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Asymptotic behaviour of the time dependent
Norton-Hoff law in plasticity theory and H! regularity

A. BENSOUSSAN, J. FREHSE

Abstract. We prove Hlloc-regularity for the stresses in the Prandtl-Reuss-law. The proof
runs via uniform estimates for the Norton-Hoff-approximation.
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Classification: 35A15, 35D10, 35J45, 3550, 35K65, 35K85, 35Q72, T3E50

1. Introduction

In this article, we continue the study of the asymptotic behaviour of the Norton-
Hoff model initiated in our previous work [1]. This time, we study the time depen-
dent case, which leads to a monotone differential equation instead of a monotone
algebraic equation. The monotone operator is a penalty operator. When the pe-
nalization coefficient tends to 0, we get a parabolic variational inequality instead of
the elliptic variational inequality in the static case, corresponding to the Hencky
model of plasticity. The parabolic variational inequality is the Prandtl-Reuss
model of perfect plasticity. As in the static case, we provide a Hlloc regularity
theory.

Recently G.A. Seregin [5] obtained similar results concerning quasi-static mod-
els of plasticity with kinematic and isotropic hardening. Our result, concerning
perfect plasticity can be considered as a limit case of the isotropic hardening he
considered. The method of proof that we use, relies on the dual theory of elliptic
equations, and is of a different nature.

2. The time dependent Norton-Hoff model

2.1 Preliminary notation.

Let Q be a bounded Lipschitz domain of R"™, whose boundary is denoted by I'.
The boundary will be divided in two parts, I'g UT';. Let be lep(Q) 1< p<
00, the Sobolev space of functions which are p integrable on  as well as their
distributional derivatives, with the norm

Iellwre@) = 18lLe@) + Y 1Didl o) -
i=1
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286 A.Bensoussan, J. Frehse

For p = 2, one writes H!(Q) instead of W12(Q) and one takes the Hilbert space
norm

n
ol = (I8lr2) + Y 1Didl72i0) ">
=1
We shall denote by Wll(’)p (Q) and Hllo (), the closed subspaces of functions which
vanish on I'g, respectively in W1P(Q), H1(€2). We shall use the spaces of vector
functions (Wll(’)p(Q))", (Hll0 (2))". When I'g = T, one writes Wol’p(Q) and H}(Q),
following the usual notation. When I'g C I' we assume that the capacity of I'g is

positive. We next consider the space of n X n symmetric matrices whose elements
are in LP, denoted by L‘gym, with the norm

lorll z

sym

= |olzr(a)

where the symbol [0 1» () designates the LP-norm of the modulus of the matrix o,
21\1/2
o] = (Z%’j) /2.
ij
In the case p = 2, it corresponds to the Hilbert norm

b= (S5 [t

1,j=1

It will usually be abbreviated to ||o||, when there is no risk of confusion. We shall
use the notation ( , ) for the scalar product in Esym
It will be convenient to use the notation

n
o.T = E UijTij
1,j=1

to represent the scalar product of two matrices ¢ and 7, similar to the scalar
product of vectors in R™. We shall also use the notation

n
dive = ZDZ-JU,
=1

which is a vector (we consider only symmetric matrices), and

n
V.o = E Viaijv
1=1
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where v is the outward unit normal on the boundary I'.
We recall

1
Deviator of c =op =0 — —tro [
n

which has trace 0. Also the strain of a (displacement) vector u is given by

1
e(u) = 5 (Du+ (Du)™).
Since the paper is concerned with time dependent problems, we shall need func-
tional spaces like LP(0, T; W1P(Q)), LP(0, T; W1P(Q)") and LP(0,T; LEym). The
notation for the norm of these spaces follows the standard one for Banach valued
functions of time.

2.2 Setting of the model. We begin with the assumptions. We consider a
tensor function

Aij,hk € L™ such that Aij,hk e Aji,hk = Az’j,kh = Ahk,ij
n
Z A o > 2 vyr:r=,T 0
i G kTiiThi = Q|T] TiT=7", a>0.
i,7;h,k=1

(2.1)

In fact the previous tensor function could also depend on time. For simplicity, we
omit this possibility.
We next consider functions

(2.2) feL*0,T; L ()"),
(2.3) ¢ € L*(0,T; L*(T1)"™),
(2.4) ¢ € L*0,T; H'(Q)™).

Let u be a positive number. We assume further that there exists
7€ C([0,T]; Egym) with the properties:

7 e L2(0,T; L2,,),

sym
|Tp(t,x)| < p, Vi, ae. z€Q,
(2.5) 7p € L=((0,T) x )

divr = f a.e. in Q,

v.T = ¢ a.e. on 'y and u =0 on Iy.
Let finally
(2.6) 00 € L3m, |oo,p| < 1 ace.

The time dependent Norton-Hoff model is the following problem:
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To find a pair (oV(t), v™V(t)) such that

oV e Hl(O,T;Egym), Ug € LN(O,T; Cé\}f,m),
_N_ 1,
oV e LNT(0, T W, N TH(Q)), divel € LP(0,T; LA(9)),
(2.7) 1
N N|\N-2_N N . N
A + N lop | 2UD =e(v” +¢), dive™ (t) = f(t),

v.o¥(t) = ¢(t) on I'y, oV (0) = 0.

Remark 2.1. By vV in (2.7) we mean the derivative of u/V with respect to time.

Our objective is to prove the following

Theorem 2.1. Under the assumptions (2.1) to (2.6) there exists one and only
one solution of (2.7).

Remark 2.2. For fixed N the result is well known, see for example [9], but we
shall emphasize the dependence of estimates with respect to N in order to obtain
later further regularity results allowing us, to let N tend to occ.

2.3 Proof of Theorem 2.1.
The uniqueness is easy and follows from standard monotonicity arguments. Let

us set
xN —2

BN () = N1
In the proof we omit to write systematically the index N.
The existence will be derived from a discretization in time approximation
model, where we shall use the results already obtained in the static case, see [1].
For that purpose, let L be an integer which will tend to co and set h = % We

are going to consider step functions approximating ((t), 7(¢), as follows

1 h[ﬁH—h
P =iz, o= [ s

the difference of treatment stems from the fact that 7 is continuous in ¢t with
respect to the norm of Egym whereas ¢ is not. We recall that [z] denotes the
integer part of x.

By definition, a step function satisfies

and it will be defined for ¢ € [0, T 4 h[, in order to incorporate the value at 7. In
case of ¢"(t), where we need to have the values of ¢ for ¢ € (0,T + h), then we
simply extend ¢ by 0 outside (0, 7).
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To a step function o”(t) we associate the so-called Rothe function

t— h[f h(F]l+1)—t
Gh(t) = ah(t+h)7[h] +ah(t)7([h] - )7t
It is a piecewise linear continuous function on [0, T] such that
- t t
5 (h{]) = o (bl 1)) Vi € 0.7).

Unlike o™(t), this function is not defined outside [0, 7). Its derivative is defined
on [0,T] by the formula
<h

5" (t) =

ol (t+h) — o (t)
o .

It is a step function.
It will be useful also to note the following formula,

i
h

We are now in a position to define our approximation model: To find a pair
(o"(t),v"(t)) of step functions (thus defined on [0, T + h[) such that

AG" (= ) + Bl (1))l (1) = e("() + ¢ (1))
div(e? — ") () = 0 Vit e [h, T+ h[,

(2.8) oh(t) ="t —h)+ &t —B)(h(Z]+1) —t), te[hT+h[.

2.9)  v.(o" =M (#) =0o0n Ty, o"(0) = 0g, v"(0) =0
o (t) € L, oh(t) € LY
LN Vte[0,T+h[.
VM(t) € W TTH(Q)", divet € L2(Q)
Equation (2.9); is the Rothe approximation of the time dependent Norton-

Hoff model. The existence and uniqueness of the solution to (2.9) follows from
the static case, since once setting

of = ol(th), o =on), £=o0,...,L
then (2.9) amount to a sequence of static Norton-Hoff relations giving (a?, v?) in
terms of U?—l'

We begin with a priori estimates. Let us emphasize that in the following the
constants will be independent of N.

(210)  Jo"(0)l <€,

1 T+h L N

289
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To prove (2.10) we test (2.9) with (¢” — 7)(t). We have

(211) (A5"(t = b, (" — ) ()) + (B0 )ty ot — 7h) = ((¢M), o — 7)

hence also by monotonicity properties

(212) (45"t = h), (0" = )(®) + (B 7 — ("), 0" = ) <.
Using (2.8) in (2.12) we get
(AGE" = ")t = n). (" =7t — )
+AG" =)= 1), 6" = )~ )A(()+ 1)~ )

(2.13) zh R\ h h ~h _ ~h
+ (AT (t = h) + B(mp) T #) —e(CM)(@), (6" —7*)(t — h)

+h  :h t
o =)= h)(h([3]+1) =) <0.
Integrating between h and ¢ we obtain

t S
JAG" =6, 6" = = W)+ 1) = 5) ds

toin h \.-h h ~h _ ~h
+/h(T (s =)+ B(TH7H(s) —e(C)(s), (6" = 77)(s — )
+ (" =) (s = m)(([7] + 1) — 5)) ds

< %(Aao, 00) — %(A(&h — 7t = h), (" = 7)1t - h)).

(2.14)

Note that from the assumptions one has

Trh h h\-h h 2
/h 177 (s = h) + B(p)TH(s) —e(CM)(s)[I7ds < C.

Therefore one derives from (2.14) that

1 h  =h “h  =h b ahp2
SAG" =7 =), (6" = ) =) < C [ 3"~ 712 (s Wy ds +.C
h

and from Gronwall’s inequality we get
|6" — #|2(t —h) < C, YVt € [h,T + 1],

which is the first part of (2.10). Moreover, going back to the previous calculation
without using the monotonicity property, we deduce easily

t
/h (Bl o, ol — 71 (s) ds < C.
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By Young’s inequality the second part of (2.10) follows easily.
Next we have the estimates

T
/ 16" 1% dt < O,
(2.15) 0

1 / h N
——— [ |op(t,z)[" de < CN, Vtel[0,T+h[.
N,uN_l Q D

To prove (2.15) we test (2.9) with 5h(t —h)— ?h(t — h) and get

(A" (t = 1), 6" (t — n) — #"(t — h))
(2.16) (B )l (£), 55 (¢ — h) — Fh(t — h))
— (M) (1), 5" (t = h) — " (¢ = ).

We integrate (2.16) between h and ¢. We note first that

+h ~h

t
/}L(Aéh(s—h)—s(ch)(s),a (s —h) —#"(s — h)) ds

t
=5 [16" s - nPas—c
2 Jn

Next we have

S| =

(B(ol)oly (), 5t — 1)) = —(Bob)alh (1), olb (£) — ol (t — b))

1 / h N 1 h N—1(_h
> L o) da:——/ ot )N Yo (¢ — By )|
h,uN_l Q D h,uN_l Q D D

1 h N 1 h N
ZW/QWD(tﬂm dw—m/ﬁhp(f—hawﬂ dx.

Therefore
t
/h (B(ol)oly(s), 5 (s — b)) ds >

1 ¢ Meas({
> 7/ / |U%(S,{E)|Nd$d8 - L&s()'
ANpN=L [ Jo N

Furthermore,

b (s, a)|N dads + C

N-1

t .
/h (Blo™)ol(s), Flo(s — 1)) ds| <

I
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and thus using the second estimate in (2.10) it follows

< CN.

t hy_h )
/h (B(o™)alh (5), Fin(s — h)) ds

Collecting results we deduce

t t
) 2 1 h N
lo" (s —h)| ds+7/ /IU (s,x)|" deds < CN
/h WNpN=T Jy_p Jo P

and thus the estimates (2.15) are obtained.
We can now proceed with the proof of Theorem 2.1. We can consider a sub-
sequence such that
o — o in L%(0, T} ﬁgym) weakly star,

" — o in HY(0,T; Egym) weakly,

a?) —op in LN(0,T; Lg,m) weakly,
N

N 1,
o — win L¥-1(0,T; WFON’1 (Q)™) weakly
and also
hy.h B st N1
B(lepl)ep — x in LN=1(0,T; Lsym ) weakly.

We shall identify x by monotonicity arguments and then pass to the limit in (2.9).
We first notice that o satisfies the conditions

divo(t) = f(t) a.e. in Q and v.o(t) = ¢(t) a.e. on I'y.
We define the function

_hlt t _
(1) = ([ L]+ 1) ] 2B D2

The function ¢"(t) is defined from o in the same way as 7"(t) has been defined
from 7. By construction

div(s" — 7)(t) = 0 a.e. in Q,
v.(6" —#)(t) =0 ae. on Ty

and
6" — o e HY0,T; L2,.,).

sym
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We test (2.9) with o”(t) — 6"(t) and integrate between h and T. We get

T L
+ [ B @, ob(o) - bt = - [ (16" (0,5t~ ) — o (0)) a
h h
Toah ~h h T oh h sh
+/ (Ao (t—h),6%(t—h)—0 (t))dt+/ (e(¢™)(@t),0"(t) — " (t)) dt
h h

and the right hand side of the previous relation tends to 0 as h — 0. Note in
particular that thanks to formula (2.8) and the first estimate of (2.15) we have

T
/ 6" (t — h) — " (t)||% dt — 0.
h

Therefore we can assert that
T h h h T
timsup [ (3ohDob (0. b @)t < [ ((v.on®)ar

Since
T
/0 (B(lop)oh(t) = Blrp)Tp(t), o (t) — Tp(t)) dt > 0

for any
e LN, T; N _)

sym

we obtain that

T
/0 (x(t) = Brp))mp (1) op(t) — mp(£)) dt > 0
and it follows that
x(t) = B(lepl)op(t).

We can then pass to the limit in (2.9) and obtain that (o,u) is indeed a solution
of (2.7). The proof of Theorem 2.1 has been completed. O
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3. Further estimates and Hlloc regularity

We shall consider here assumptions similar to the static case (see [1]) and obtain
estimates which are sharper than (2.10), (2.15) with respect to the dependence
on N. In particular we shall derive Hﬁ) . estimates which are uniform with respect
to N, like in the static case.

3.1 The f;(t) derive from a potential.
We assume here that

~
~—
&
=
|

DF(x,t) in Q,

(3-1) ¢(t) = F(t)v on 'y

where F, F € L*(0,T; L*(Q)) and F(t) € WP(Q) Vp € (1,00) and Vt € [0,T].
We can state

Proposition 3.1. Under the assumptions of Theorem 2.1 and (3.1) we have

1 T+h T
—N—l/ /Io%(taw)INd:vdtsc, / 15" ()| dt < C,
I 0 Q 0

1
N,LLN_I

(3.2)
/ o (t, )|V de < C, ¥t € [0,T + hl.
Q

PRrROOF: We consider
B LD
o .

Then we test (2.9) with o™(t) — FP(¢)I (I = identity on R™*") and obtain

(A" (t = h),0"(t) = FM (D) + (B(lol Doty olh) = (e(c™) (1), o™ (1) = FR()1).
Let us use (see (2.8))

+ Fh(t)

Fh(t) = F(h[%]) and FP(t) = FM(t + h)t

o (1) — FMOL = 57t — h) — Fh(t — h)T+ (6" (t — h) — ﬁh(t - h)I)(h([%] +1)—t)

then we can write

LA Agh(t — n), 5%t — h)) -

d B ~
5 —(tr A" (t — h), F"(t — b))

dt
+ (46" (¢~ ), 8"~ W]+ 1)~ )
([ 1)~ 03— )AL (¢ 1)+ () 0) + (Bl D o)

="t - h).(—AIﬁh(t — ) + (M) (@) = div " (t).F ().
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Using the fact that || (¢ — h)|| is bounded for any ¢ € [h, T + h], the right hand
side in the previous relation is bounded. Thus we have

T+h
/ (B ol oly) dt < C.
h

Recalling the value of o”(t) on the interval [0, h] the first part of (3.2) follows.
The proof of the two other results of (3.2) is then done as for the corresponding

ones of (2.15), except we can use the better estimate just obtained and the proof
is finished. O

3.2 Safe load condition.
Alternatively to (3.1) we can assume the following safe load condition: There
exists

7€ HY0,T; £2,,,) with
(3.3) |Tp| — 1 < —d a.e. in Q, for some & > 0 such that
div7(t) = f(t) a.e. in Q and v.7(t) = ¢(¢) a.e. on Ty

then we have

Proposition 3.2. Under the same hypotheses as in Theorem 2.1 and (3.3) the
same conclusions as those of Proposition 3.1 hold.

PRrROOF: From (2.11), with 7 as in (3.3) we get

T+h
/0 (B ol — By, oy — )t < C
hence
T+h N-2 N— 2
N 1/ / |0 | UD |TD| )(UD—TD)dxdt<C

From the positivity of the integrand, it follows also

T+h
- 1/ / (ol N =20l — |7 [N=270) (o) — ) dudt < C,

where E = |a?)| > u, and the constant C being independent from F,h, N. We
deduce from this estimate

1 T+h B IN—1 hN—1 h h
W/o [Euam N (o] — () dedt < C
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thus also
1 Th h (N—1/| h h
(3.0 —r el — bl dedr < 0
and the assumption (3.3) yields
5 T+h b N_1
(3.5) —/ / lopH| T dedt < C
N1 o g P

and using again (3.4), we obtain

1 T+h
H 0 E

1 T+h
2 0 Q

This means that we have obtained the same basic estimate as in Proposition 3.1
and thus the same conclusions hold. (]

and

3.3 Hlloc estimates.
From the first and second estimates of equation (3.2) it follows that

(3.6) £(v™) is bounded in L(0, T} E;ym)
and from Korn’s inequality (see [8] for example) we obtain
(3.7) v" is bounded in L'(0,T; Lot m).

Remark 3.1. We recall that all constants are not only independent of h but also
of N. More precisely the dependence with respect to IV is expressed explicitly.

We also assume for the function 7 in (2.5)

(3.8) |div |, |DdivT|, |[AdivT| € L®(0,T; L{,.(Q))

loc
and
¢ e L0, T; H*(Q)™),

(3.9)
00,ij € Hipe(Q).

Note that from the static theory, we can assert that thanks to the assumptions
of Theorem 2.1, (3.1) or (3.3) and (3.8), (3.9), the sequence 02‘ belongs to HL . We

test (2.9) with —D,;T(OQDZU"), where 6 is scalar and has compact support, and
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Dy, D" denote the usual forward (backward) difference operator with respect to
the k-th coordinate direction. We perform partial summation (i.e. we move Dk_r

onto the other factor), and taking the definiteness properties of the penalty term
into account we may pass to the limit » — 0:

/ 02ADS" (t — h).Dyo™™(t) da + / 0%5(|o% ) Dy Dyl dz
_/ MD;0* DDyl + 0 ADily + Ditl; D; Dy6* + o}, D;D; Dy,6%] da
h .
(3.10) + / (tr A5" (t — h) — div ") (D7) D;0° + ol D; D;6%] da
h h h 2
—2/(Aa (t—h))]kaa D;6* + 2¢;(¢") Dy’ Di0” dz
~2 / Bllob o jkDroth i Dit? de — = / Bllobaly Dy tr o Djo* da

+/92Dk5(gh).Dk0h dz.

Using again (2.8) we get after easy transformations
2 “hy,
2dt/9 ADk — h).Dyc"(t — h) dx
+/92ADk6 (= h).Dy5" (¢ = W)(A([] + 1) — 1) d
+/6‘2ﬁ(|0%|)DkU%.DkU% dx
g/ MD;0*D;Dirly + 0 AD;ly + Di7l;D; Dy6* + of';D;D; Dy,6%] da
+ / (tr AS"(t — h) — div ¢M[Dir]sD;0° + ol D; D;6%] da
—Q/Ab:’h(t — h)j kaﬁ'h(t — h)ijDﬂQ dx
*h h 2 t
(3.11) -2 [ AG (t —h)j Do (t — h);; D;0 (h([g] +1)—t)dz
+2/gjk(gh)Dkah(t — h); ;D;0% dx
h - h 2 t
+2 Ejk(C )DkU (t — h)ijD,H (h([ﬁ] + 1) - t) dx
2
=2 [ oot ;i Deots Dt do — 2 [ ol ;4 Dytr " Dy6* de

+/92Dks(§h).Dk&h(t — h)dx + /92Dks(§h).Dkéh(t - h)(h([%] +1) —t)da.
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We also use the following inequality identical to the static case

(3.12) /9925(|ag|)|D troP 2 dz < 22 /Q 623(|0's [) Dyl Dyos dr
4 2n/ﬂ€25(|a%|)|div7h|2d:v.

Using the third estimate in (3.2) we deduce in particular that for N > n one has

o™ | is bounded in L>(0, T; L™(1)).
Using next the relation

div o (t) + Dtr o’ (t) = div 7" (t)

and the first assumption (3.9) we deduce also that

|o"| is bounded in L°(0, T; L™(12)).

Collecting results, already obtained estimates and using Gronwall’s inequality
after integrating (3.12) between h and ¢ we obtain

(3.13) 6" )z < C
and also
1 T h (2| h |N—2
(3.14) 1 | Do Peb Y2y, <.

3.4 Main result.
We can now state the following

Theorem 3.1. We assume (2.1) to (2.6), (3.1) or (3.3) and (3.8), (3.9). Then
the solution of (2.7) verifies the following estimates

1 T T
s [ BN aaso [CNoRaso
M 0 Q 0

1

(3.15) NN

/ o (t, )|V de < C, forae. t, |loV(#)ll <C,
Q oc

1 / N2 .N|N-2
Do o 1 <C.
N—1 0 H| D| | D| Hlloc
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4. Prandtl-Reuss model

4.1 Statement of the result.
We are going to let N tend to co. We introduce the Prandtl-Reuss model as
follows:

To find o€ Hl(O,T;Egym) with |op(t,z)| < p, 0 € L®(0,T; HL )
such that divo(t) = f(t),v.o(t) = ¢(t) on I'q for a.e. ¢, o(0) = og
and such that
(A6 — =().b(t) — o(t)) = 0 Vo) with

(4'1) Y e L2(07T; ‘ngm)a |"/’D(tu £C)| <u,

divey(t) = f(t) vap(t) = ¢(t) on I'y, for a.e. t.
We shall need an additional assumption which completes slightly (3.8) namely
(4.2) |divr| € L*(0,T; LP(Q2)), p > 2.
Our objective is to prove the following result.

Theorem 4.1. Under the assumptions of Theorem 3.1 and (4.2) there exists one
and only one solution of (4.1).

Remark 4.2. Note that the Hlloc regularity result is contained in the formulation
that o € L>(0, T; HY ).

PROOF: We notice that thanks to the third estimate of (3.15) we have for all
fixed p < N
|l ()| bounded in L(0, T; LP(2)).

Using the relation
divo (t) + Dtro¥ (t) = div7(t)

as well as the assumption (4.2) we have also
(4.3) |o™ (¢)| bounded in L°(0, T; LP(12)).
If 0 is any smooth function with compact support in 2 and 0 < # < 1 we have
00N bounded in L0, T; H (€)™,
o™ bounded in H(0,T; £2,,,).

sym

(4.4)

We can extract a subsequence also called oV such that

N~ weakly in Hl(O,T; L2 ),

sym

o — o weakly star in L>°(0,T; LP(Q)).
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Moreover
V6,00 — 6o strongly in L2(0,T; £2, ).

sym

From this and the bound in L*°(0,T; LP(f2)) we deduce that
o — o strongly in L2(0,T; £2,,,)).

sym

Let ¢ be as in the statement of the theorem, we can write testing (2.7) with
v—oV

1 _
— |0g|N 20% —£(0),p—aV) =0.

(4.5) (Ac™ + N

For a.e. t when (4.5) holds, we can interpret it as an optimality condition. There-
fore we can write

1
AdN—sg,UN—i-i/ oMV dx
( () ) N,U,N_l Q| Dl

4.6 . 1
(4.6 < (46Y = (O0) + oy [, Dol o

Vx such that divy = f(¢t) in Q ,v.x =¢(t) on Ty .

In particular we can take x = () in (4.6) where ¢ is as the statement of the
theorem. It follows

. (AN —e(¢), ™) + W /Q o (t,2)[N dz

) 1
< (A6 —(0),w(t)) + NN /Q [¥p(t, )N de.

Since (4.7) holds for a.e. ¢ we can integrate this inequality between ¢ and T}, :=
min(t + h,T) and obtain

T, T,
/t (AN —2(¢),oN) ds + W/t /Q|Ug(s,x)|Nd:Eds
Th 1 T
< [Mas Qs+ = [ ot deas.

Letting N — oo, we get thanks to the first estimate (3.15) and the convergence
properties of oV that

(4.8)

Th
/t (46 — £(0),(s) — o(s)) ds > 0.

Since h is arbitrary the equation (4.1) is established. All other properties of o
are easily established, in particular the uniform L°°(0,T; Hlloc) estimate follows
from Theorem 3.1. The existence part has been proved. The uniqueness part is
immediate. This concludes the proof of Theorem 4.1. O
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5. Additional regularity result for the time dependent Norton-Hoff
model

5.1 Presentation of the result.

We shall present here a regularity result, which has interesting features. It
concerns only the time dependent Norton-Hoff model: NV is fixed here and there
will be no uniformity, so we shall omit to make explicit reference to it. It states
that whenever the function |op(t, x)| is bounded then Hl%) . regularity is available.
Curiously, the corresponding result for the static case is not available, and it
would be remarkable to get it.

In practice, the L°° bound is not available easily, which reduces the impact of
the result, and makes it rather a curiosity than a usable result. This also explains
why we shall only give a formal proof, although it might be made rigorous using
discretization in space.

We state the result as follows:

Theorem 5.1. With the same assumptions as in Theorem 3.1, additional
smoothness hypotheses on the data' and

(5.1) lop(t,z)| < C

the solution of (2.7) satisfies the following estimates
T

(52) [ Iy dt<c. o, <c.
0 loc loc

Remark 5.1. In fact the method shows that the solution is as smooth as the data
permit.

Remark 5.2. Since the additional regularity results are local, only a local bound
is necessary in (5.1).

5.2 Formal proof.
(a) Proof of the first estimate:
We write (2.7) as follows

Ac + B(lopl)op = (v + ()
(5.3) divo(t) = f(t) in Q, v.o(t) = ¢(t) on I'y
u=0on Iy, a(0) = o9

where § has been already defined in the proof of Theorem 2.1. We shall use the
following derivation formula

3'(lopl)
lopl

(5.4) Dy(B(lepl)op) = B(lop|)Drop + (cp-Drop)op .

1What is necessary will follow from the estimates derived in the proof.
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Let us test equation (5.3) by —Dj(6?Dy,6), then we get
(6*ADy6, Dy6) + (B(lop|)Drop, 0> Dyép)

(5.5) +(——"(op.Dyop),0*(0p.Dyép))

= (Dye(v +¢),0°Dyop).

The main point is to compute the term (Dye(v), 82Dy p), performing integration
by parts and using the equation. The calculation is quite similar to the static case.
Eventually, we get

(5.6)  (Dre(v),0°Dy6) = —2(Dyvj, 0D;i0Dy65) — (Dgvj, 6> Dy fj)
and thus, using (5.6) in (5.5) yields

(0*ADy.6, Dy.6) + (B(lop|)Drop, 0 Dyop)
B (lopl)

lopl
= —2(Dk’l}j, 9D2‘9Dkdij) — (Dk’l}j, 92Dkfj).

(5.7) +( (0p-Drop),0*(op.Diop))

Since |op| is bounded, S(Jop|) is also bounded, hence from the equation (5.3) it
follows that
e(v) € L2(0,T; L2(Q)™<™)

hence
v e L2(0,T; HE (9)")

because of Korn’s inequality. Assuming the necessary regularity on the data
arising in formula (5.7) the first estimate in (5.2) follows easily from this equation.

(b) Proof of the second estimate:
We shall need the following second order derivative formula:

/!
Dy Di(B(lopl)op) = B(lop|)DiDiop + %(UD-DIUD)(UD-DMTD)UD
(5.8) +M[(UD-D190D)DIUD + (op-Dyop)Dyop

lopl
B (lopl)

_|_
lopl

1
[Diop.Dyop + op.DyDiop — W(O’D.DIUD)(O’D.DMID)]UD .
We then test (5.3) with Dy D;(6%>DyD;o) and obtain using the symmetry of A

d
(5.9) E(ADszff, 0? Dy Do) + (DkDy(B(lop|)op), 0° Dy Dyop)
= (DkDIE(’U + Q), 92Dle0).
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We compute

(5.10) (DleE(U), 6‘2DleU)
= —2(DleUj, 9D2‘9DleUij) — (Dle’Uj, 92Dlefj).

So we get from (5.9)

d
E(ADszUa 92 DyDyo) + B(lop|)(DxDyop, 02 Dy Dyop)

+2 <%(0D.DWD)D10D,92DleaD)
(5.1 + (%[DWD.DWD + op.DiDioplop, 92DleaD>
- (% |011)|2(UD'DIUD)(UD-DkUD)UDa92Dle0D>
+ <%(0D.D10D)(0D.Dk0[))a[),92DleJD)

= —2(DyDy;,0D;0Dy,Dyo;;) — (D Dyv;, 62Dy Dy f;).

From (5.11) we want to make use of Gronwall’s inequality. Using previous esti-
mates, and among them part (a) of this proof, we see that all terms in (5.11) are
fine. The only terms we have to worry about are of the type

/92|D1~cUD||Dl0D||Dle0'D|drC

so in fact, by Young’s inequality, we introduce terms to be estimated of the type

/92|Dk0D|4 dx.

Since |op| is bounded we can use an inequality of Gagliardo-Nirenberg type and
this term is again estimated by

Z / 92|DleUD|2 dx
kl

which is fine for applying Gronwall’s inequality.
The proof has been completed. (I
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