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Multiple solutions of semilinear elliptic systems

YANG JIANFU

Abstract. We obtain in this paper a multiplicity result for strongly indefinite semilinear
elliptic systems in bounded domains as well as in RYV.
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1. Introduction

In this paper, we continue the study from [FY] of the semilinear elliptic systems

(£1.1) —Au+u = +g(x,v),

(£1.2) —Av+v==xf(z,u),

in RY. Our purpose is to establish a multiplicity result on the existence of so-
lutions of the system (£1.1)—(£1.2). Problem (41.1)—(+1.2) has been studied in
[HV], [FF] and [FY] etc., where only one solution was obtained for systems in
bounded domains and systems with radial coefficients in RYN. There seem to be
no existence results for problems similar to (—1.1)—(—1.2). We shall show that
(£1.1)—(+£1.2) possesses infinitely many solutions under the assumptions on the
functions f and g precised below.

The special difficulties involved in the system (+1.1)—(+1.2), first, a lack of
compactness due to the problem being considered in RY, and second, the type of
growth of the functions f and g, require to work with fractional Sobolev spaces
instead of the usual H!(RYV). Third, since the functionals associated to the
problem are strongly indefinite, a modified multiplicity critical points theorem
will be used.

The way of regaining some sort of compactness here is based on working with
special type of function spaces, such as radial symmetry function spaces and
weighted function spaces. Although the compactness in these cases is retained for
the spaces, there is no compactness for the linear differential operator (—A + id
in R™V). This contrasts with the class of —A in a bounded domain.

The work was supported by Science Programs of Nanchang University, NSFJ and 21 Century
Science Programs of Jiangxi Province, China.
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Let real constants p+1>a >pand g+ 1> 3> qg with o, > 2 and p,qg > 1

satisfy
1 1 p+1 g+1 2
ST T U ) S 52 S
{ p+1 qg+1 o I} N

Our hypotheses on the functions f and g are as follows.
(H1) f,g: RN x R — R are continuous functions and odd in second variable.

(H2) There are nonnegative functions «,¢ € L>(R™) and a constant C' > 0
such that

[f(t,2)] < Cr(a) (1 +[t°), [g(t, 2)] < CLx)(1 +[t]7), for all ¢,

where ) ) )

—— 4+ ——>1—— for N>3

p+1 qg+1 N -
and

+4
< if N>5.
JZX/IS N — 41 >
(H3)

0<aF(z,t) <tf(zt), 0<pG(,t)<ty(w,1),
for all |t| > 0, where F(x,t) = fO f(z,s)ds and G(z,t) fogacsd
(H4) There are positive constants C' and C7 such that

Cy 2 Jim | £ (@, )|/ 2 Cr(w),  C1 = Jim|g(a, 1)/ = Cl(e),

wherea+1>a>1,6+1>b>1.
Condition (H3) implies that both functions f and g are superlinear. Indeed,
integrating the inequalities in (H3) and using (H4) we get

(1.3) F(z,t) > Cr(x)|t|®, G(z,t) > Cl(x)|t]?,
and
(1.4) |f(@,t)] = Cr()[t|*7Y, g(x,t)| > Cl(x)[t]P L.

Let w(r) = {z € RN : k() # 0} and w(f) = {z € RN : {(z) # 0}.
(H5) meas{R™ \ w(x)} = 0 and meas{RN \ w(£)} = 0.

Our main result is following.
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Theorem 1. Assume (H1)-(H5).

(i) If
lim esssupk(z) =0, lim esssupf(z) =0,
R—0o0 |z|>R R—oco |z1>R

then problem (+1.1)—(+1.2) possesses infinitely many pairs of strong so-
lutions +(u,v).

(ii) If f,g depend explicitly on r = |z|, the same conclusion as in (i) holds
true.

(iii) If p,q < N+2 then the solutions (u,v) of (£1.1)«(%£1.2) and (Vu, Vv)
have uniform limits zero at infinity.

The multiplicity result for the problem
(+1.5) —Au = +g(z,v) in Q,

—Av=%f(z,u) in Q,

(+1.6) u=v=0 on 01,

defined on a bounded domain  C R seems not to have appeared in the literature
either. In the same way we may obtain the following result.

Theorem 2. Under the hypotheses (H1)—(H5), problem (£1.5)—(41.6) possesses
infinitely many strong solution pairs +(u, v).

We recall in Section 2 the framework developed in [FY], and then prove The-
orem 1 in Section 3. Theorem 2 can be proved in the same way.

2. Abstract framework

Let H be a separable real Hilbert space with scalar product denoted by (,)
and corresponding norm by || - ||. Let T : D(T) C H — H be a self-adjoint linear
operator semibounded from below. That is, there is a constant § such that

(2.1) (Tu,u) > d||ul|? for uwe D(T).

For simplicity, we may take § = 1. So 0 ¢ o(T), where o(T) denotes the
spectrum of T. Let {E()) : A € R} denote the unique right continuous spectral
family associated with 7. In view of (2.1) we have E(\) = 0 for A < 1.

It is well known that

(2.2) D(T) = {u cH: /OO N2 d(E(\)u, u) < oo};
1
(2.3) (Tu,v) = /00 Ad(E(Nu,v) for uwe D(T), v e H;
1
(2.4) (Tu,v) < Nu||? for ue E(N)H;
(25) Aul? < (T, u) < pllull® for u e B(u)H & (M),
(2.6) (Tu,u) > pllul|? for ue [E(u)H]* N D(T).

259



260

Yang Jianfu

Since T is a positive operator, it has a square root

N[

1 o 1 1
T3 :/ A2dE()\), Tz:D(Tz)— H
1

with
D(T%) = {u €H: /1 A(ENu,u) < oo}

We know that T2 is self-adjoint, and from (2.1) we have

=

<T%u,u) > ||lul|? for uwe D(T2).

For each positive real s, we can define

S o0 S
T4 :/ N5 dE().
1

We use the notation A = T%, A% = T3 and define the space E* as
[e.e]
(2.7) ES = D(A%) = {u cH: / XS d(E(N)u, u) < oo}.
1

Each FE? is a Hilbert space endowed with the graph norm
(u, vy gs = (u,v) + (A%u, A%v).

It follows from (2.1) that

(2.8) [[A%u|| > ||u|| for all u € E*,

and as a consequence, ||u||gs and || A%u|| are equivalent norms in E¥. So we write
in £ from now on that

(2.9) (u,v) s = (A%, A%v) and [lullgs = [ A%l

In view of (2.8), A° : E* — H is an isomorphism. We denote by A~ the
inverse of A%.

Now let s,¢ > 0 with s+t = 2. We define the Hilbert space E = E* x Et, with
inner product (,) induced by inner products (,)gs, (,) gt in the usual way. Next
we define a bilinear form B: E x E — R by

Bl(u,v), (6,%)] = (A%u, A%W) + (4°¢, A'v).
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B is continuous and symmetric. Hence B induces a self-adjoint bounded linear
operator L : E — FE such that

Blz,n] = (Lz,n)gp for z,n€ E.
It is easy to see that
Lz = (A"%A%, A7 A%u) for z = (u,v) € E.

We can then prove that L has two eigenvalues —1 and 1, whose corresponding
eigenspaces are

(2.10) E™ ={(u,—A7'A%) :u € ES} for A= —1,
(2.11) ET = {(u, A7t A%u) : u € E%} for A= +1.

We also have that
E=EtaoE"

and
BlzT,27]=0 for 2T € BT and 2z~ € E™.

We consider
(2.12) Q) = %B[z,z] — (A%u, Alv)
for z = (u,v) € E. It follows then that
1 o0 _
LelE = ) - Q0.

where z = 2T + 2=, 2T € ET, 2= € E~. Particularly,

1 1
(2.13) Qz) = EHZH% for z€ BT and Q(z) = —§||z||% for z€ E™.
If 2 = (u,v) € BT | ie. v = A7t A%u, we have by (2.13) and the definition of the
norm on E that

1 1 _
(2.14) Q2) = 5 ll2lf = 5ll(w, AT A% )| = | A%
Similarly
(2.15) Q(z) = [ A"|]* = [|vl|e

for z € ET.
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3. Multiplicity results

In this section, we shall prove (i) and (ii) of Theorem 1, respectively. First
we consider the case (i) of Theorem 1. In the framework of Section 2, we take
H = L*RY) and T = —A + id, with domain D(T) = H%(R™). For 0 < 5 < 2,
the space F*, which is the domain D(Tg), is precisely the space obtained by
interpolation between H2(R™) and L2(RY), namely

(2 RY), LR,

In this case E* is the usual fractional Sobolev space H* (RN ). Denoting by A =
(-A+ id)%, we have for all 0 < s <2

D(A%) = B°(RY) = [H2®RY), L2([RY)]; _s.

Let x be a nonnegative function. We denote by L7 (x, RY) the weighted function
spaces with norms [[w| 1, gy = (Jon k()| w| 1)V,

According to the properties of interpolation space, we have the following em-
bedding theorem, see [AD], [PL].

Theorem 3.1. Let s > 0. Then the inclusion of H*(RY) into LY(r,RN) is
continuous if 2 <y < 2N/(N — 2s) and k € L°(RY). The inclusion is compact
if 2 <~ <2N/(N —2s) and & satisfies the condition (i) of Theorem 1.

Now if we choose s,t > 0, s +t = 2, such that

1 1 1 1
(1__)max(7i7&)<_+i7
(3.1) p+1 @ 16} 2 N
' (1_L)ma (fil &1)<1+1
G+ 1) T T T 2 TN’

then the inclusions H*(RN) — LPH1(x,RY) and H{(RYN) — LIT1(¢,RN) are
compact, where k and ¢ are as in Theorem 1.

Let E = H%(RY) x H*(RN) and the bilinear form B : E x E — R be defined
by

Bl(u,v), (6,)] = /R Aty + A% AN,

for z = (u,v) € E and n = (¢,¢) € E. We have the corresponding quadratic
form

Qz) = /RN ASuAly, z=(u,v) € E.

We consider the functional &+ : E — R, defined by

(3.2) Pt (2) = :l:/RN AsuAty — /RN F(z,u) — /RN G(z,v).
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The critical points of &+ satisfy the equations
(3.3) + ASuAlyp — / g(z,v)y =0 for all » € H{(RYN),
RN RN

(3.4) j:/RN ASpAty — /RN flz,u)p =0 for all ¢ € H*(RYN).

Equations (3.3)—(3.4) are the weak formulation of problem (+1.1)—(£1.2), and
their weak solutions are actually strong solutions of (+1.1)—(+1.2), see [FF].

We shall use the generalized critical point theorem of Benci [B] in a version
due to [He] to find critical points of ®*. For completeness, we state the result
from [He| here.

Theorem ([He]). Let E be a real Hilbert space, and let ® € C'(E,R) be a
functional with the following properties:
(i) ® has the form

(3.5) O(z) = %(Lz, z)+¥(z) forall z€E,

where L is an invertible bounded self-adjoint linear operator in E and
where ¥ € C1(E,R) is such that ¥(0) = 0 and the gradient V¥ : E — F
is a compact operator;
(ii) @ is even, i.e. D(—2) = ®(2) Vz € E;
(iii) @ satisfies the Palais-Smale condition.
Furthermore, let
E=Et®E~
be an orthogonal splitting into L-invariant subspaces E+, E~ such that
+(Lz,2) > 0Yz € E*. Then:

(a) suppose that there is an m-dimensional linear subspace E, of ET (m € N)
such that for the spaces

V:=ET, W:=E ®Ep,

we have

(iv) Jpo > 0 such that inf{P(z) : z € V,||z|| = p} > 0 Vp € (0, po);

(v) Jcoo € R such that P(z) < coo VzEW.

Then there exist at least m pairs (zj, —z;) of critical points of ® such that
0<®(zj) <co (j=1,...,m).

(b) A similar result holds when E,, C E~ and we take V. = E~, W =
EtoE,.

It is known from Section 2 that the operator L induced by the bilinear form
B is an invertible bounded self-adjoint linear operator satisfying +(Lz,z) > 0
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Vz € E*. Now we introduce some finite dimensional subspaces of E. Let (e5),
j =1,2,..., be a complete orthogonal system in H*(R™). Let H,, denote the
finite dimensional subspaces of H*(RY) generated by (e;), j = 1,...,n. Since
A H3(RN) — L2(RN) and A? : HY(RY) — L?(RY) are isomorphisms, we know

that €, = A~'A%;, j = 1,2,..., is a complete orthogonal system in HYRN).
Let H, denote the finite dimensional subspace of H'(RY) generated by (€5),
j =1,...,n. For each n € N, we introduce the following subspaces of Et and
E~:

Eﬂ[ = subspace of ET generated by (ej,€5), j=1,...,n,

E, = subspace of E™ generated by (e;,—¢;), j=1,...,n.

Lemma 3.2. Let the assumptions of Theorem 1 hold, then the functional ®+
defined in (3.2) satisfies conditions (ii), (iv) and (v) of Theorem [HE].

ProOF: Condition (ii) is an immediate consequence of the definition of ®* and
assumptions of functions f and g. For condition (iv), we use (2.14) and assump-
tions (H2) and (H4) to deduce that for z € V := E*+

1
() 2 sl - C [1upt = ¢ et -0 flopett - o [,

Using Theorem 3.1 we get
1
+ 2 1 b+1
®=(2) 2 5 ll2lE = CllzlE™ = CllzlE
for small ||z||. And since a,b > 1 we conclude that ®*(z) > 0 for z € E* with
|lz|| small.

Next, let us prove condition (v). Let n € N be fixed and let z € W = EX © ET,
write z = (u,v) and z = 2T + z~. We have by assumption (H5) and (1.3)

@Hw:i@@w+an—/ﬂmw—/G@m

(3.6) . .
2 +2
<=l IE+ 511 - € [ sl ~ ¢ [ dl”
Let 27 = (ut,v") € E* and 2~ = (u,v”) € E~. Then we have v =
A7tASut and v~ = —A"'ASu~. Furthermore, we may write uT = yu® + @,

where @ is orthogonal to ™ in L?(x, RYN). We also have vT = 7vF + 3, where &
is orthogonal to v+ in LZ(¢,RN). It is easy to see that either ~ or 7 is positive.
Suppose v > 0. Then we have

(1) [ @ = [ R+ 00 + 8 < Yl ) | o vy
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Using the fact that the norms in E;F are equivalent we obtain
=+
T+ DN paeryy < Cllull agery)

with constant C' > 0 independent of u. So from (3.6) and (2.14) we obtain

1 1
8% (2) < —5 127 1E + 51213 — Ol aguem)
2 2 b
(3.7) 2
= ST+ w1 — Gy

The same arguments can be applied if 7 > 0. So the result follows from (3.7).
O

Lemma 3.3. Let the assumptions of Theorem 1 hold. Then the functional ®+
satisfies the (PS) condition.

PROOF: Let (zp) = (un,vn) € E be a sequence such that

(3.8) |®F (2,)| < ¢ = const,
(3.9) {(VOT (2n), )| < enlnllp, with e, — 0 and 7€ E.

Taking 1 = 2y, in (3.9), we obtain from (3.8) and (3.9) that

c+enlznlle > —/F(:v,un) —/G(:C,vn /f T, Up,) —/g(m,vn)vn.

Now it follows from (H3) that

c+enllznllE > (5 - 1) /F(x,un) + (g - 1) /G(x,vn),

and then, in view of (1.3),

(3.10) C +enllznllg > C(/li(z)|un|a—|—/)\(33)|vn|ﬁ).

Next, we estimate ||up|| 7= and ||vp| gt It follows from (H2) and (H4) that, given
€ >0, thereisa c: >0

(3.11) |f(z,u)] < k(e|u| 4+ ce|ulP) for all w.

From (3.9) with ¢ = 0 we have

‘/A5¢Atvn‘ < ‘/f(x,unw‘ +éenl|@llgs for all ¢ € H?.

265
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Using (3.11) and Holder’s inequality, we obtain

(3.12) / A pAty ’ <

< ellunll 2egm I8l22 + cellunlgo o gy

Since 2 < a/(av — p) < 2N/(N — 2s), we get from (3.12)

| [ a%6at0n] < [eluallas + cellunlleony + €] I6]ae, V6 < B
which implies that
(3.13) lonlzze < ellunllzzs + Cellunll? gy +C-
Similarly, we prove that
(3.14) lnllzzs < ellvnllze + Cellun ] vy + C-

Adding (3.13) and (3.14) we conclude that

(815)  Nuallas + Noallzre < C [Junlaq gy + 1oallhs g gry +1]

Using (3.10), (3.15) and (H5) we obtain

lun e vy + 10allg e vy < C [luml e vy + lnl 5o gy | + C-

Since a > p and 3 > ¢, we conclude that both [|un|| pa (. gy and [[vnll s gy are
bounded, and consequently ||uy| fs, ||vn| gt are also bounded in terms of (3.15).

Last, we show that (z,) contains a strongly convergent subsequence. It follows
from Theorem 3.1 that (z5) contains a subsequence, denoted again by (z,) =
((up,vn)), such that

(3.16) U —u in H® v, =v in HY,
(3.17) up —u in LY(k,RY), 2 <y < 2N/(N —25),
(3.18) v — v in LY(,RY), 2 <y <2N/(N —2t).

It follows then from (3.9) and (3.16) that

(3.19) /[AsuAt@[J—i—AsqSAtv] = lim/[¢f(x,un)+wg(x,vn)] for all (¢,¢) € E
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Now we claim that
(3.20) lim/¢f(x,un) = /(bf(ac,u), and lim/z/Jg(:v,vn) = /wg(x,v).
Actually for R > 0 we have
n= [ 1olrm) — £ )
(3:21) < 16l g 1) = F )

< 0l m) = £ 0) | on -
where 1/01 +1/0] =1, 1 < 01 < ~/p. It is easy to verify that for each R >0

(3.22) £, un) = £ (@) s () = O
Next we deduce from (H2) and (H4) that
Bi=| [ olf(eun) ~ Sl e [ @il + luf + oo + b,
By By

where B, := RN \ Bg. Using Holder’s inequality we have

Iy < el o e {n 50 + 003002

el g e L 1m0 oy + 100 5

One can choose 2, 03 in such a way that 2 < 65,65 < 2N/(N — 2s) and 2 <
afa,pf3 < 2N/(N — 2s). Then

Iy < ||¢|\HS(RN){HUn - uH%“QQ(n,RN + H“HLa92 (k,B%)
(3.23)

= s oy + 10 o
On the other hand, by (3.9) we obtain

G20 |+ [aedte— [ofe )| < culdlne. o€ B
Therefore, using (3.21), (3.23) and (3.24) we obtain

|fA5¢At(’Un — U)' < C{Hf(;[;,un) — f(l',U)HLBl(BR)

s
(325) + ||Un - u||%a92(K7RN) + HuH%an(/@ Bc)
ol = g ey g e o 6 €

Since the supremum of the left hand side of (3.25) is |lun — v|| g, we conclude
that v, — v strongly in E!. In a similar way, we may prove that u, — u strongly
in E!. Thus the proof is completed. O
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Remark 3.4. Taking in Section 2 H = L?Y(RN ) the space of radially symmetric
L2-functions in RN and T = —A + id with domain D(T) = H§ (RN) the space
of radially symmetric functions in L? having second derivatives in L?, we get the
following imbedding theorem due to [FY].

Theorem ([FY]). Let s > 0. Then, the restriction to H:‘;(RN) of the Sobolev
imbedding of W52(RY) into LY(RY) is continuous if 2 <y < 2N/(N — 2s), and
it is compact if 2 <y < 2N/(N —2s).

Therefore, the same argument allow us to establish consequences of Lemmas 3.2
and 3.3 for the case when f and g depend explicitly on r = |z|.

PROOF OF THEOREM 1: (i) is an immediate consequence of Lemma 3.2, Lem-
ma 3.3 and Theorem [He|. (ii) follows by Remark 3.4 and the same approach.
(iii) is a result of Theorem 2.1 of [FY]. O
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