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Forcing countable networks for spaces
satisfying R(X%) = w

1. JuHASZ, L. SOUKUP, Z. SZENTMIKLOSSY

Abstract. We show that all finite powers of a Hausdorff space X do not contain un-
countable weakly separated subspaces iff there is a c.c.c poset P such that in VE X is a
countable union of 0-dimensional subspaces of countable weight. We also show that this
theorem is sharp in two different senses: (i) we cannot get rid of using generic extensions,
(ii) we have to consider all finite powers of X.

Keywords: net weight, weakly separated, Martin’s Axiom, forcing

Classification: 54A25, 03E35

1. Introduction

We use standard topological notation and terminology throughout, cf. [4]. The
following definitions are less well-known.

Definition 1.1. Given a topological space (X, 7) and a subspace Y C X a func-
tion f is called a neighbourhood assignment on' Y iff f : Y — 7 and y € f(y) for
eachy €Y.

Definition 1.2. A space Y is weakly separated if there is a neighbourhood as-
signment f on Y such that

Vy#zeY (y¢ f(z)Vzég fy),

moreover

R(X) =sup{|Y]: Y C X is weakly separated}.

The notion of weakly separated spaces and the cardinal function R were in-
troduced by Tkacenko in [7], where the following question was also raised: does
R(X“) = w (or even R(X) = w) imply that X has a countable network (i.e.
nw(X) = w)? (Note that R(X“) = w is equivalent to R(X") = w for all n € w,
moreover nw(X) = w implies R(X“) = nw(X“) = w.) Several consistent coun-
terexamples to this were given, e.g. in [1], [2], [5] and [8, p.43], but no ZFC
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counterexample is known. (In [8] it is stated that under PFA the implication is
valid, but no proof is given.) The counterexamples given in [5] and [8] from CH
are also first countable.

Our main result here says that, at least for T5 spaces, a weaker version of
Tkacenko’s conjecture is valid, namely R(X“) = w implies that nw(X) = w holds
in a suitable c.c.c and hence cardinal preserving generic extension! In fact, in this
extension X becomes o-second countable, i.e. X is the union of countably many
subspaces of countable weight.

In Section 3 we show that the main result is sharp in different senses. Firstly,
we force, for every natural number n, a 0-dimensional, first countable space X
such that R(X") = w, but nw(X) > w in any cardinal preserving extension of the
ground model. Secondly, we construct in ZFC a 0-dimensional T3 space X such
that x(X) = nw(X) = w but X is not o-second countable.

It easily follows from the proof of our main result that if MA, holds and X
is a Hausdorff space with |X| + w(X) < &, then R(X“) = w if and only if X is
o-second countable. We also prove that MA(Cohen) is not enough to yield this
equivalence. To do this we use a result of Shelah (the proof of which presented
here with his kind permission) saying that in any generic extension by Cohen
reals the ideal of the first category subspaces of a space from the ground model
is generated by the subspaces of first category from the ground model.

2. The main result

Theorem 2.1. Given a Hausdorff topological space X the following are equiva-
lent:
(1) R(X¥) = w,
(2) there is a c.c.c poset P such that VF = “aw(X) = w?”,
(3) there is a c.c.c poset P such that
VP = “X is a countable union of 0-dimensional subspaces of countable
weight.”
PROOF: Since the implications (3) = (2) = (1) are clear, it remains to prove
only that (1) implies (3). So assume that X is Hausdorff with R(X“) = w, and
fix a base B of X and a well-ordering < on X U B.

The space X contains at most countably many isolated points by R(X) = w, so
it is enough to force an appropriate partition of X', the set of non-isolated points
of X. We say that a 4-tuple (A,U, f,g) is in P provided (i)—(v) below hold:

(i) Ae[X ]<w and U € [B] <
(ii) f and g are functions,

i) frA-w, g: U - wxXw,

(iv) if g(U) = (n,i) and f(xr) = n then # ¢ (U \ U) whenever x € A and
Uel,

(v) if g(U) = g(V) = (n,4) and f(z) = n then = € U iff © € V whenever
re€Aand UV €U.
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Our idea is that f will guess the partition of X’ into countably many pieces,
{Fn :n <w};if g(U) = (n,i) then UN F, will be clopen in the subspace Fy,, and
g(U) = g(V)) = (n,i) implies U N F}, = V N F,. Consequently, each Fj, will have
a countable clopen base.

For p € P we write p = (AP,UP, fP gP). If p,q € P we set p < q iff fP D f49
and ¢gP D g%.

Two conditions p and ¢ from P are called twins provided |AP| = |A9|, |UP| =
[4?| and denoting by 7 and by ¢ the unique <-preserving bijections between AP
and A9, and between UP and U9, respectively, we have

(1) n[AP N A = id, o[UP NUT = id,

(2) Vo e AP fP(x) = fi(n(x)),

(3) YU eUP gP(U) = g%(e(U)),

(4) Vo € AP VU e UP (z € U iff n(x) € o(U), and = € U iff n(z) € o(U)).
Lemma 2.2. P = (P, <) satisfies c.c.c.
PROOF OF LEMMA 2.2: Let {po : @ < w1} C P. Write po = (A%, U, f%, ).
Using standard A-system and counting arguments we can assume that these con-
ditions are pairwise twins. Let & = |A%| and {an; : @ < k} be the <-increasing
enumeration of A%. For each v < w1 and i < k put

UL, ={U €U :35 g*(U) = (f*(aa,i),J) A, € U},
Ui ={U €U 35 g*(U) = (f*(aai),J) N, ¢ U},

and finally
Vai=(WU:U e }n(UX\T:U<cU,;}.

By (iv) we have an; ¢ U for U € L{é 4150 aq; € Vo ;. Since R(X*) = w there are
a < B < wy such that

) aoi € Vg; and ag; € V,; for each i <k.

We claim that po and pg are compatible in P. Let n and ¢ be the functions
witnessing that p, and pg are twins. Put A = AYUAP, U =U*UUP, f = feufP,
g=g"UgPand p= (AU, [,g). Since p, and pg are twins, p satisfies (i)—(iii)
and p < pa,pg- So all we have to do is to show that p satisfies (iv) and (v).

Claim. If U € U0, Ul

07 then aq; € U iff aq; € o(U).
PROOF OF THE CLAIM: We know a,; € U iff ag; € o(U). Thus an; € U implies

that o(U) € Z/lgi and 50 aq; € V3; C o(U). On the other hand, if an; ¢ U, then

ag; ¢ o(U), hence o(U) € L{évi, and 80 aq; € Vg; C X \ o(U), i.e. aq; ¢ o(U).
]
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Now we check (iv). Assume an,; € A%, V € UP with ¢8(v) = (f*(aqa,):1)
and aqn; € V. We have to show that aq,; € V. Since aq; € Vg, by (1), we have
V ¢ Z/{éi. But f*(aa:) = fﬁ(a@i) since po and pg are twins, hence BV =

(P(ag,),1) implies V € U3, UUL ,, 50 V € U ;. Hence a,i € Vs € V by (),
which was to be proved.

Finally we check (v). Assume that an; € A% and U,V € U® UUP are such
that g(U) = g(V) = (f(aa,),!). Define the function o* : U — U by the formula
0" =id[U* U (o)~ . Then aai €U iff ag; € 0" (U) and aq; € V iff ag; € 0%(V)
by the previous claim.

But g(o"(U) = g(U) = 9(V) = g(0*(V)) = {f(aai)sL), 50 au; € o"(U) if
aqi € 0" (V) for pq satisfies (v). Thus an; € U iff ay; € 0*(U) iff an; € 0*(V)
iff a, ; € V, which proves (v).

Now let G be a P-generic filter and let F' = | J{fP:p€ G} and G=|J{¢gP:p €
G}. For n < wlet Fy, = F~1{n}.

Lemma 2.3. dom(F) = X’ and dom(G) = B.

ProOOF: Let p= (A, U, f,g) € P,z € X'\ Aand U € B\U. Let A* = AU {z},
U* = YU {U} and n = maxran(f) + 1. Let dom(f*) = A*, f* O f and
f*(xz) = n, dom(¢*) = U*, ¢" D g and ¢*(U) = (n+1,0). Then it is easy
to check p* = (A*,U*, f*,¢9*) € P and obviously p* < p. So the lemma holds
because a generic filter intersects every dense set. O

For m € w let
By ={UNFy,:Ue€B and GU) = (m,i) for some i€ w}.
Lemma 2.4. By, is a countable, clopen base of the subspace Fy, of X'.

Proor: If U € B, G(U) = (m,i) then U N Fy, is clopen in Fpy, by (iv). If
UV e B, GU) = G(V) = (m,i) then UN Fy, = VN EFy by (v). So By, is
countable.

Finally we show that it is a base of Fj,. So fix x € F,, and V € B with
z e V. Let p= (AU, f,g) € P such that f(z) = m. Since X is Hausdorff
and z is non-isolated in X, we can choose U € B\ U such that x € U C V and
UNnA={z}.

Let U* =U U {U}. Define the function ¢* : U* — w X w such that ¢* D g and
g*(U) = (m, k) where k = min{l : rang C I x I}. Then p* = (A,U*, f,¢*) is an
extension of p in P and p* I+ x € UNF,,, C VNE, AUNFy, € By,. Consequently,
if plb “x € Fy, NV” then we also have p I+ “3U € By, (x € U C F, NV)”, which
completes the proof. (I

Thus Theorem 2.1 is proved.

It is easy to check that the above proof needs the genericity of G over | X| + | 5|
many dense sets only, and this immediately yields the following result.
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Corollary 2.5. If MAy holds then for a Hausdorff space X with | X|+w(X) <k
the following are equivalent:

(1) R(X¥) = w,

(2) nw(X) = w,

(3) X is the union of countably many 0-dimensional subspaces of countable
weight,

(4) X is the union of countably many separable metrizable subspaces.

3. Sharpness of the main result

Our aim in this section is to examine how sharp the above main result is. The
co-finite topology on any uncountable set X clearly satisfies R(X“) = w, while,
in any extension, nw(X) = | X|. This show that in the proof of (1) — (2) of 2.1
the Hausdorffness of X cannot be replaced by T7.

The next result in this section implies that, at least in ZFC, the exponent w in
proving (1) — (2) in Theorem 2.1 cannot be lowered.

Theorem 3.1. For each uncountable cardinal x and natural number m there is
a c.c.c poset P of cardinality r such that in VP there is a 0-dimensional first
countable topological space X = (r,7) such that R(X™) = w but R(X™+1) = &,
hence nw(X) = k in any cardinal preserving extension.

In [5, Theorem 3.5] we constructed a c.c.c poset (P*, <) which adds to the
ground model a 0-dimensional, first countable topology 7 on  such that R(X%) =
w and w(X) = k for X = (k, 7). The conditions in P* are finite approximations
of the space X and the property R(X“) = w is guaranteed by some A-system and
amalgamation arguments. Here we will use a subset P of P" with the inherited
order. To ensure R(X™+1) = k we thin out P* in the following way. We fix a
family D = {d, : o < K} of pairwise disjoint elements of x™*1 with the intention
to make D discrete in X1, A condition p € P* is put into P if and only if
every neighbourhood given by p witnesses that D is discrete. The main step of the
proof is to show that P is large enough to allow the A-system and amalgamation
arguments to work in showing R(X™) = w.

PrOOF OF THEOREM 3.1: First we recall some definitions and lemmas from the
proof of [5, Theorem 3.5]. A quadruple (4,n, f,g) is said to be in P provided
(a)—(b) below hold:

(a) A€ [n] <w, n € w, f and g are functions,

D) frAXAXxn—2g:AXnxAxn—3,

For p € P§ we write p = (AP, nP, fP,gP). If p,q € P} we set p < qiff fP O f4
and g D gi. If p € Py, a € AP, i < nP we defined U(a,i) = UP(a,i) = {B €
AP fP(B, 1) = 1}.

A quadruple (A,n, f,g) € P§ is put in P* iff (i)—(ii) below are also satisfied:

(i) Vae AVi<j<naeU(wj) CU(ai),
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(i) Va#£ B € AVi,j<n
g(a,i,8,7) = 0if and only if U(a,i) C U(B,7),
g(a,i,6,7) = 1if and only if U(a,7) NU(B,5) = 0,
g(a,i,8,j) =2if a € U(B,7) and 8 € U(q, ).

Definition 3.2 ([5, Definition 3.6]). Assume that p; = <Ai,ni, fi,gi> € Py for
i € 2. We say that pg and p; are twins iff ng = ny, |Ag| = |A1| and taking n = ng
and denoting by ¢ the unique <q,-preserving bijection between Ay and A; we
have
(1) o[AgN Ay = idgona, -
(2) o is an isomorphism between pg and py, i.e. Va, 8 € Ag, Vi,j <n
Jola, B,i) = fi(o(a),0(8),14),
go(a, i, 8,5) = g1(o(),i,0(8), ),
We say that o is the twin function of pg and p;. Define the smashing function &
of pp and p1 as follows: @ = o Uidy,. The function ¢* defined by the formula
oc*=o0Uo ! [A; is called the exchange function of pg and p;.

Definition 3.3 ([5, Definition 3.7]). Assume that pg and p; are twins and ¢ :
APL \ AP0 — 2. A common extension ¢ € P* of pg and p; is called an e-
amalgamation of the twins pg and p; provided

Vae APPAAPY fU(a, 0" (a),1) = e(a(a)).

Lemma 3.4 ([5, Lemma 3.8]). If pg, p1 € P* are twins and ¢ : AP1\ AP0 — 2
then pg and p1 have an e-amalgamation in P*.

In [5] we used the poset P* = (P", <). Here we will apply a subset P of P".
To define it let {dy : @ < k} be a family of pairwise disjoint elements of [Ka} mtl
such that x \ (J{da : @ < K} is still infinite. Write do = {dq 4 : @ < m}.
Definition 3.5. A condition p = (A,n, f,g) € P" is in P iff it satisfies (1) and
(2) below:

(1) do C AordyNA=0 for each o < k;
(2) if « < B <k, dyUdg C A, then there is an i = i, g < m such that
daﬂ' ¢ Up(dﬁﬂ', 0) and dﬁﬂ' ¢ Up(da,i, 0).
Let P = (P, <).

We define X as expected. Let G be a P-generic filter and let F = (J{fP:p €
G}. For each o < k and n € w let V(i) = {8 < k : F(B,,i) = 1}. Put
Bo = {V(a,i) : i < k} and B = |J{Ba : @ < k}. We choose B as the base of
X = (k, 7). By standard density arguments we can see that X is first countable
and 0-dimensional.

It is easy to see that R(X™*1) = &, in fact s(X"*1) = k. Indeed, by 3.5(2),
{do : « < K} is discrete in X+ as witnessed by the open neighborhoods
V(da0,0) x V(da,1,0) - x V(da,m,0).

Finally we need to show that P satisfies c.c.c and V7 = R(X™) = w. Clearly,
both of these statements follow from the next lemma.
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Lemma 3.6. If {py : v < w1} CP, {cy:v <wi} Ck™ and jo,...,jm—1 are
natural numbers, then there are ordinals o < (3 < wy and a condition p € P such
that

(+) P <pa,pg and plF- co € [T;cpm V(cp(i), 4i) Aeg € [Ticm V(cal(i), 4i)-

Proor: We can assume that ¢, C AP holds for each v < wy.

Pick o and 3 such that p, and pg are twins, and denoting by o their twin
function we have ¢”cq = cg and {¢"d¢ : dg C AP>} = {d¢ : d; C APA}.

Let v = {{ <k :de C APo} and y = {{ < K : d¢ C APP}. Define the function
g : AP« \ AP3 — 2 by the stipulations e(v) = 1 iff v € ¢,. By Lemma 3.4 p, and
pg have an e-amalgamation p in P*. Since C' = « \ [J{dg¢ : § < s} is infinite, we
can assume that AP \ (AP~ U AP8) C C.

First we show that p € P. Observe that for any § < x we have dg N AP # ()
if and only if d¢ N (APe U APS) # () if and only if (d¢ C AP~ Vv de C APB)
by AP\ (AP~ U AP8) C C. Thus 3.5(1) holds. To check 3.5(2) assume that
§# (< rwanddeUds C AP. Then d¢ Ud: C AP U APS and since po and pg
are in P we can assume that d¢ C AP~ and d. C APA. If de N APS # () then
de C AP8 as well. Therefore d¢ Ude C APS, and so 3.5(2) holds for § and
because pg € P. Thus we can assume that d¢ C AP~ \ AP, and similarly that
de C APB\ AP~ If ¢"de # d¢, then ¢"d¢ = dy, for some p € y \ {¢}. Since
pg € P, there is i < m such that d,,; ¢ UPF(d¢;,0) and d¢; ¢ UPP(dy;,0).
So, by the definition of e-amalgamation, d¢ ; ¢ UP(d¢ ;,0) and d¢ ; ¢ UP(dg ;,0).
On the other hand, if ¢"d¢ = d¢, then there is ¢ < m such that e(d¢;) = 0,
for [de|l = m+1 > m = le=1{1}|. So, by the definition of e-amalgamation,
df,i ¢ Up(dgﬂ', 0) and d(,l ¢ Up(d§7i, 0) Thus p € P.

Finally we show that p IF “cq € [[;.,, V(cg(i),5:) AN cg € [licm V(cal(i), 5i)” -
Indeed, cg(i) € UP(cal(i),ji) and cq(i) € UP(cg(i), ;) for each i < m because
0(ca,i) = cg; and either ¢, ; = cg; or €(cq;) = 1. O

Theorem 3.1 is proved.

Next we show that the use of forcing in the implications (1) — (3) and (2) — (3)
from Theorem 2.1 is essential because in 3.8 we shall produce a ZFC example
of a 0-dimensional, first countable space X that satisfies nw(X) = w (hence
R(X“) = w) but still X is not o-second countable. To achieve this we need the
following lemma. If X = (X, 7) is a topological space, D(X) denotes the discrete
topology on X. If A and B are sets, let Fin(A, B) be the family of functions
mapping a finite subset of A into B.

Lemma 3.7. If Z C X% and Z is somewhere dense in the space D(X)%, then
w(Z) =w(X).

ProOOF: Fix a natural number n € w and a function f : n — X such that Z is
dense in the basic open set Uy = {g € X : f C g} of D(X)“. This means that

M Vf €Fin(w\n,X)3ge Z fuf cg.

165



166

I. Juhész, L. Soukup, Z. Szentmikldssy

From now on we forget about the D(X )% topology, we will use only (1). With-
out loss of generality we can assume that Z C Uy. Let Z be a base of Z in the
subspace topology of X%.

Let mm : X¥ — X be the projection to the m™ factor, i.e. mm(g) = g(m). Set
X ={m(U) : U € Z}. Since w(Z) < w(X), it is enough to show that X is a base
of X.

Claim. If U is open in Z then m(U) is open in X.

PROOF OF THE CLAIM: Let = € my(U). We need to show that 7, (U) contains a
neighbourhood of z. Pick g € U with 2 = g(n). Then, by the definition of the
product topology on X“, there is a function ¢ which maps a finite subset of w\ n
into the family of non-empty open subsets of X such that

(%) geZN ﬂ 7m Lo(m) C U.
méedom(o)

We can assume that n € dom(c). Let ¢’ = g[(domo \ {n}). By (f), for each
2’ € o(n) there is h, € Z such that

(%) FU{(n, 2} U f' Chy.

Now (%) implies h,s € U and so 2’ € my(U). Thus z € o(n) C m(U), which was
to be proved. ([

To show that X is a base let x € V C X, V open. By (f) we can find a
point ¢ € Z with f C g and g(n) = z. The family Z is a base of Z in the
subspace topology of X, so there is U € Z such that g € U C ZNmy, 1 V. Thus
x € mp(U) C V and my(U) is open by the previous claim.

Thus X is a base of X, and so w(X) < |X| < |Z]|. Since w(Z) < ww(X) =
w(X), we are done.

After this preparation we can give the ZFC example promised above.

Theorem 3.8. There is 0-dimensional Hausdorff space Y such that x(Y)nw(Y') =
w, but Y is not o-second countable.

PRrROOF: By [5, Theorem 3.1] there is a 0-dimensional Hausdorff space X of size
2¢ such that x(X)nw(X) = w, but w(X) = 2*. We show that ¥ = X% is as
required. Clearly x(Y) = x(X) = w and nw(Y) = nw(X) = w.

Assume that Y = |J; ., Zi. The Baire category theorem implies that some Zj,
is somewhere dense in D(X)“. Then w(Z;) = w(X) = 2% by Lemma 3.7. O

By Corollary 2.5, if Martin’s Axiom holds, then every Hausdorff space X of
size and weight < 2% is o-second countable if and only if nw(X) = w. The next
theorem shows that MA(Cohen) is not enough to get this equivalence. Note that
for a first countable space X we have w(X) < | X|.
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Theorem 3.9. If ZFC is consistent, then so is ZFC + MA(Cohen) + “there
is a first countable 0-dimensional Hausdorff space Y such that nw(Y) = w and
|Y| < 2% but Y is not o-second countable”.

The proof is based on Theorem 3.9 above and Theorem 3.11 below.

Definition 3.10. Given a topological space Z, let Z(Z) be the o-ideal generated
by the nowhere dense subsets of Z. The elements of Z(Z) are called first category
in Z.

The next result is due to Saharon Shelah [6] and it is included here with his
kind permission.

Theorem 3.11. If Z is a topological space and the forcing notion P = Fn(k, 2,w)
adds x Cohen reals to the ground model, then the ideal IVP(Z ) is generated by
1V (Z), that is, for each T € TV" (Z) there is T' € TV (Z) with T C T'.

PROOF: Since 7" (Z) is o-generated by the nowhere dense subsets of Z in V7,
we can assume that 7' is nowhere dense. Let 7" be a P-name of T such that
1p 4T is nowhere dense”.

For each m € w define, in V, the subset B, of Z as follows:

(%) Bn={cxe€Z:3pecPp=mAplzecT}.

Clearly 1p IF T C U Bm, so it is enough to show that every By, is nowhere
mew

dense. Assume on the contrary that there are an open set U C Z and m € w such

that By, is dense in U.

Now, by finite induction, we can define open sets U D Uy D Uy --- D Uy, and

conditions qq, - .., g with pairwise disjoint domains such that for each 7 < m
and for each f € P if dom(f) = |J dom(g;) then

1<j
1) fUgqIFTNU; =0.

Since By, is dense in U and Uy, C U there is x € B,;, N Uy,. Then, by the
definition of By,, we have a condition p € P with |p| = m such that p IF x €

T. But the domains of the q; are pairwise disjoint, so there is j < m with

dom(p) N'dom(qj) = 0. Thus pUgq; € P. Let f = p[J dom(g;). By (%)
i<j

fUq - TNU; =0,s0 pUgjIFT NUy, =0 as well. But this contradicts = € Up,
and p - z € T, and thus the theorem is proved. ([

PROOF OF THEOREM 3.9: Using again [5, Theorem 3.1] we have a 0-dimensional
Hausdorff space X such that x(X)nw(X) = w, but w(X) =2%. Let Y = X*“ and
Z = D(X)¥. Then add x > 2% Cohen reals to the ground model. In the generic
extension clearly x(Y) = nw(Y) = w will remain valid.
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Since Z ¢ TV (Z) by the Baire Category theorem, we have Z ¢ V" (Z) as well
by Theorem 3.11.

Therefore, if Y = [J{V}, : k¥ < w} holds in V¥, then Y}, ¢ IVP(Z) for some
k € w, i.e. Y is somewhere dense in Z. Thus there is a natural number n € w
and a function f:n — X such that

) Vf €Fin(w\n,X)3IgeY, fUf Cg.

But (f) implies that Y}, is also dense in the basic open set (Vf)VP ={g €
XenvP . fcg)of (D(X)‘*’)VP. Thus, applying Lemma 3.7 in V' we have
w(Y};) = w(X) > w. Thus, in V¥, MA(Cohen) holds, and still the first countable,
0-dimensional T% space Y is not o-second countable, though w(Y) = (2¥)V < k =
2V, O
4. Examples for higher cardinals

In this section we generalize the constructions of [5, Theorem 3.1] and 3.8 for
cardinals greater than w.

Theorem 4.1. Let k and A be cardinals, cf(k) = k. Then there is a 0-dimensional
Hausdorff space X such that x(X) = &, nw(X§) = A<" and w(X§) = \".

PROOF: For each f € Fn(x,\, ) put Up = {g € "\ : f C g}. Write U(g,a) =
Uga for g € "X and @ < k. For g # h € ") define A(g, h) = min{a : g(a) #
h(a)}. Consider the topological space C§ = (", 7) that has as a base {Uy : f €
<FX}. Let

Y ={g€"\:Ta<x (g(B) =0iff §>a)}
and
Z={g€e"X:0¢ran(g)}.
Clearly Y and Z are disjoint, |Y| = A<%, |Z| = A\*, Z is closed and nowhere

dense in Cf. Let X =Y U Z. Our required space will be X{ = (X, 0), where o
refines the topology 7x. To define ¢ put

Xg:U{Uf:EJa <k f=glaU{{x,0)}}

for g€ Z and Xy =0 forge Y. For g € X and a < k let V(g,0) = (U(g,a) \
Xy4) N X. Let the neighbourhood base of g € X in ¢ be

By ={V(g,a): a < k}.



Forcing countable networks for spaces satisfying R(X%“) = w

First we note that B = [J{B, : x € X} is a base of a topology because
() Va <k VheV(ga)\{g} Uh,Alg,h) +1)N X C V(g, ).

Since V(g,a)NY =U(g,a)NY and V(h,a)NZ = U(h,a)NZ foreach g € Y,
h € Z and a < k we have that (Y, 7) = (Y, 0) and (Z,7) = (Z, 0). Thus

nw((X, 0)) = nw({Y, 0)) + nw((Z, 0)) < w((Y, 7)) + w((Z, 7)) < w((C5)) = A=".
Obviously x((X,0)) = &

Finally we show that w({X,g)) = A®. This will follow if we show that B is
an irreducible base for X, by [5, Lemma 2.6]. We claim that {B; : © € X} is
an irreducible decomposition of the base B (see [5, Definition 2.3]). Since Y is
discrete in p it is enough to show that if g # h are from Z with g € V(h,a) for
some « < k then V(h,a) ¢ V(g,0). Let § = A(g,h). Then U(g,5+1) C V(h, )
by (). Consider the element y of Y defined by the formulas y[d+1 = g[d+1 and
y(6+1) =0. Then y € Xy and soy ¢ V(g,0). On the other hand y € U(g, 0 +1),
so V(h,a) ¢ V(g,0). O
Lemma 4.2. If X is any topological space and Z C X", a < k, f:a — X are
such that

() V[ €Fin(r\a,X)3geZ fUf Cg,
then w(Z) > w(X).
The proof is similar to that of Lemma 3.7, so we omit it.

Let us recall that given a cardinal u the Singular Cardinal Hypothesis (SCH) is
said to hold below p provided vef) = 2ef (W)t for each singular cardinal v < p.
By [3, Lemma 1.8.1], if x4 is regular and SCH holds below p, then log(ut) =
min{v : 2¥ > pT} is also regular. It is well-known that the failure of SCH
requires the consistency of large cardinals, therefore the assumption of our next
lemma is quite reasonable. Also note that SCH trivially holds below N,,.

Theorem 4.3. If y and log(u™) are both regular cardinals then there is a 0-
dimensional Ty space Y such that x(Y)nw(Y) < u, but Y is not the union of u
subspaces of weight .

PROOF: Let o = log(u™). Applying Theorem 4.1 for k = ¢ and A\ = 2 we get
a space X with x(X)nw(X) = 2<¢ <y < w(X). Let Y = X and consider a
partition ¥ = (J, QY . Since k = p is regular, applying the technique of the
standard proof of the Baire Category theorem we can see that the space Cl X\

not the union of ¢ nowhere dense subspaces. Therefore there are ordinals o, £ < o
and a function f : @ — X such that

1) Vf €Fn(o\o,X,0)dgeY fUSf Cy.

But (1’) clearly implies (f). So, by Lemma 4.2, w(Y¢) > w(X) > p. Thus YV
satisfies the requirements. The theorem is proved. (I
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Problem 1 (ZFC). If u is a cardinal, is there a space X such that x(X) nw(X) =
w (or just nw(X) = u), but X is not the union of < 2¥ many subspaces of weight
< 2F (or just w(X) = 2H)7

Remark. The simplest case of Problem 1 left open by Theorem 4.1 is that 2% = wo,
2! = w3 and p = w1. Indeed, if X¥ is the space constructed in Theorem 4.1 and
nw(X¥) = A" <wy, then A <w;p and £ < w. So w(X§) = A <wf =wp <241,
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