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On a d-parameter ergodic theorem for continuous
semigroups of operators satisfying norm conditions

SHIGERU HASEGAWA, RYOTARO SATO

Abstract. A continuous multiparameter version of Chacon’s vector valued ergodic theo-
rem is proved.
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1. Introduction and the theorem

Let X be a reflexive Banach space with norm | - | and (2, X, 1) be a o-finite
measure space. For 1 < p < oo, let Lp(; X) = Lp((Q, X, 1); X) denote the usual
Banach space of all X-valued strongly measurable functions f on 2 with the norm
given by

1/p
= [157a0) " <0 it 1 <p <o

[Iflloo = esssup{|f(w)] : w € N} < o0 if p= 0.

Let d > 1 be an integer, and let T; = {T;(¢) : t > 0}, 1 < i < d, be strongly con-
tinuous one-parameter semigroups of linear contractions in L;(2; X) such that
all the operators T;(t) are also bounded linear operators in Loo(£2; X). Thus Tj;,
1 < ¢ < d, can be considered to be strongly continuous one-parameter semi-
groups of bounded linear operators in Ly(£2; X) for each 1 < p < 00, by the Riesz
convexity theorem. In this paper we shall assume that there are strongly contin-
uous one-parameter semigroups P; = {P;(t) : t > 0}, 1 < i < d, of positive linear
contractions in L1(Q; R), R being the real numbers, such that

(i) for all f e L1(X) and ¢ > 0,
(1) IT5(t) f (W) < Pi(t)|f|(w) a.e. on €,

(ii) for all f € L1(Q;R) N Lo(;R) and a > 0,
(2) |Aa(P;) flloo < K| flloo < 00,

where 1
AP =3 [ P(Ofdt tor [ € LiR),
@ Jo

Under this hypothesis we will prove the following multiparameter pointwise
ergodic theorem for T4, ...,T}.
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Theorem. If the semigroupsT1,...,T; commute and the semigroups Py, ..., P,
are both L1 and L contraction semigroups, or if the semigroups Pi,..., Py
commute, then for every f € L1(Q; X) the limit

a— 00

(6% «
¢— lim a_d/O /0 T1(t)To(t2) . .. Ty(ty) f dty ... dtg

exists a.e. on (), where ¢—limy—_.~o means that the limit is taken as « tends to
infinity along a countable dense subset of the positive real numbers.

This theorem may be considered to be a continuous multiparameter version
of Chacon’s vector valued ergodic theorem ([2]). See also [4]. Here of course the
authors think that it is more natural to ask whether the conclusion of the theorem
holds without assuming the existence of such positive semigroups Py, ..., P;, when
the semigroups T1,...,T; commute and they are both L; and Lo, contraction
semigroups. But we failed to have an idea for its proof.

2. A lemma

Let T1,...,74 and Pp,...,P; be the same as in the preceding section. By
letting T;(0) = P;(0) = I (the identity operator) for each 1 < i < d, we can
obviously extend 7; and P; to the one-parameter semigroups T; and P; defined
on the interval [0, 00), respectively. Let us suppose the semigroups T1,...,Ty
commute, and define

(3) T(t) = Tl(tl)Tg(tg) .. .Td(td) for t=(t1,...,tq) € R;li_,

where
R ={t=(t1,....tg) : t; >0, 1 <i<d}.

Then T = {T(t) : t € R;‘} becomes a d-parameter semigroup of linear con-
tractions in L1(Q; X) such that it is strongly continuous on the interior Py =
{t = (t1,...,tq) : t; > 0, 1 < i < d} of R;’, and for all f € L1(;X) and
t=(t1,...,tq) € R;l" we have

() f ()| < Pi(t1) ... Py(ta)|f|(w) ae. on Q.

Lemma. Suppose the semigroups Ti,...,T; commute, and let T = {T(t) :
t € R;l"} be the d-parameter semigroup defined by (3). Then to any u =
(u1,...,uq) € R;" there corresponds a positive linear contraction 7(u) defined
in L1(Q;R), called the linear modulus of T(u), such that

() [T(uw)f| < T(w)|f| < Pi(u1) ... Pa(ug)|f| a-e. on Q for all f € L1(%; X),

(i) 7(w)g = sup{f, [T)fil : fi € Li(% X), L Ifil < 9.1 <k < oo}

for all g € LT(Q;X),
(iii) 7(s +t) < 7(s)7(t) for all s,t € R;‘,
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(iv) if uw € Py then

T(u) = strong- lim 7(t).
=
PROOF: See the proof of Lemma 1 in [7]. O

3. Proof of the theorem

2

We first consider the case d = 1. For u > 0 let ¢y (2) = u~2p(zu~2), where

~

9 lr=24 3¢ s (x > 0),
p(x) =

0 (z <0).

Define ~
Quu)f = /0 ou(@)Pi(x)f dz for fe L(%:R).

It follows (cf. [3], [1]) that @1 = {Qi(u) : uw > 0} becomes a strongly con-
tinuous semigroup of positive linear contractions in L1(Q;R) such that for all
feLf(R)and a >0

(4) l/O{Pl(t)fdtgcl-L/\/an(u)falu a.e. on
@ Jo \/a 0

where C1 is an absolute constant, and also such that

(5) 1Q1(w)lloo < MK for all u >0,

where

o
M = / ’M’x dr < oo
0 ox
(M’ does not depend on u > 0). Thus we have

1 [« 1 [
q—sup —/ Py(t)fdt < Cq-q-sup —/ Q1(u) f du,
a>0 & Jo a>0 & Jo

where g—sup,~.o means that the supremum is taken as o ranges along a countable
dense subset of the positive real numbers.
Define for f € L;‘(Q; R) with 1 <p < o0,

1 «
Qif =a-sw = [" @i an

By (5) together with Theorem 3 in [5], we see that
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(i) if 1 < p < oo then there exists a constant K (p) with
(6) Q1 fllp < K@)IIfllp for all f € Ly (% R),

(ii) if p = 1 then there exits a constant K(l) with

(7) p{w: Q1f(w) > a}) < K( LIl

for all f € LT (Q;R) and a > 0; hence Q} f < oo a.e. on Q for all f € LT (%4 R).
We now prove that if f € L1(Q; X) then

1 a+1
(8) g— lim — / Ti(t)fdt =0 on Q.
a—0o0 (¥ a
For this purpose, by (1) it is enough to show that
1 a—+1
9) g— lim —/ Pi(t)gdt =0 a.e. on
a—oo a J,

for any g € LT (Q;R). To doso, let 0 < h € L1(€2; R)NLoo(2; R) be any function.
Then we have

1 o+l ot py(t)g dt
_/ Pi(t)gdt = Aa(Pi)h - f#
a ), JE Py ()bt
a+1
Pi(t)gdt
< K- o O,
o P ¢

and atl
— lim ‘fa Pi(t)g dt =

a—co [ P(t)hdt N
a.e. on {w : g—supy~o(fy' P1(t)hdt)(w) > 0} by virtue of the Chacon-Ornstein
lemma (cf. Lemma 3.2.3 in [6]). Hence (9) follows.

Next let 1 < p < oo be fixed. We observe that the net {An(T1) : « > 0}
is ergodic with respect to the one-parameter semigroup 77 = {7T1(¢) : t > 0} of
bounded linear operators in Ly(£2; X) in the sense of Chapter 2 of [6]. Indeed, for
any t > 0 we have

T 4a(r) ~ Aa(ly = | [ i du= 2 [ ",

1 Oc-i—t
<l [ me] 2] [ moa,
«

1 o+t
<H—/ Pl(u)duH —l——H/ Pl(u)duH —0 as a— oo,
p  alljo p

& Jao
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by the Riesz convexity theorem together with (1) and (2). Since X is reflexive
by hypothesis, L,(£2; X) is also reflexive. Thus by a mean ergodic theorem (cf.
Theorem 2.1.5 in [6]) for any f € Ly(€; X) the limit

lim An(Th)f

a—00

exists in the Ly-norm, and we have Ly(Q2; X) = F & N, where

F={feLy(X):Ti(t)f = f forall ¢t>0},
N = the closed linear span of {f —T1(t)f: f € Lp(;X), t > 0}.

Since (9) holds for all g € Li" (; R), (6) together with an approximation argument
proves that (9) holds for all g € L;‘(Q; R). By this and (1), for all f € L,(€; X)
we have

1 a+1
(10) q¢— lim —/ Ti(t)fdt =0 a.e.on Q.

a—00 (¥ o

Here clearly a+ 1 can be replaced by any « +u with « > 0. So for u > 0 we have

g~ lim Ao(T1)(f = Ta(w)f)

— ¢ lim (l /uTl(t)fdt—l/aJruTl(t)fdt)

a—o0 \ (X 0 « o

=0 a.e.on €,

whence (1), (4), (6) and Banach’s convergence principle (cf. Theorem 1.7.2 in [6])
prove that for any f € L,(2; X) the limit

1 (0%
g— lim —/ Ty(¢t)f dt
0

a—00 (¢

exists a.e. on €. Since Ly(2; X)NL1(; X) is dense in L1(2; X), (7) and Banach’s
convergence principle prove that the theorem holds for d = 1.

Since the case d = 1 has been done, we now proceed by an induction argu-
ment. First suppose that the semigroups 77, ..., Ty commute and the semigroups
Pi,...,Pyareboth Ly and Lo contraction semigroups. Let T = {T'(t) : t € R;l"}
and {7(¢);t € R;‘} be as in the lemma. We notice that ||7(t)||, < 1 for all
1<p<ooandteR},and that if u € Py then 7(u) = strong-limg_,, 4>, 7(t) in
Ly($;R) for each 1 < p < co. For u = (u1,...,uy) € Py and g € L,(2; R) with
1 < p < oo, define

S(u)g =

S(ut, ..., uq)g
:/0 /0 Ouy (1) - . pug(xg)T(21, .. ., 2q)gdry . . . dag.
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S(u) becomes a positive linear contraction in Ly(2;R) for each 1 < p < o0.
Further, by putting

T(21, 21,y Xy, Tg) = T(T1, ..., Xq),
we get for all g € Lp(;R) with 1 <p < oo
S(u)g =
o0 o0

= /0 - /0 Ouy (1) Puy (Z1) - . Pug(Xg)Puy (Tq)T(21,, 21, ..., Tg)gde1 ... dEg.
Thus it follows from the lemma (iii) and a standard calculation (cf. p. 700 in [3])
that if u,t € Py and g € LI",'(Q;R) with 1 < p < 0o then

(12) S(u)S(t)g > S(u+t)g ae.onQ,

that is, S = {S(¢) : t € Py} becomes a d-parameter sub-semigroup of positive
linear contractions in L, (€2; R) for each 1 < p < co. Since S is strongly continuous
on Py, the proof of Lemma VIII.7.13 in [3] shows that there exists a constant
Cq > 0, dependent only on d, and a strongly continuous one-parameter sub-
semigroup ST = {S1(t) : t > 0} of positive linear contractions in L1(%;R) such
that

(13) IS*(t)lloe < 1 for all £ >0,
and also such that for all g € L} (Q;R) with 1 <p < oo

1 1 [«
(14) g—sup — T(u)gdu < Cq - g—sup — / Si(t)gdt a.e. on Q.
a>0 &7 J[0,a]? a>0 @ Jo

Let us fix a g € LI",'(Q;R) with 1 < p < oo, and let Qtdenote the set of all
positive rational numbers. Since

n!

1 [, Tt
;/0 S(t)gdt—w ;) S (ﬁ)ngzo

for all 7 € QTt, where S1(0) = I, the Cantor diagonal method can be applied to
choose a subsequence (n’) of (n) such that

lim
n—oo

r(n'l)

> ' (7n)s

==

1 r
—/ Sl(t)gdt = lim
™ Jo

n’—oo ’I”(TL/!)
g ot AR

1=
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for all » € QT. Thus putting

(15) o 23%2( (o))
and for each a > 0

E(n',a) ={w e Q:g"(n)(w) > a},

we see that the function

(16) = sup —/ Stt)gdt
reQt+ T

satisfies

(17) g" <liminfg*(n ") a.e. on
n’/—oo

and

{w: g% (w )>a}Chm1nfE(n a).

n/—o0

Therefore by Fatou’s lemma, if g € LT(Q; R) then
/ (¢ —min{a, g}) dp < lim inf/ (a —min{a, g}) du
{g*>a} /=00 JE(n' a)

< / (9 — min{a, g}) dp (by Theorem 1 in [5]),
Q
so that 1
u(ig" > a}) < *glh.
whence ¢* < oo a.e. on 2. By this together with (14) and the lemma, we have

for all f € L1(Q; X)

(18) g—sup a_ ’ / / (t1, ..., tg)fdty...dtg| < oo a.e. on .
a>0

Let 1 < p < oo. If g € L} (;R) then the function g* in (16) satisfies, by (17)
and Fatou’s lemma,
lg*[lp < lim inf [|g*(n")][-
n —oo

From (13) it follows (cf. [5]) that there exists a constant K (p) > 0 such that

llg*()lp < K (®)llgllp:
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thus
(19) lg*llp < K®)lglp (9 € L (%R)).

Let f € Lp(Q; X) and ¢t > 0 be fixed. Since

a—00

g— lim 1 /a Ty(u)[f — Ty(t)f]du =0 a.e. on Q,
0

the functions

M@l -0 = s 3] [ Tl - T a]  @>0)
b>a
beQ™

satisfy
lim M(a)[f —Ty(t)f] =0 a.e. on Q.

a— 00

Further, since

M(a)[f - Ta®)f] < sup ~

reQt

AHMMV—QWVMueLAmR>

by the preceding argument for d = 1, it follows from Lebesgue’s convergence
theorem that

Jim_[[M(a)[f ~ Ta(t)f]llp = 0.

This together with the inequalities (14) for the case d — 1 and (19) yield

q—ali_{nooa (d-1) / / (w1, ug—1)

(—/0 a(S)[f — Tyt )f]ds) dui...dug_1 =0 a.e. on Q.

«

Since Lp(§%; X) = F; ® Ny, where

Fi={he Ly(;X): Ty(t)h =h for all ¢> 0},
Ny = the closed linear span of {h —Ty(t)h: h € L,(Q; X), t > 0},

we then apply the induction hypothesis together with Banach’s convergence prin-
ciple (cf. (14), (16) and (19)) to show for any f € L,(€2; X) the limit

q*ali_{nooa / / T1 t1,...,tq)fdty ..



d-parameter ergodic theorem for continuous semigroups of operators

exists a.e. on Q. This and (18) for f € L1(Q; X) prove that the conclusion of
the theorem holds, when 77, ..., T; commute and Pi, ..., P; are both L1 and Lo
contraction semigroups.

Finally suppose that the semigroups P, ..., P; commute. For u = (uq,...,ug)
€ Py and g € L1(2; R), define

Qu)g = Q(uy, ..., uq)g

(20) = /OOO- . /000 Yuy (1) .. pug(g)P1(z1) ... Py(xg)gdey ... dxg.

It follows from (5) (cf. [8]) that @ = {Q(u) : u € Py} becomes a d-parameter
semigroup of positive linear contraction in L1 (2; R) such that

(21) Q)00 < (M'K)? for all u € Py.

Thus there exists a strongly continuous one-parameter semigroup Q' = {Q(t) :
t > 0} of positive linear contractions in L1 (Q; R) such that [|Q1(t)]|oo < (M'K)?
for all t > 0, and if g € L} (Q; R) with 1 < p < oo then

1 (0% (0%
q—sup—d/ / Py(uy)...Pyug)gduy ...dug
a>0 @ Jo 0

1 (7
< Cq-q-sup —/ Ql(t)g dt < oo a.e. on €.
a>0 @ Jo

Since (1) implies that if f € Ly(Q; X) with 1 < p < co then the function

1 [0 (e%
M§f = q-sup —d‘/ / Ti(t1) ... Ty(tg)fdty ... dtg
a>0 & 0 0

satisfies

1

(e} (e}
Mf < g-sup d/O /0 Pi(w) .. Paug)|f] dus . . dug,

a>0 &

it follows that
Mf < oo a.e. onf)

for all f € Lp(;X) with 1 < p < oco. Using this and the fact that the one-
parameter semigroup Ty = {Ty(t) : t > 0} of bounded linear operators in L, (£2; X)
with 1 < p < oo satisfies the mean ergodic theorem, we can prove that the
conclusion of the theorem holds in this case, too. We may omit the details.
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