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Decaying positive solutions of some
quasilinear differential equations

TADIE

Abstract. The existence of decaying positive solutions in R4 of the equations (E)) and
(E%) displayed below is considered. From the existence of such solutions for the subho-
mogeneous cases (i.e. t'"PF(r,tU, t|U’|) \, 0 as t /' o), a super-sub-solutions method
(see §2.2) enables us to obtain existence theorems for more general cases.
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1. Introduction
Let F € C([0,00)3; Ry) and Fy € C([0,00)?; R4) be such that
F(r,T,5) < f(r)T7 (1 + S9);
(f) Fo(r,T)< f(r)T7
where ~,¢>0; f(r)~r? at co, #eR.
For a > 1 and p € (1,a+ 1), we investigate the existence of (u,\) € C*([0, 00)) x
(0, 00) which satisfy for » > 0 the equations
(Ey) Dau + MO FU(r) := (ro [P=2u)) + M@ F(r,u, [u']) = 0
(E3) and Dgu + Ar®Fy(r,u) =0,

where u is positive and decaying element of
Cap = {u € C1([0,00)) | ru'[P%u" € C*([0,00))}.

For a = n—1,n € N such u is a radial solution in R™ of the p-Laplacian equations
div (|Vu[P~2Vu) + A\F(|z|,u, |Vu|) = 0 and
div (|VuP~2Vu) + AFy(|z|,u) = 0, respectively.

We show that for vg +qo <p—1

(i) such solution U exists for

(E?) DaU +r* f(r)U° (1 +[U'|%) =0, r=0;
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(ii) there is Ao = A(f,p) > 0 such that
(Ego) Do+ Xor®f(r)u? (14 [o//]%) =0, r>0

has such a solution ug, say, with |ug|sc, [up|ee € (0,1].

Using ug as a supersolution for (E)), we extend the result to more general cases
where v > 49, ¢ > qo and X € (0, \g).

We will also consider for ¢ > 0 and 6,+,q > 0 the equation

a
(F,) DoV + V{14 |V} =0, r>0

(1+7)

in the goal to investigate the existence of solutions in C;p for (F,) where F
satisfies

(fo) 0<F(rT,8) < (147?771 + 89).

It is important to note that the usual condition F(r,u,0) # 0 found in the lit-
erature for the decaying solutions ([7], [8]) is not required here as the use of a
sub-super-solutions method enables us to circumvent that condition.

In the sequel the following notations and conventions will be used:

pi=1/(p—1); t«:=max{1,t}; [¢:= [P(s)ds;

{w(t) =1+, m=ub, be(0,a+1-p|

1.0
(1.0) VR>0, [ulg = [ulogom and ¢(t) = w(t) £().

C or c will denote generic positive constants.
The main results are the following;:

Theorem 1. Suppose that (y9 + qo) < p — 1 and that

(1.1) /OO sPTPLy(s) <00 or o < (p— 1){#}

0

(1) Then (E°) has a decaying positive solution U € C’Clbp such that at oo,
(1.2) Ury<Cr™™ (U(r)=r™ if b=a+1-p).

Moreover 3Xg = A(f,p) > 0 such that (Ego) has a similar solution ug, say, with
10|00, [ loo € (0,1].

(2) For A € (0,X\), ¥ > 70 and g > qo, (E)) has a decaying positive solution
u € Cép which satisfies (1.2).
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Theorem 2. Suppose that 6 € [0, p]. If
(p—D{a+1-106}
a+1l—p
then Vq > 0, (Fy) has a decaying positive solution V € Cclbp and for T > 1 such
that vy =(p—1)ja+1—p+7(p—0)]/(a+1—p), at co
(1.4) V(r) < Cr~(atl=p)/m(p=1)

provided that ¢ is small enough e.g.

(15) 0<o< {max(l, %)}7“_” (%1_?)”(19 )P —1).

(1.3) v >

)

In particular if

(1.6) vz =+ -Da+1-p-0)}/(a+1-p),

then Vg >0 and 0 < 20 <01 := (a+ 1){“;_#}71,

(F,) has such a solution V with V (r) ~ r=(a+1=p)/(0=1) 4t o0,

Theorem 3. (1) If y9(p — 1) < 1 and (1.1) holds, then VX > 0 and v =y,

(E)l\) has a decaying positive solution u) € Cép which satisfies (1.2).

There is A\g = A(f, p) > 0 such that (E)l\o) has such a solution u with |u|ec, |t/ |oc €

(0,1].

For A € (0,X9) and v > 7o, (E)l\) has a decaying solution in C’;p which satis-

fies (1.2).

(2) Let 6 € 0,p]; fory> (p—1)(a+1—0)/(a+1—p) and 7 > 1 such that
a+l-p+7(p—10

(1.7) 1= 1) -9

a+1l—p
and 0 < \ < {9H=2Vp (p — 1)1 (7 - 1),
(E)l\) has a decaying positive solution u € C’Clbp which satisfies (1.4). In particular
i 0< Folryu) < a7 /(14+7)%, A < {(a+1—p)/r}P(p— 1)V P(r —1) and 7 =
it has such a solution u such that u(r) ~ r—@F1=p)/(0=1) 4¢ 0,

Remarks 4. (1) In Theorem 1, when p > 2, 6 has to be less than —p and even
for this case the existence of solutions for 7 > p — 1 is an extension of the known
results ([7], [8])-

(2) As concerned (E}) with Fj in (f) and a = n—1, radial solutions in C'}([0, 00))N
C2((0,00)) are known to exist ([3]) for

y> @slnie e gog s @A)y g (),
p_1<7<w if 0<—p;

n—p
y<p—1 with 6<-—-p ([6)).

So, the existence of solutions of (E)l\) in Cclbp for v > % and 6 € [0,p]

provided by Theorem 3 seems to be new.
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2. Preliminaries

2.1. Properties of some integrals.

Define
(2.1) J(t) = /t ( /0 ()" and K(t) = (1) ()
0 if b=a+1-p
(2:22) v :{a—l—l—p—b if be(0,a+1-—p);
eay W ._{ SR )" if b=at1-p
' Tl S e} b<a+lop

(2.2¢) Uy = zm{/ol (/()T¢)”+%(/Ooosb+p—l¢)“}.

Lemma 2.1. If

o0
(2.3) / sPPL(s) < 00 or 4> (p— 1)(b+p++9),
0
where b € (0,a+ 1 — pl, then V¢ > 0
(2.4) ot/ PV < k(1) < 0y
o0 M
(2.5) | < ( / R I R S L N
0
PROOF: J j;t m—l{T—a—i-b—l—p—l fOT 5“1/)}“ < LOO T—m—l(fooo Sb+p—11/}),u

on one hand and
t) < fol(for Y+ 7206 sPtP=Ly) on the other hand; the right hand side of
(2.4) then follows from the fact that (14 ¢)™¢, ™ < 2™.
0< —J@) <t7m (s sPtP=1y) on one hand and
J@)'| < (fy* ©)* on the other hand; (2. 5) is obtained.
() = [ r7 (g s“(s))H = fol s®ap(s))! [0 r~ % dr for t > 1 and for t < 1,
(t) = J(1). So
(t) > oty TP/ 7Y Ghence K (1) > \Ifot*‘”/(”‘l).
The left hand side of (2.4) is then obtained. O
For B > A > 0 define for C! := C1([0, 00))
(2.6) E:= E(A,B) =
{fveCh A<v<B;|(wo)| <Bt;™ 1} if b=a+1—p,
{fveCh0<v<B;V>A4 in [0,1; |(wv)| < Bt; ™ '} otherwise.
Define the operator G on E by

en Gt =arom [T {m [ useena s jworn)”

J
J
J
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Lemma 2.2. If (2.3) holds, then G : E — C' is continuous and GE is equicon-
tinuous in C1.

Proor: With F}* := u?(1 + |(wu)'|?), Vu,v € E,

I'1(A) := A7 < F}* < BY(14+BY9) :=T9(B) and |F{'—F}| < C(7,¢, A, B)|lu—v|c1;
I' standing for I'; (A) or I'o(B) according to the sign of u — 1,

e |([Groere) - ([ Gruerne)]

r
"s a ypu—1 "s a U v
<p{l [ (=)} (2)* 0 ()| FT' — FY|
o r o r
T s B
< — Zyag b,
<Ciuen=ve{ [ )
From (2.8) simple estimations lead to
(2.9) (Gu = Gv)' ()] + |(Gu = Gu)(t)] < C'lu—v|ea {|K(t)'| + K(t)}
and the continuity is obtained via Lemma 2.1.
(i) Yu € E,

|(Gu(t)'| < TH{(L+ ™K t) | +m(1+ )" K1)} < C (T, B,4)
by Lemma 2.1 whence GE is equicontinuous in C([0, 00)).
(if) Vt>s>0and u € E,

[(Gu)! (1) — (Gu)'(s)] < TH{|(L + )™t = (1+5)™s™(fg y* ()" +
+m|(14+8)" "= (1 +5)™ K () +m(1+s)" LK (t) - K(s)|} := O(t—s)
and {(Gu)' | u € E} is equicontinuous in C([0,)). The equicontinuity
follows from (i) and (ii).

(]

2.2 A super-sub-solutions method.

Consider for h € C([0,00)3; Ry)

(H) H(v) := Dgv +r*h°(r) = (r®[o' [P~ ') + r%h(r, v, |v'|) = 0.
Definition 2.3. (1) Let v € C'([0,00)) be piecewise C2. v will be said to be a
supersolution (subsolution) of (H) if

Hwv)< (>) 0 YV ae. r>0.

(2) w,v € C([0,00)) piecewise C2 will be said to be H-compatible if
Vaer>0 0<w(r) <o) o((r)<uw(r)<0; Hw) <0< H(w).
Lemma 2.4. Suppose that h" is non decreasing in u and |u'|.
C1([0,00)) be H-compatible with |v|c1 = [vlc1([0,00)) < 00- Then
DoV + r2hY(r) := (r*|V'[P=2V"Y + r2h¥(r) = 0 and DWW + r%h¥(r) = 0
have solutions V,W & Cgp such that Vr > 0,

Let w,v €

(2.10) w<W<V<vand o/ <V <W < <0.
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PRrROOF: The existence of solutions of the equations in the lemma is in no doubt
in view of the hypotheses on v. We are going to indicate how to construct those
which satisfy (2.10). Define the sequences

v(n) + Inv(r) for r<n

op(r) = { .

v(r) otherwise

where Inv(r) := ["(fo(s/t)°hV), p:=1/(p - 1).
Dovp +7*h%(r) =0 in By =[0,n); Vp=v for r>n.
wy, are defined from w in the same way.
In Bn, vn(r) = —(fy(s/r)*h")" < =(fg (s/r)* R} = wn(r)".
As v/, (vg) < 0in By, {r%[|(va)' P~ = [v/[P~1} < 0 whence
v < (vp) < (wy)’ there. Thus wy, < vy < v as v(n) = vp(n) > w(n) = wy(n).
Similarly in B, w < wn and (wp) < w'. So,¥n € N w < w, < v, < v and
v < (vn) < (wy) <w' 0.
So, VM > 0 and By := [0, M),
n>M= |w”|Cl(TM) <|v|c1 and |vn|cl(B—M) < |v|en

whence (wy,) and (v,) have subsequences (w,) and (v;) say, which converge in
CY(Byy) to Wiy and Vy say, such that for some w(M) < aps < byy < v(M), in
By Wa(r) = apg + Ingw(r) and Vag(r) = bagr + Ippo(r).
In the same way (wn)p>2ons and (Up,)n>opr have subsequences which converge in
Cl(BgM) to WQM and VQM say, and W2M|BM = WM, V2M|BM = VM.
W and V are obtained as inductive limit of (W )ren and (Viar)gen ([5]). O
Theorem 2.5. (1) Suppose that the hypotheses on w and v in the Lemma 2.4
hold. Then (H) has a solution ¢ € C}, such that w < ¢ < v.

(2) The existence of such a positive and decreasing supersolution v for (H)
is sufficient for the existence of a non trivial solution u € Cép of (H) such that
0<u<w.

PRrROOF: (1) Define on F = {¢ € C1([0,00)) | w < ¢ < wv and v/ < ¢/ < w'} the
operator I by I(t) :== A+ [2°([y(s/r)*h?(s))* where A := limog v(r).

(a) Let ® = I¢ for ¢ € E;

hv < he < h" whence using the same arguments as in Lemma 2.4,
IECEasW<®<VandV'<® <W W and V being those in that lemma.
(b) The continuity of I : E — F is easy to verify, following the same steps (with
slight modifications) as for Lemma 2.2.

(c) IE is equicontinuous as: (i) V¢ € E and t > s > 0,

(2.11) |@'(t) — @' ()|

e (L gy h”) + %f;rhv}” if p<1,
() e ) )
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and {®' | ¢ € E} is equicontinuous as a subset of C([0, c0));
(i) [®'(t)] < |v'|oo Whence IE is equicontinuous as a subset of C([0,00)).

As E is a closed and convex subset of C'1, the three reasons enable us to apply
the Schauder-Tychonoff fixed point theorem to I; I has a fixed point in E which
is such a solution.

(2) For 0 > p(2a —p) and 2(r) =r~ 9 in D = [1,00), Dgz > 0in D. Let p > 0
be such that z < v/2 and v/ < 2/ <0 for 7 > p. Define 2 and z3 by

z(p) for r<p 0 for r<p
{ and  zo(r) = {

2(r) for 7> p |2 (r)| for 7> p.

For hj := h(r, 21, 22), the function Z constructed from v as W in Lemma 2.4 with
hi replacing h" is such that Z,v are H-compatible and (1) applies. O

Without any extra difficulties, Definition 2.3, Lemma 2.4 and Theorem 2.5
apply to (H) where rather h € C([0,00)2; R4) and h(r,u) non decreasing in
u > 0.

z1(r) =

3. Proofs of the main theorems

3.1. Proof of Theorem 1 Let E be that in (2.6). V¢ € E,
Go(t) = (L+ 1™ [ 7 (2) (s)p(s) 0 (L + |(ws) | 0)} < B0 (14 Bo) K ()
< B’”O(l + B9)*Wy by (2 4)
[(wGe)' (1) < BF1(1 4 BP)|J(1)'| < T BFO(1+ BP)H by (2.5).
Forte[O 1] ifb<a+1—p,

) > [ a2 G(s)10 > A0 J(1) > AWO%(fol sGp)H := Ny AH0
and for b=a+ 1 — p sunllar lower bound is obtained V¢ > 0.
GFE C E if we can find B > A > 0 such that
(3.1) {B®(1+ BO}H(W + W) < B and NpAF?© > A4,
Because u(yo+qo) < 1,in  {(z,y); 2 >0,y > 0} the curve of y = x lies above
that of y = {270(1 4 29)}#(¥! 4 W) for
x>z = x9(V, V1,90, q0). Also NgAF0 > Afor A > Ag := Ag(Na) as pyo < 1.
So, with A; := min{xzg, Ag},
V (A, B) € (0, A1] x [zg,0), (3.1) holds and for such A and B, GE C E.
In that case, as from Lemma 2.2 G is continuous on E and GE equicontinuous
in E, G has a fixed point ¢, say, in E as F is a closed and convex subset of C'1
by Schauder-Tychonoff fixed point theorem. U(t) := w(t)¢(¢) is such a required
solution.
For the equation (E())\O), with B = 1,(3.1) reads

(3.1a) (200)"(T + W) <1 and NodjAr© > A,
So, for Ag = (1/2)(¥!+¥1)~ /% and some A € (0,1), we obtain Ug as U obtained
above.

For A € (0, ), 7 > 0 and ¢ > go Up is a supersolution of (F)y) and Theorem 2.5
applies.
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3.2 Proof of Theorem 2. From Theorem 2.5, it suffices to find a supersolution
of the problem in C1. Define

(3.3) o(r) =1+ s>1 >0,
then fora > 1 and p € (1,a+1)
a(sg)p—lr(&—lﬂp—l)—l
(1 +7s)B—1)+p
For s=p/(p—1)and S =(a+1—-p)/mp, 7> 1,

a+l—pyr-lya+1+[(a+1—p)(r—1)/7]r°\ _
T(p—1) } { (1 +rs)Bp=1)+p } =0

{s=Dp-D+a+r’(a+1-p—sblp—1)}

Dgv=—r

(34)  Dgv+1° {
This implies that
Do+ {4 1)1 — 1) (14 0%) 070D <
whence V6 > 0
Da’U‘f’D%‘ <0, r>0
(3.5) ¥y 2 y(r,0) = (p— 1) HiTe=0)
D= D(a,p,7) = (22)" (p - )P (r - 1),

For v = max{1, “=2} and V(r) = v(r)/ve, V(r),[V(r)| € [0,1] Vr >0

» r(p—1)
hence
» Yy >4(r,0),0 € (0, vy"’D/2] and ¢ >0
0 DoV +og(L+ V'[9 <0, r >0,

V' is then a supersolution of (F,). The proof is completed by the fact that
Vy>(p-1)(a+1—p+7(p—0))/(a+1—p) and 0 < p, there is 7 > 1 such that
v =~(7,0). For r =1in (3.4) and vg = (a + 1 —p)/(p — 1), (3.6) becomes

{ DoV + Hos L+ V) <0, 720

(3.7)
Vg>0, o<op and v2>m1.

The proof is completed by Theorem 2.5.
3.3 Proof of Theorem 3. (1) Adapting the proof of Theorem 1 to (E)l\)7 we see
that GE C E if for any A > 0, there are B > A > 0 such that
MBHW0 (T 4 1) < B and AARO Ny > A;
the fact that uvyg < 1 ensures the existence of such A and B.

As pyg < 1, this part of (1) follows the same process as for Theorem 1. In the
same manner, the part (2) of the theorem is obtained by a simple adaptation of
the proof of Theorem 2.
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