be equal to zero. It
is now clear that a construction of nonregular cocycles can be carried out using
the idea of an a.a.c.c.p. from [7] (with (g) a subsequence of denominators of an
irrational number a). As a corollary, we obtain that

Corollary 1. If « can be approximated sufficiently fast by rationals (so that
irrational rotation by o admits an a.a.c.c.p. construction) then for the rotation
by « there exists an analytic type 111y cocycle. (|

In [7], there is a construction of an analytic real cocycle f such that the cor-
responding special flows are weakly mixing. In fact, it is clear from the proof of
Proposition 3 of that paper that f itself is weakly mixing (i.e. (1) is satisfied). It
is also easy to see that there is no special restriction on the growth of the param-
eters in the corresponding a.a.c.c.p.. This gives rise to the proof of the following
proposition (which, in particular is an answer to the Katok’s question).

Proposition 5. There is an irrational rotation T and an analytic type 111
cocycle [ such that the only measurable solution & : T — T to the equation

2mir f(x) _ c§(T$)
§(x)

exists only for r = 0. (]

e
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