Commentationes Mathematicae Universitatis Carolinae

Adalberto Garcia-Maynez; Salvador Romaguera
Perfect pre-images of cofinally complete metric spaces

Commentationes Mathematicae Universitatis Carolinae, Vol. 40 (1999), No. 2, 335--342

Persistent URL: http://dml.cz/dmlcz/119090

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1999

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/119090
http://project.dml.cz

Comment.Math.Univ.Carolin. 40,2 (1999)335-342

Perfect pre-images of cofinally complete metric spaces

A. GARCIA-MAYNEZ, S. ROMAGUERA

Abstract. We show that a Tychonoff space is the perfect pre-image of a cofinally complete
metric space if and only if it is paracompact and cofinally Cech complete. Further
properties of these spaces are discussed. In particular, cofinal Cech completeness is
preserved both by perfect mappings and by continuous open mappings.

Keywords: cofinally Cech complete, paracompact, cofinally complete metric space, per-
fect mapping
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1. Introduction and preliminaries

Throughout this paper all spaces are assumed to be Tychonoff. The letters N
and R will denote the set of positive integer numbers and real numbers, respec-
tively. Terms and undefined concepts may be found in [4] or in [6].

In a recent paper [11] the second author introduced the notion of a cofinally
Cech complete space in order to characterize metrizable spaces which admit a cofi-
nally complete metric. We here characterize paracompact cofinally Cech complete
spaces as those that are perfect pre-image of any cofinally complete metric space
and derive a necessary and sufficient condition for cofinal Cech completeness of
paracompact spaces which generalizes to this context the topological characteriza-
tion of metrizable spaces which admit a cofinally complete metric obtained in [11,
Theorem 2]. We also observe that, contrarily to the case of Cech complete spaces,
cofinal Cech completeness is preserved by continuous open mappings. Finally the
product of paracompact cofinally Cech complete is studied.

Let us recall that a uniformity I on a set X is cofinally complete ([6], [1], [11])
provided that every weakly Cauchy filter on (X,U/) has a cluster point, where a
filter F on (X,U) is said to be weakly Cauchy if for each U € U thereis an x € X
such that U(z) N F' # () whenever F € F. A uniform space (X,) is said to be
cofinally complete if U/ is a cofinally complete uniformity on X. A metric space
(X,d) is called cofinally complete if the uniformity generated by d is cofinally
complete. In this case we say that d is a cofinally complete metric on X.

A net (zq)aea in a uniform space (X,U) is called cofinally Cauchy ([6]) if for
each U € U there is an € X such that (zq)aca is frequently in U(z). It is
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known and easy to see that a uniform space is cofinally complete if and only if
every cofinally Cauchy net has a cluster point.

A space X is called cofinally Cech complete ([11]) if there is a countable col-
lection {Gy, : n € N} of open covers of X satisfying the property that whenever F
is filter on X such that for each n € N there is some G,, € G,, which meets all the
members of F, then F has a cluster point. In this case we say that {Gp, : n € N}
is a cofinally Cech complete collection for X.

It is clear that every locally compact space is cofinally Cech complete, and,
by [4, Theorem 3.9.2], every cofinally Cech complete space is Cech complete. It
is known that the converse implications do not hold. It is straightforward to see
that every cofinally complete metric space is cofinally Cech complete.

Cofinal completeness constitutes an interesting strong form of completeness. In
fact, Corson proved that a space is paracompact if and only if its fine uniformity
is cofinally complete [2]. Csészdr observed in [3] that the Euclidean metric on R
is cofinally complete and Rice proved in [10] that every locally compact cofinally
complete uniform space is uniformly locally compact and that every topological
group which admits a cofinally complete metric is locally compact. Recently, it
was proved in [9] that if (X,d) is a (bounded) metric space, then its Hausdorff
metric is uniformly locally compact on the set o(X) of nonempty compact sub-
sets of X if and only if it is cofinally complete. See [6] for further results on cofinal
completeness.

Note that, by Corson’s theorem cited above, any nonparacompact locally com-
pact space provides an example of a cofinally Cech complete space that does not
admit a cofinally complete uniformity. On the other hand, the nonlocally com-
pact Hilbert space f2, of real sequences with summable square, does not admit
a cofinally complete metric by Rice’s theorem on metrizable topological groups
cited above; so, fo is not cofinally Cech complete. However, its fine uniformity is,
obviously, cofinally complete.

2. Paracompact cofinally Cech complete spaces

Let us recall that a (nonempty) subset A of a space X is bounded provided
that every real-valued continuous function on X is bounded on A.

In the following we shall denote by X the set of points of a space X that
admit no compact neighborhood. Note that X is a closed subset of X.

Proposition 1. Let X be a cofinally Cech complete space. Then Xo is a
bounded subset of X.

ProOOF: Let {G, : n € N} be a cofinally Cech complete collection for X, and
suppose that X is not bounded. Clearly, there exist a sequence (xy)pen in Xo
and a (countable) discrete family {V,, : n € N} of open subsets of X such that,
for each n € N, z, € V,, and V;, C Gy, for some G,, € Gp. Since each z, is in
X, we deduce that, for each n € N, there is a filter base F,, in V;,, consisting of
closed subsets of X, such that Npecx, F = 0. Then, for each sequence (Fy,),en,
with F,, € F, for all n € N, we have that the set U, cnFp, is closed in X, because
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{Fy : n € N} is a discrete family of closed sets. Hence, the family F consisting
of all sets of the form U,cNFp, with F, € Fp, for all n € N, is a filter base
without cluster points. However, for each n € N, FF N G,, # () whenever F' € F,
which contradicts our assumption that {G,, : n € N} is a cofinally Cech complete
collection for X. We conclude that X is a bounded subset of X. 0

As an immediate consequence of [7, 3.3] and Proposition 1, we obtain the
following

Corollary. Let X be a normal cofinally Cech complete space. Then X is
compact if and only if it is Dieudonné complete.

A continuous mapping f from a space X to a space Y is said to be perfect if f
is a closed mapping and all fibers f_l(y), y € Y, are compact. A space X is the
perfect pre-image of a space Y provided that there is a perfect mapping from X
onto Y.

It is well known that if f is a perfect mapping from a space X onto a space Y,
then X is Cech complete if and only if Y is Cech complete [4, Theorem 3.9.10].
In the next result we state the corresponding result to cofinally Cech complete
spaces.

Theorem 1. Let f be a perfect mapping from a space X onto a space Y. Then
X is cofinally Cech complete if and only if Y is cofinally Cech complete.

Proor: Sufficiency: Let {G,, : n € N} be a cofinally Cech complete collection for
Y. We shall show that the countable collection of open covers of X, {{f~YGQ) :
G € Gy} :n € N}, is a cofinally Cech complete collection for X. Let F be a filter
on X such that, for each n € N, there is G, € Gy, satisfying f~1(Gp) N F # 0
whenever F' € F. Then, for each n € N, G, N f(F) # () whenever F € F.
Thus, the filter base {f(F) : F € F} has a cluster point y € Y. Since f is
closed, y € f(F) for all F € F. Therefore, F N f~1(y) # 0 for all F € F. By
the compactness of f~1(y) we conclude that NpcrF # 0. Consequently, X is
cofinally Cech complete.

Necessity: Let {Gp, : n € N} be a cofinally Cech complete collection for X. Fix
y €Y. Since f~1(y) is compact, for each n € N there is a finite subfamily Gy, (y)
of Gp, such that f~1(y) C U{G : G € Gn(y)}. Next we show that, for each n € N,
the set Hy(y) = f(U{G : G € Gn(y)}) is a neighborhood of y :

Assume the contrary. Then, there is an n € N such that for each neighborhood
V of y there exists a point zyy € V \ Hp(y). Denote by A the set of all neigh-
borhoods of y, directed by inclusion. Thus, the net (zy )y cp converges to y. For
each V € A choose xy € f~1(zy/). Then, the net (zy)ycp has a cluster point
a € f~Y(y): Indeed, for each V € A define Ay = {zy : W € A, W C V}. Since
f is closed and y € f(Ay), there exists ay € Ay N f~1(y). Let a € f~1(y) be
a cluster point of the net (ay )y ecp. Then a is also a cluster point of (xy )y en-
Now, let Gy, € Gn(y) be such that a € G. There is V' € A such that zy € Gp;
so, zy € f(Gr) C Hp(y), a contradiction.
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Finally, we shall prove that {#,, : n € N} is a cofinally Cech complete collection
for Y, where Hy, = {intHn(y) : y € Y} for all n € N. Clearly, each H,, is an open
cover of Y. Now let F be a filter on Y such that for each n € N there is y, € Y
satisfying F' N intHy(yn) # ) whenever F' € F. Fix n € N. Since G, (yn) is a
finite family, there is a Gy, € Gy (yn) C Gy, such that f_l(F) N Gy, # 0 whenever
F € F. Hence, the filter base {f~}(F) : F € F} has a cluster point b € X, so
f(b) is a cluster point of F. We conclude that {H,, : n € N} is a cofinally Cech
complete collection for Y. (Il

Remark. As the referee has pointed out, the part ‘if” in Theorem 1 can be proved
directly from general categorical results. In fact, it suffices to observe that cofinal
Cech completeness is hereditary with respect to closed sets and that the Cartesian
product of a compact space with a cofinally Cech complete space is cofinally Cech
complete. Then, apply [4, Theorem 3.7.26].

Theorem 2 ([11]). A metrizable space admits a cofinally complete metric if and
only if it is cofinally Cech complete.

Corollary. Let f be a perfect mapping from a cofinally complete metric space
X onto a space Y. Then Y admits a cofinally complete metric.

PRrROOF: By the celebrated Hanai-Morita-Stone theorem, Y is a metrizable space,
and, by Theorems 1 and 2, it admits a cofinally complete metric. (I

Our next result extends to paracompact cofinally Cech complete spaces the
classical theorem of Frolik that a space is paracompact and Cech complete if
and only if it is the perfect pre-image of a completely metrizable space (see, for
instance, [4, Problem 5.5.9]).

Theorem 3. A space is the perfect pre-image of a cofinally complete metric space
if and only if it is paracompact and cofinally Cech complete.

PROOF: Let X be a paracompact cofinally Cech complete space. It follows from
Frolik’s theorem cited above, that X is the perfect pre-image of a (completely)
metrizable space Y. Then, by Theorem 1, Y is cofinally Cech complete, so it
admits a cofinally complete metric by Theorem 2.

Conversely, let f be a perfect mapping from a space X onto a cofinally complete
metric space Y. It is well known that, then, X is paracompact. Moreover, it is
cofinally Cech complete by Theorem 1. The proof is complete. ([

Remark. Let us note that the part ‘if” in Theorem 3 admits a direct proof,
by constructing the cofinally complete metric space for which X is its perfect
pre-image:

Indeed, let X be a paracompact cofinally Cech complete space. Let {Gn:ne
N} be a cofinally Cech complete collection for X. Since X is paracompact, there
is a sequence (Up,),en of members of the fine uniformity of X such that for each
n e N, Ug-i-l C Up and {Up(z) : € X} refines {Gy, : n € N}. Thus, by Kelley’s
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metrization lemma [8, p. 185], there is a pseudometric p on X such that, for each
neN, Upr1 C{(z,y) € X x X : p(x,y) < 27"} CUp.

Define an equivalence relation ~ on X as follows: = ~ y < p(x,y) = 0. Let
Y = X/ ~, and define d : Y xY — R by d([z],[y]) = p(x,y). Then d is a
metric on Y. Consider the quotient mapping f : X — X/ ~. Clearly, f is
continuous. Moreover, similarly to the classical case (see for instance [5, proof of
Theorem 3.6]), one can see that f is closed.

Next we verify that for each € X, f~!([z]) is countably compact in X.
Let (zn)nen be a sequence in f~1([z]). Then z, € Up(z) for all n € N. By
the (cofinal) Cech completeness of X it follows that the sequence (zp,),ecn has a
cluster point y € X. Since f~1([x]) is closed, y € f~!([z]). Taking into account
that paracompactness is hereditary for closed sets and that every paracompact
countably compact space is compact, we conclude that f is a perfect mapping
from X onto the metric space (Y, d).

It remains to show that (Y,d) is cofinally complete. To this end let ([ya])aca
be a cofinally Cauchy net in (Y, d). Then, for each n € N there is z,, € X such that
([va))aca is frequently in By([zrn],27"™). Hence, for each n € N the net (ya)aca
is frequently in Up(zy). Since for each n € N there exists G, € Gy, such that
Un(zpn) C Gy, we deduce that the filter F generated by the net (yo)aca satisfies
that each G;, meets all the members of F. Since X is cofinally Cech complete,
F has a cluster point y € X. Therefore y is a cluster point of the net (yo)aeca in
(X, p), so [y] is a cluster point of ([ya])aca in (Y, d). We conclude that (Y,d) is
cofinally complete.

As we indicated in Section 1, Cech completeness is not necessarily preserved by
continuous open mappings. However, the situation is quite different for cofinally
Cech complete spaces.

Proposition 2. Let f be a continuous open mapping from a cofinally Cech
complete space X onto a space Y. Then Y is cofinally Cech complete.

PROOF: Let {G, : n € N} be a cofinally Cech complete collection for X. Then,
the countable collection of open covers of Y, {{f(G) : G € Gp} : n € N}, is
cofinally Cech complete for Y. Indeed, let F be a filter on Y such that for each
n € N, there is G, € Gy, satisfying f(Gn)NF # 0 whenever F' € F. Then, for each
n €N, G, N f7L(F) # 0, whenever F € F. So, the filter base {f}(F) : F € F}
has a cluster point x. Therefore f(x) is a cluster point of F. We conclude that
Y is cofinally Cech complete. (|

It is well known that complete metrizability is preserved by continuous open
mappings whose range space is metrizable. From Proposition 2 and Theorem 2
we immediately deduce the following analogous result to cofinal complete metri-
zability.

Corollary. Let f be a continuous open mapping from a cofinally complete metric
space onto a metrizable space Y. Then Y admits a cofinally complete metric.
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In [11, Theorem 2] it is proved that a metrizable space is cofinally Cech com-
plete if and only if the set of points that admit no compact neighborhood is
compact. We shall extend this result to paracompact spaces.

Let us recall that a subset A of a space X is said to be of countable character
if the collection of all open sets containing A has a countable base, i.e. there is a
countable collection {W,, : n € N} of open sets containing A such that for each
open set GG such that A C G, one has W, C G for some n € N. A space X is
called of countable type if each compact subset of X is contained in a compact
set of countable character.

Theorem 4. For a paracompact space X the following statements are equivalent.

(1) X is cofinally Cech complete.

(2) The set X is contained in a compact subset of countable character.

(3) X is the union of a compact subset of countable character and of an open
locally compact subset.

PROOF: (1) = (2): By Theorem 3, there exists a perfect mapping f from X onto
a cofinally complete metric space Y. By [10, Theorem 5], the set Y is compact.
Since Y is a metric space, Y is of countable character. Therefore f~1(Yy) is
also a compact set [4, Theorem 3.7.2] of countable character. The facts that
the set X is closed in X and that X C f_l(YC), completes the proof of this
implication.

(2) = (3): Let K be a compact subset of X of countable character such that
Xco € K. Put G = X\K. Then G is an open locally compact subset of X and
obviously, X = K UG.

(3) = (1): Suppose that X = K UG, where K is a compact subset of X of
countable character and G is an open locally compact subset of X. Let {W,, : n €
N} be alocal base for K. For each z € G let V; be an open neighborhood of x such
that V,, is compact and V,; C G. For each n € N put G, = {W,,} U{V, : 2 € G}.

We shall show that {G,, : n € N} is a cofinally Cech complete collection for X.
Let F be a filter on X such that for each n € N there exists a G, € G, which
meets all the members of F. Suppose that there is an n € N such that G, =V,
for some z € G. Then V, N F # () for all ' € F. By compactness of V it follows
that ﬂFE}-F # (. Otherwise, G,, = W, for all n € N. Therefore, each W), meets
all the members of F. From the fact that {W,, : n € N} is a local base for K
it follows that K N F # () for all F € F. Since K is compact we deduce that
NrerF # 0. We have shown that X is cofinally Cech complete. (|

Note that paracompactness is only used in the proof of (1) = (2), in the
preceding theorem. So, we have the following result.

Corollary. Levt X be space of countable type such that X is compact. Then
X is cofinally Cech complete.
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It is known (see [6, p. 96]) that if X and Y are cofinally complete metric spaces,
then the product metric space X x Y is cofinally complete if and only if one of
the following conditions hold: (i) both X and Y are locally compact or (ii) either
X or Y is compact. We shall generalize this result to paracompact cofinally Cech
complete spaces.

Theorem 5. Let X and Y be two paracompact cofinally Cech complete spaces.
Then X x Y is paracompact and cofinally Cech complete if and only if one of the
following conditions holds: (i) both X and Y are locally compact or (ii) either
X orY is compact.

PRrOOF: By Theorem 3, there exist two cofinally complete metric spaces X; and
Y1 and two perfect mappings f and g from X onto X; and from Y onto Y7,
respectively.

Suppose first that both X and Y are locally compact. Then X; and Y7 are
locally compact, so the product metric space X1 x Y7 is cofinally complete. Since
f x g is perfect, it follows from Theorem 3 that X x Y is paracompact and
cofinally Cech complete. Now suppose that, for instance, Y is compact. Then
Y1 is compact and thus the product metric space X1 X Y7 is cofinally complete.
Again, by Theorem 3, X X Y is paracompact and cofinally Cech complete.

Conversely, suppose that X x Y is paracompact and cofinally Cech complete.
Since f x g is perfect, it follows from Theorem 1 that X1 x Y7 is cofinally Cech
complete. By Theorem 2, X; x Y7 admits a cofinally complete metric, so both
X1 and Y7 are locally compact or either X7 or Y7 is compact. We conclude that
both X and Y are locally compact or either X or Y is compact. (Il

Tt is well known (see, for instance, [4]) that the Cartesian product of countably
many Cech complete (resp. paracompact Cech complete) spaces is Cech complete
(resp. paracompact Cech complete). The following example shows that there
exist two (metrizable) cofinally Cech complete spaces such that the product metric
space is not cofinally Cech complete.

Example. Denote by J(a) and J(8) the hedgehog spaces of a and (3 spines
respectively, a, § > Ng (see [4, Example 4.1.5]). It is known (see [6, p. 96-97]) that
both J(«) and J(() admit a cofinally complete metric but are not locally compact
spaces. It then follows from Theorem 5 that the product space J(«) x J(8) is not
cofinally Cech complete.

Acknowledgment. The authors are very grateful to the referee for his sugges-
tions and comments. In particular, for suggesting the short proof of Theorem 5
given here.
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