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A formula for calculation of metric

dimension of converging sequences

Ladislav Mǐśık Jr., Tibor Žáčik

Abstract. Converging sequences in metric space have Hausdorff dimension zero, but their
metric dimension (limit capacity, entropy dimension, box-counting dimension, Hausdorff
dimension, Kolmogorov dimension, Minkowski dimension, Bouligand dimension, respec-
tively) can be positive. Dimensions of such sequences are calculated using a different
approach for each type.
In this paper, a rather simple formula for (lower, upper) metric dimension of any

sequence given by a differentiable convex function, is derived.

Keywords: metric dimension, limit capacity, entropy dimension, box-counting dimen-
sion, Hausdorff dimension, Kolmogorov dimension, Minkowski dimension, Bouligand
dimension, converging sequences, convex sequences, differentiable function

Classification: 54F50, 40A05

Let X be a totally bounded metric space and let ε be a positive real number.
Denote by N(ε, X) the least number of closed balls with diameter ε covering X .
For simplicity we use also the notation N(ε) when dealing with a fixed metric
space.
The following characteristic of the space X

dimX = lim inf
r>0

logN(r, X)

− log r

was first defined in [P–S] and it is called the lower metric dimension (limit ca-
pacity, entropy dimension, box-counting dimension, Hausdorff dimension, Kol-
mogorov dimension, Minkowski dimension, Bouligand dimension, respectively) of
the space X . Similarly,

dimX = lim sup
r>0

logN(r, X)

− log r

is known as the upper metric dimension (limit capacity, entropy dimension, box-
counting dimension, Hausdorff dimension, Kolmogorov dimension, Minkowski di-
mension, Bouligand dimension, respectively). In case dimX = dimX we say that
for X there exists metric dimension.
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For a countable set, these dimensions can be positive, whereas the well known
Hausdorff dimension of a countable set is zero. Hence the metric dimension,
which is always equal to or greater than the Hausdorff dimension, provides a more
sensitive characteristic for some sets. The only method of calculation of (upper)
metric dimension of sequences, according to authors knowledge, was developed
in [H, Theorem 3.1]. The result was based on the paper [B–T] and it allows to
calculate the metric dimension of compact nowhere dense subsets of the set of real
numbers by means of convergence of infinite series. Some examples of calculation
of metric dimension can be found in [K–A].
The aim of our paper is to give an analytic formula for the calculation of the

metric dimension of converging sequences by means of limits. Notice that the sig-
nificance of converging sequences in the theory of metric dimension is documented
by the result of [M–Z] which says that in each compact metric space there exists a
converging sequence having the same upper metric dimension as the whole space
does.
In this paper we consider the class of decreasing sequences of positive real

numbers converging to zero. For such sequences {an} we will write A = {an}
instead of A =

⋃

n∈N

{an} ∪
{

lim
n→∞

an

}

=
⋃

n∈N

{an} ∪ {0}. All logarithms in the

paper are taken to the base greater than one.

Definition 1. By a convex sequence (c-sequence, in short) we mean a decreasing
sequence of positive real numbers converging to zero, which is convex as a function
defined on the set of all positive integers.

This means that a sequence {an}
∞

n=1 is a c-sequence iff for all n ∈ N

an − an+1 > an+1 − an+2 .

In general, the function N(· , X) fulfills the condition

lim
r→r+

0

N(r, X) + 1 ≤ lim
r→r−

0

N(r, X) ≤ 2 · lim
r→r+

0

N(r, X),

for a set X ⊂ R and for any point r0 of its discontinuity ([M–Z, Theorem 3]).
In the case of c-sequences a more precise estimation holds.

Proposition 1. Let A = {an} be a c-sequence. Then for any point r0 of discon-
tinuity of the function N(· , A),

lim
r→r−

0

N(r, A) = lim
r→r+

0

N(r, A) + 1.

Proof: Let r0 be a point of discontinuity of the function N(· , A). Note that a
covering of A by the least number of closed intervals of lengths r0 can be chosen
such that right endpoints of all intervals in a covering are members of the sequence
{an}. Thus take C = {Ci}

n
i=1 = {〈pi, aki

〉}n
i=1, a minimal covering of A. Now
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consider the system of intervals C′ = {C′

i}
n
i=1 = {〈pi − di, aki+1〉}

n
i=1, where

di = aki
− aki+1. As differences between successive members of A are decreasing,

the system C′ possesses the following properties:

(i) C′ covers A except a1;
(ii) both Cn and C′

n contain an infinite number of members of A. On the
other hand, if Ci contains mi members {aki

, . . . , aki+mi−1} of A then, C
′

i
contains at least mi members {aki+1, . . . , aki+mi

} of A;
(iii) aki+mi

is greater than the left endpoint of the interval C′

i, i = 1, . . . , n−1,
i.e., aki+mi

> pi − di. The endpoint of C
′
n is a negative number, say hn.

Denote by hi the positive number aki+mi
− (pi − di) for all i = 1, . . . , n − 1 and

choose a positive ε, 0 < ε < min{hi : 1 ≤ i ≤ n − 1}.
The system C′′ = {〈pi − di + ε, aki+1〉}

n
i=1 covers A except a1 as well. Thus

the system C′′ ∪ 〈a1 − r0 + ε, a1〉 is a covering of A by n+ 1 intervals of diameter
r0 − ε, which yields the requested equality. �

Many examples of converging to zero sequences are given by differentiable
convex functions. For example, {an} = { 1

nk
} is derived from the function f(x) =

x−k by the relation an = f(n). Similarly, the sequences { 1
kn }, {

1
logn} can be

obtained from the functions f(x) = k−x and f(x) = (log x)−1, respectively. The
resulting sequences are c-sequences.
The opposite is also true. For any c-sequence {an} there exists a differentiable

convex decreasing function f : R
+ → R

+, with limit zero at infinity, such that
an = f(n). Any such C1-function will be called an associated function to this
sequence.
The construction of an associated function to a convex sequence is shown in

the following example.

Example. Let {an} be a convex sequence. Put d1 = 2(a2− a1) and define dn =
an+1−an−1

2 for each n = 2, 3, 4 . . . . Then evidently dn < an+1 − an < dn+1 < 0.

Further, let p1 =
a3−2a2+a1
2a1−2a2

and pn =
an+2−2an+1+an

an+1−2an+an−1
for n > 1. Define ϕn(x) =

(dn+1 − dn)(x − n)pn + dn for x ∈ 〈n, n + 1) and for each n = 1, 2, 3 . . . . Let
fn(x) = an+

∫ x
n ϕn(t) dt. Finally, define the function f in pieces by f(x) = fn(x)

for each n = 1, 2, 3 . . . and all x ∈ 〈n, n + 1). The straightforward computation
yields that f is an associated function to the sequence {an}.

Lemma 1. Let A = {an} be a c-sequence and let r < a1 − a2 be a positive
number. Let f be any associated function to A. Then there is a unique integer
nr and a unique real number x ∈ (nr, nr + 2), such that

(1) anr+1 − anr+2 ≤ r < anr
− anr+1 ,

and

r = −f ′(x).
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Proof: The existence of an index nr fulfilling (1) is obvious. The Mean Value
Theorem implies the existence of a u ∈ (nr, nr + 1) and v ∈ (nr + 1, nr + 2) such
that anr+1 − anr

= f ′(u) and anr+2 − anr+1 = f ′(v). By (1)

−f ′(v) = anr+1 − anr+2 ≤ r < anr
− anr+1 = −f ′(u).

From the Darboux property of derivatives there is an x ∈ (u, v〉 ⊂ (nr, nr + 2)
such that r = −f ′(x). Due to monotonicity of f ′ this x is unique. �

Remark. As the function −f ′ is positive and decreasing, Lemma 1 provides a
one-to-one correspondence between positive real numbers r tending to zero and
positive real numbers x tending to infinity.

Lemma 2. Let A = {an} be a c-sequence and let r < a1 − a2 be a positive
number. Let nr be the integer from Lemma 1. Then

(2) nr + 1 +
anr+2

2r
≤ N(r) ≤ nr + 2 +

anr+2

r
.

Proof: Fix i > nr and cover the sequence A by intervals of length r as follows.
a1, . . . , ai can be covered by i intervals and the rest of the sequence A by

[ai+1

r

]

+1

intervals. Thus N(r) ≤ i+
ai+1

r + 1, so the right inequality is proved.
On the other hand, to cover the first nr+1 terms of A we need nr+1 intervals

of length r. Any covering of the rest of A consists of some number of intervals of
the length r, and some number of gaps between these intervals. The number of
gaps is less than the number of intervals. Since A is a c-sequence, the definition
of nr yields that the length of each gap is less than r. Hence the sum of lengths of
covering intervals is greater than one half of the length of the interval 〈0, anr+2〉.
Therefore the number of intervals needed to cover anr+2, anr+3, . . . is greater
than

anr+2

2r , so the total number of intervals to cover the whole sequence A is

greater than nr + 1 +
anr+2

2r . �

Lemma 3. Let A = {an} be a c-sequence and let f be any associated function
to A. Then for each x > 1,

x − 2 +
f(x)

−2f ′(x)
≤ N

(

−f ′(x)
)

≤ x+ 2 +
f(x)

−f ′(x)
.

Proof: Since f is an associated function to A, we can write f(n) instead of an,
n = 1, 2, . . . . Substituting r = −f ′(x) in (2) gives

(3) nr + 1 +
f(nr + 2)

−2f ′(x)
≤ N

(

−f ′(x)
)

≤ nr + 2 +
f(nr + 2)

−f ′(x)
.

The Mean Value Theorem guarantees the existence of a number t ∈ (x, nr + 2)
such that

f(nr + 2) = f(x) + f ′(t)(nr + 2− x).
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Substitute this to (3) to get

nr +1+
f(x) + f ′(t)(nr+2−x)

−2f ′(x)
≤ N

(

−f ′(x)
)

≤ nr+2+
f(x) + f ′(t)(nr+2−x)

−f ′(x)
,

or

(4) nr + 1 +
f(x)

−2f ′(x)
−

−f ′(t)

−2f ′(x)
(nr + 2− x) ≤ N

(

−f ′(x)
)

≤ nr + 2 +
f(x)

−f ′(x)
−

−f ′(t)

−f ′(x)
(nr + 2− x).

As f is a decreasing convex function, the function f ′ is negative and increasing.
Therefore

0 <
f ′(t)

f ′(x)
< 1.

By Lemma 1, x ∈ (nr, nr + 2), hence nr + 2− x < 2 and so

−f ′(t)

−2f ′(x)
(nr + 2− x) < 1.

So the left side of the first inequality in (4) can be minorized

(5) nr + 1 +
f(x)

−2f ′(x)
−

−f ′(t)

−2f ′(x)
(nr + 2− x)

= nr +
f(x)

−2f ′(x)
+

(

1−
−f ′(t)

−2f ′(x)
(nr + 2− x)

)

> x − 2 +
f(x)

−2f ′(x)
.

Similarly, as
−f ′(t)
−f ′(x)

(nr + 2− x) is a positive number, the right side of the second

inequality in (4) can be majorized

(6) nr + 2 +
f(x)

−f ′(x)
−

−f ′(t)

−f ′(x)
(nr + 2− x) < x+ 2 +

f(x)

−f ′(x)
.

Using (5) and (6) in (4), we obtain the assertion of the lemma. �

Theorem. Let A = {an} be a c-sequence with an associated function f . Then

dimA = lim inf
x→∞

log
(

x+
f(x)

−f ′(x)

)

− log
(

−f ′(x)
) ,
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and

dimA = lim sup
x→∞

log
(

x+
f(x)

−f ′(x)

)

− log
(

−f ′(x)
) .

Proof: Evidently,

x − 2 +
f(x)

−2f ′(x)
< x+ 2 +

f(x)

−f ′(x)
< 2

(

x − 2 +
f(x)

−2f ′(x)

)

,

for x > 6. Taking logarithms and dividing by positive number − log
(

−f ′(x)
)

gives

log
(

x−2+
f(x)

−2f ′(x)

)

− log
(

−f ′(x)
) ≤

log
(

x+2+
f(x)

−f ′(x)

)

− log
(

−f ′(x)
) ≤

log 2

− log
(

−f ′(x)
)+
log

(

x−2+
f(x)

−2f ′(x)

)

− log
(

−f ′(x)
) .

Since lim
x→∞

log 2

− log
(

−f ′(x)
) = 0, the lim inf of the outer terms are equal and therefore

lim inf
x→∞

log
(

x − 2 +
f(x)

−2f ′(x)

)

− log
(

−f ′(x)
) = lim inf

x→∞

log
(

x+ 2 +
f(x)

−f ′(x)

)

− log
(

−f ′(x)
) .

Obviously,

log
(

x − 2 +
f(x)

−2f ′(x)

)

− log
(

−f ′(x)
) ≤

log
(

x+
f(x)

−f ′(x)

)

− log
(

−f ′(x)
) ≤

log
(

x+ 2 +
f(x)

−f ′(x)

)

− log
(

−f ′(x)
) ,

and, from the assertion of Lemma 3,

log
(

x − 2 +
f(x)

−2f ′(x)

)

− log
(

−f ′(x)
) ≤

log
(

N
(

−f ′(x)
))

− log
(

−f ′(x)
) ≤

log
(

x+ 2+
f(x)

−f ′(x)

)

− log
(

−f ′(x)
) .

Hence

dimA = lim inf
x→∞

log
(

N(−f ′(x))
)

− log
(

−f ′(x)
) = lim inf

x→∞

log
(

x+
f(x)

−f ′(x)

)

− log
(

−f ′(x)
) ,

by Sandwich Theorem.
The same result is true for dimA, considering lim sup instead of lim inf. �

The following Corollary 1 is an immediate consequence of Theorem.
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Corollary 1. Let A = {an} be a c-sequence with an associated function f . Then

dimA = dimA = dimA = lim
x→∞

log
(

x −
f(x)
f ′(x)

)

− log
(

−f ′(x)
) ,

provided the last limit exists.

The following consequence of Corollary 1 will be useful.

Corollary 2. Let A = {an} be a c-sequence with an associated function f . Then

dimA = dimA = dimA = max

{

lim
x→∞

log x

− log
(

−f ′(x)
) , 1− lim

x→∞

log
(

f(x)
)

log
(

−f ′(x)
)

}

,

provided both limits exist.

Proof:

max

{

x ,
f(x)

−f ′(x)

}

≤ x −
f(x)

f ′(x)
≤ 2max

{

x ,
f(x)

−f ′(x)

}

as both x and
f(x)

−f ′(x)
are positive. Consequently

max







log x

− log
(

−f ′(x)
) ,
log

(

f(x)
−f ′(x)

)

− log
(

−f ′(x)
)







≤
log

(

x −
f(x)
f ′(x)

)

− log
(

−f ′(x)
) ≤

log 2

− log
(

−f ′(x)
) +max







log x

− log
(

−f ′(x)
) ,
log

(

f(x)
−f ′(x)

)

− log
(

−f ′(x)
)







for sufficiently large x.
Take limits in the last inequalities, apply the Sandwich Theorem and notice

that
log

(

f(x)
−f ′(x)

)

− log
(

−f ′(x)
) = 1−

log
(

f(x)
)

log
(

−f ′(x)
)

to finish the proof. �

Examples

1) Let {an}
∞

n=1 = {1/nα}∞n=1, α > 1, with an associated function f(x) = x−α.
Then

dim{1/nα} = lim
x→∞

log
(

x −
f(x)
f ′(x)

)

− log
(

−f ′(x)
) = lim

x→∞

log
(

x+ x−α

αx−α−1

)

− log(αx−α−1)

= lim
x→∞

log
(

x+ x
α

)

− logα+ (α+ 1) log x
=

1

α+ 1
.
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2) Let {an}
∞

n=1 = {rn}∞n=1, 0 < r < 1, with an associated function f(x) = rx.
Then

dim{rn} = lim
x→∞

log
(

x −
f(x)
f ′(x)

)

− log
(

−f ′(x)
) = lim

x→∞

log
(

x − rx

rx log r

)

− log(−rx log r)

= lim
x→∞

log
(

x − 1
log r

)

− log(− log r) − x log r
= 0.

3) Let {an}
∞

n=1 = {1/ logn}∞n=1, with an associated function f(x) = (log x)−1.
Then

dim{1/ logn} = lim
x→∞

log
(

x −
f(x)
f ′(x)

)

− log
(

−f ′(x)
) = lim

x→∞

log(x+ x log x)

log
(

x(log2 x)
)

= lim
x→∞

log x+ log(1 + log x)

log x+ 2 log(log x)
= 1.

4) Let {an}
∞

n=1 = {π
2 − arctann}∞n=1, with an associated function f(x) = π

2 −
arctanx. Let us apply Corollary 2. Calculate

lim
x→∞

log x

− log (−f ′(x))
= lim

x→∞

log x

− log
(

1
1+x2

)

= lim
x→∞

log x

log (1 + x2)
=
1

2
,

and

1 + lim
x→∞

log
(

f(x)
)

− log
(

−f ′(x)
) = 1 + lim

x→∞

log
(

π
2 − arctanx

)

log (1 + x2)

= 1 + lim
x→∞

−1
(π

2
−arctan x)(1+x2)

2x
1+x2

= 1− lim
x→∞

1
2x

π
2 − arctanx

= 1− lim
x→∞

−1
2x2

−1
1+x2

= 1−
1

2
=
1

2
.

Thus
dim

{π

2
− arctann

}

∞

n=1
=
1

2
.

5) {an}
∞

n=1 = {1 − e−
1

n }∞n=1, with an associated function f(x) = 1 − e−
1

x . Cal-
culate

lim
x→∞

log x

− log (−f ′(x))
= lim

x→∞

log x

− log
(

e
−1
x

x2

)

= lim
x→∞

log x

log
(

x2e
1

x

)

= lim
x→∞

log x
1
x + log x2

=
1

2
,
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and

1 + lim
x→∞

log
(

f(x)
)

− log
(

−f ′(x)
) = 1 + lim

x→∞

log
(

1− e
−1

x

)

log
(

x2e
1

x

)

= 1+ lim
x→∞

−e

−1
x

x2

1−e
−1
x

2xe
1
x+x2−e

1
x

x2

x2e
1
x

= 1 + lim
x→∞

−1
2x−1

e
1

x − 1

= 1 + lim
x→∞

2
(2x−1)2

−e
1
x

x2

= 1−
1

2
=
1

2
.

Thus

dim
{

1− e−
1

n

}

∞

n=1
=
1

2
.
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