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On loops whose inner permutations commute

P1roSKA CSORGO, ToMAS KEPKA

Abstract. Multiplication groups of (finite) loops with commuting inner permutations are
investigated. Special attention is paid to the normal closure of the abelian permutation

group.
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1. Introduction

A loop Q is a quasigroup with a neutral element. The left and right translations
Lg and R, defined by Ly (x) = ax and Rq(z) = za, respectively, are permutations
of @ and the permutation group M(Q) = (A, B), where A = {L,/a € Q},
B = {Rq/a € Q} is called the multiplication group of ). The stabiliser I(Q) of
the neutral element is the inner permutation group of the loop ). R.H. Bruck
showed in [1] that I(Q) is abelian, provided that @ is nilpotent of class 2. The
converse assertion does not seem to be true even for finite loops. In order to
solve this question it may help to get some information on the structure of M(Q)
for hypothetical counterexample ). This is just the purpose of the present short
note. Here we pay particular attention to the subgroup M (Q)’ - I(Q) which is the
normal closure of I(Q) in M(Q).

We start with the following well-known folklore result:

Theorem 1.1. A group G is isomorphic to the multiplication group M(Q) of a
loop Q if and only if there exist a corefree subgroup H of G (then H = I(Q))
and transversals A, B to H in G such that G = (A, B) and [A,B] C H.

Additional information on the multiplication groups can be found in [2]-[15].

2. Preliminary results

In this section, let H be a subgroup of a group G such that there exist H-
connected transversals A, B to H in G (it means that AH = G = BH, A~1AnN
H =1=B"'BnH and [A,B] C H). Further let L and N denote the core
core(H) and the normalizer Ni(H) of H in G, respectively.

This paper was partly supported by Hungarian National Foundation for Scientific Research
Grant # T034878 and T038059.
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Proposition 2.1. (i) (AUB)NH C L.

(ii) Z(G) C ALNBL.

(iii) If C € AU B, then C C Coreg((H,C)).

(iv) N = HV, where V/L = Z(G/L).

(v FHCE<LFCG, then FFCFE

(vi) If M <G and M C AN B, then [AUB, M| C L.

PROOF: See [2, 3.11, 3.12, 3.18, 3.19). O

Corollary 2.2. Assume that L = 1. Then
(i) ANH=1=BnNH;
(ii) Z(G) € AN B;
(iii) N =H x Z(G)
(iv) if M <G and M C AN B, then M C Z({A, B)) (and hence M C Z(G),
provided that G = (A, B)).

Lemma 2.3. (i) Cg(B)A C AL and Cn(A)B C BL.
(ii) C(B) is a subgroup of AL.
(ili) Cg(A) is a subgroup of BL.

Proor: (i) If ¢ € C(B) and a € A, then ca = aju for some a; € A and u € H.
Now, u = al_lca and ub = (a; aj 1yb.cb. ab = [b,a1]-a; Lbaa,b] = [b,ar)ula,b] € H
for every b € B. Since G = BH, it follows that u € L.

(ii) and (iii). Use (i). O
Lemma 2.4. Let a € A be such that aA C A. Then [a, B] C L.
ProoOF: We have [a,b]™ - [a1,b] = [aa1,b] € H for all a; € A and b € B. Since
G = AH, it follows that [a,b] € L. O
Corollary 2.5. Assume that L = 1. Then:

(i) Ca(B) ={a € A|aA = A} is a subgroup of A;

(ii) Cq(A) ={be B|bB = B} is a subgroup of B;

(iii) 2A = A and zB = B for every z € Z(G).
Lemma 2.6. Assume that L = 1. If K is a subgroup of G such that H C K,
then Z(K) = (Z(G)NK) x (Z(K)N H).
PRrOOF: Clearly, Z(K) C N = H x Z(G) (2.2(iii)) and the rest is clear. O
Corollary 2.7. Assume that L = 1. If K is a subgroup of G such that H C K,
then Z(K) C H if and only if Z(G)NK = 1.
Proposition 2.8. Assume that H is a finite abelian group. Then:

(i) G is soluble;
(i) if G = (A, B), then H is subnormal in G;
(iii) if L =1+# G = (A, B), then Z(G) # 1.
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PROOF: (i) See [10, 4.1].

(ii) See [5, 3.1].

(iii) Since G # 1 = L and H is subnormal in G, we have H # N. Now,
Z(G) # 1 follows from 2.2(iii). O

Lemma 2.9. Assume that L =1 and H is subnormal in G. If 1 # H < K <G,
then KN Z(G) # 1.

PRrROOF: Put N9 = H and N;;1 = Ng(V;) for every i > 0.

Then H = N9 < N; = N <4 Ny < ... and, by [7, 3.3], we have N, = G
for some n > 1. Now, assume on the contrary that K N Z(G) = 1. Since
N1y =N =H x Z(G), we get KN N; = H. On the other hand, K # H, and so
K N N, # H. Let m be the greatest number with 1 <m < n and K N N,, = H.
Then K < G and Ny, < Nyp41 implies H = K N Ny, < Nppy1 and Nyp1 € Ny
Consequently, Ny = G and H < G, a contradiction with L =1 # H. O

Lemma 2.10. Assume that L =1, G = (A, B) and [A, B] = 1. Then both A
and B are normal subgroups of G.

PRrROOF: Using 2.5 and the equality [A, B] = 1, we conclude that A = Cz(B) and
B = Cg(A). Then A is a subgroup of G, AUB C N¢g(A), and hence Ng(A) = G,
quite similarly Ng(B) = G. O
3. The normal closure

This section is an immediate continuation of the preceding one. We keep the
notation and we denote by K the normal closure of H in G.

Proposition 3.1. K = G'H.

PRrROOF: We have H C K < G, and so G’ C K by 2.1(v). Thus G’H C K. On
the other hand, H C G'H < G implies G'H = K. O

In the remaining part of this section, we assume that L = 1.

Lemma 3.2. Z(K)=(Z(G)NK) x (Z(K)NH) and
HZ(K)=H(Z(G)NK) = Ng(H).

PROOF: See 2.6 and 2.2(iii). O

Lemma 3.3. Z(K) = 1 if and only if Z(G) N K = 1 and if and only if
Ny (H)=H.

PrOOF: The direct implication follows from 3.2. Conversely, if Z(G) N K = 1,
then Z(K) C H again by 3.2. But K < G implies Z(K) < G and
Z(K)CL=1.Thus Z(K)=1. O
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Lemma 3.4. Let F be a subgroup of G such that H C Cg(F). Then K C
Ca(V),VCCq(K)and VNK C Z(K), where V = Coreg(F).

PrROOF: We have H C C(V) 9 Ng(V) = G, and so K C Cg(V). The rest is
clear. g

Lemma 3.5. If H is abelian, then

Z(K) = Core((Z(G) N K)H) = Coreg(Z(K)H).

PRrROOF: Put F = (Z(G)NK)H and V = Coreg(F). By 3.2, Z(K) C F and, since
Z(K) <G, we get Z(K) C V. Further, since H is abelian, we have H C C(F),
and therefore VN K C Z(K) by 3.4. Finally, V C F C K implies V = Z(K). O

Proposition 3.6. Assume that H is a non-trivial finite abelian group and G =
(A, B). Then:

(i) Z(G)NK #1+# Z(K) and Z(K)H # H;
(i) if K ¢ N, then K # G.

ProOF: (i) By 2.8(ii), H is subnormal in G. By Lemma 2.9 K N Z(G) # 1.
(ii) If G € N, then N # G and, since H is subnormal in G, N C W for a
proper normal subgroup W of G. Then G/ C W, and K C W. O

Proposition 3.7. Assume that H is a finite abelian group and G = (A, B).
Then K is finite.

PRrROOF: The index [G : Z(G)] is finite ([5, 3.5]). O

Lemma 3.8. Assume that H is abelian, G = (A, B) and [A, B] C Z(K). Then
both AZ(K) and BZ(K) are normal subgroups of G and
G' C AZ(K)NBZ(K)N K.

ProoF: By 3.5, Z(K) = Coreq(HZ(K)). Now, both AZ(K) and BZ(K) are
normal subgroups of G by 2.10. Further, since G = AH = AZ(K)H and H is
abelian, G/AZ(K) is so and we get G’ C AZ(K)N K = (AN K)Z(K). O

Lemma 3.9. If G' C Z(K), then K C N.
PRrROOF: G’ C Z(K) implies G’ C Ng(H). O

Lemma 3.10. If H is abelian, G = (A, B), [A, B] C Z(K) and
G' N AZ(K) N BZ(K) C Z(K), then K C N.

Proor: Combine 3.8 and 3.9. O
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4. Further results (a)

Again, we keep the notation introduced in the aforegoing two sections. More-
over, we will assume that H is abelian, L = 1 and that PH < K for a subgroup
P of Z(G) N K (notice that PH = P x H). We put U = Coreg(PH) and
Hy=UNnH.

Lemma 4.1. P x Hy=U C Z(K).
PRrROOF: We have U = Coreg(PH) C Coreq((Z(G)NK)H) = Z(K) by 3.5. O
Lemma 4.2. Leta € ANK and b € B be such that a~'b € H. Then a~1b € Hy.

PROOF: We have a = bu, u € H. Now, let a1 € A, a1 = bjui, b1 € B, u; € H.
Then a® = o™ = (av)™, v = [a,b1] € H, and (av)™ = a - (ul_l)a Svup €
aPH, since PH <4 K. Thus a® € aPH. On the other hand, a® = (bu)® =
b-[b,a1]-u™ = au" wu®, w = [b,a] € H. Tt follows u® € PH for every a € A.
Consequently, u € Coreq(PH) N H = Hy. O

Lemma 4.3. [ANK,BJU[BN K, A] C Hyp.

PROOF: Let a € ANK and b € B. We have a® = au, u = [a,b] € H, and, if by € B,
then bb; = bov for some by € B and v € H. Moreover, a?®1 = (au)bl = awub,
w = [a,b1] € H, and so a2V = quwut. Consequently, a®? = a*w?ub??, z = v—1.
Since PH < K, we have [a,z] € PH and a* € aPH. Of course, a®? € aH, and
hence u"? = (w?)~1(a*)"1a?? € PH, u?* € PH. Thus u € Coreq(PH)N H =
Hy. O

Corollary 4.4. [ANK,BJU[BUK, A] C Z(K).
Lemma 4.5. Both AN K and BN K are abelian subgroups of G.

ProOOF: Firstly, if aj,a2 € ANK, a3 € A, u € H are such that ajas = asu,
then a3 € AN K and (alag)b = ajagu, v = [a1,b] - [ag,b] € Hy, for every
b € B (use 4.1, 4.3 and 4.4). Further, ag = azw, w = [a3,b] € Hy, and u® =

1 Lyu € H. Consequently, v € L = 1 and

(aglalag)b = w~ Uaglalag = w~
ajaz = az € AN K. Proceeding similarly, we get al_l = a4z1, a4 € ANK,
-1 -1 -1

21 € H, (a; )b = za] ", 22 € Hy, (a] )b
finally, 211’ = zg_lzgazlal_l = 23_12221 € H. Thus z; = 1 and al_l =aqg € ANK.
We have shown that A N K is a subgroup of G. It remains to show that it is
abelian.

We have ag = baua, by € B, up € Hy (4.2) and aj? = alizw = (a1v1)%2 = aquy,
v1 = [a1,b2] € Hy (since Hy € Z(K)). Thus v € ANH =1, af* = a1 and
ajag = agaj. [l

= ayz32}, 23 = [ag,b] € Ho, and,
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Lemma 4.6. V = (AN K) x Hy = (BN K) x Hy is a normal abelian subgroup
of G.

PRrROOF: The equality (AN K) x Hy = (BN K) x Hy follows from 4.1 and 4.2.
Further, Z(G)N K C AN K, and hence Z(G) N K C Coreq(V), PH C V,
P x Hy =U C Coreq(V) and, finally, V C Coreq(V) by 4.4. The subgroup V is
abelian by 4.5. O

Lemma 4.7. K/ CUCV.

ProOOF: Clearly, U C V and we have to show that K/ CU. But H C PH < K
implies K C PH, and, since K’ < G, we get K’ C Coreg(PH) = U. O

Corollary 4.8. G"' = 1.

Lemma 4.9. For all w € H and x € G there exists a, € AN K such that
ayu € H”.

PROOF: A is a two-sided transversal to every subgroup conjugate to H. Con-
sequently, there exists a, € A such that v=! € H%ay, ie., ayu € H*. Since
HUH?* C K, we have a,, € K. O

Lemma 4.10. Corex(H)=Z(K)NH.

ProOF: Clearly, Z(K) N H C Corex(H). Now, let w € Coreg (H). Firstly, we
show that w® € N (H) for every b € B.

By 4.9, ayw € HY ' for some aw € AN K. Similarly, if uw € H, then
ayu € Hbil, ay € ANK, and we have aw-a,u = a,u-ayw, since HY ' is abelian.
Consequently, (ap,w)®™ = (aww)uil. Now, apw®™w ™l = (apw)*w ! =
(aww)"  wl = uaywu=tw™! = ¢4, since both AN K and H are abelian.
We have shown that w® = zw, z = [aw,u”']. By 4.6, z = ajz1, where
a1 € ANK and 21 € Hy. On the other hand, w € Coreg (H) implies w* € H.
It follows a; € ANH =1, a; = 1, and hence w® € wHy. Now we have

ay = (apw)™w™t = apwwl € ayH, [aw,u”t] € H and u® € uH = H

for every v € H. This means that a,, € Ng(H) = N. But then ay €
KNN = Ng(H) = HZ(K) (3.2). We have apw € H" ', abw € H C Ny (H),
ab, € ayHo by 4.3, ab, € N (H) (since ay, € N (H)), and therefore w® € Ny (H)
for every b € B.

We have shown our claim. Now, it follows that w € Coreq(Ng(H)) =
Coreg(Z(K)H) = Z(K) by 3.5. Thus w € Z(K)N H and the proof is fin-
ished.

O

Proposition 4.11. Assume that H is abelian, L = 1 and that PH < K for a
subgroup P of Z(G) N K. Then:

(i) Coreq(PH) = PxHy C Z(K), where Hy = HNCoreq(PH) C Z(K)NH;
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(ii) _1b € Hy foralla € ANK and b € B such that a~'b € H;

(iii) b~ta € Hy for allb € BN K and a € A such that b~'a € H;

(iv) [ANK,BJU[BNK,A] C Hy C Z(K);

(v) both ANK and BN K are abelian subgroups of G and
=(ANK)H =(BNK)H;

vi) (A NK) x Hy= (BN K) x Hy is a normal abelian subgroup of C;
(vil) (ANK)Z(K) = (BN K)Z(K) is a normal abelian subgroup of G;
(viii) K’ C P x Hy = Coreg(PH) C (AN K) x Ho;

(ix) G =1 and K is nilpotent of class at most 2;
(x)

x) Corex(H)=Z(K)NH.
PROOF: See the preceding lemmas. (]
Corollary 4.12. Let Hy = 1. Then:
() Coreg(PH) = P;

ANK=BnNnK=ZG)NK;

ii)
(iii) K=(ANK)x H=(BNK) x H is abelian;
(iv) H<K and K =G'H C Ng(H) = N.

Lemma 4.13. If G = (A,B), then ANZ(K) = BNZ(K) = Z(G)NK is a
normal abelian subgroup of G.

PRrROOF: Both V =(ANK) x Hy=(BNK) x Hy and Z(K) are normal abelian
subgroups of G. Thus C =V NZ(K)=ANZ(K)=BNZ(K) is normal in G.
By 2.2(iv), C C Z(G) N K. Conversely, Z(G) N K C C by 2.2(ii). O

Lemma 4.14. [[AUB)NK,G]C PHy=U.

PROOF: Let a € ANK,z € G,z =bu,be B, u € H. Then a® = a?* = (aw)" =
a“w = ala,u]w, where w = [a,b] € Hp by 4.11(iv). Further, [a,u] € K’ C PH)
by 4.11(viii), and hence a® € aPHy and [a,x] € PHy. O

Lemma 4.15. Ng(aU) = Ng(aZ(K)) = Ng(bU) = Ng(bZ(K)) = G for all
ac ANK,be BNK.

PrOOF: If z € G, then (aU)* = a*U = aU by 4.14. The rest is clear. O
Corollary 4.16. The subgroups (a,U), (a, Z(K)) (b,U) and (b, Z(K)) are nor-
mal abelian subgroups of G,a € ANK,be BNK.

5. Further results (b)

In this section, we assume that H is non-trivial finite abelian, L = 1 and
G = (A,B). By 3.6(i), we have Z(G) N K # 1. By 3.7, K is finite. Now, let
P be a non-trivial subgroup of Z(G) N K. We put U = Coreg(PH) = P x Hy,
Hy=UnNH.

219



220

P. Csorgé, T. Kepka

Proposition 5.1. (i) A = AU/U and B = BU/U are H-connected transversals
toH=UH/U in G =G/U.

(ili) H = H/Hq and Coreg(H) = 1 (notice that UH = PH).
(iv) K = K/U = (G)'H.

(v) Px H=PH <K if and only if K C Ng(H).

(vi) [K : H = [K :UH].

Proor: Easy to check. ]

Remark 5.2. Assume that G’ ¢ N and |K| is minimal with respect to this
property. It follows easily from 5.1 that (P x H =)PH < K for every non-trivial
subgroup P of Z(G) N K and consequently 4.11 takes place. Among others,
[ANK,BJU[BNK,A] C Z(K)NH, both ANK and BN K are abelian subgroups
of G, Corex(H) = Z(K) N H and G = 1. Further, since H is not normal in K
but NPH is, we have NP # 1 and it means that Z(G) N K is a cyclic p-group for
a prime p.

Remark 5.3. Assume that there exists a prime ¢ such that ¢ divides |H| but ¢
does not divide [G’ : G’ N H]. We claim that G’ C N = Ng(H).

Again, let G be a counterexample with smallest |K| and let P be a subgroup
of Z(G) N K such that |P| = p is a prime. Then p divides
[K : H =[G’ : G’ N H], and hence p # ¢q. Now, if Q C Hyp, Q being the Sylow
g-subgroup of H, then @ is characteristic in U = P x Hg, and then Q < G,
Q C L = 1, a contradiction. Thus Q ¢ Hy and ¢ divides |H| (see 5.1). According
to 5.1(vi), ¢ does not divide [K : H], and hence PH < K by 5.1(v) and the
minimality of |K|. Now, @ C H C PH < K, Q is a Sylow g-subgroup of K and
@ is characteristic in PH = P x H, since the latter group is abelian. Further,
PH is normal in K and consequently @ is the only Sylow g-subgroup of K. Then
Q < G, a contradiction with L = 1.

Remark 5.4. Assume that G’ ¢ N (equivalently, N = Ng(H) is not normal
in G).
(i) By 5.3, if p is a prime number dividing |H|, then p divides
[":G'NH|=[K:H]=|ANK|=|BNK|.
(i) If |AN K] is a power of a prime p, then K = G’H is a (finite) p-group.
(iii) If G is finite and |A| = |B| = [G : H] is a power of a prime p, then G is a
p-group.

Remark 5.5. Combining 1.1 and 5.4, we get the following result: Let @ be a
finite loop such that I(Q) is abelian, but @ is nilpotent of class 3 or more. Then
every prime number dividing |7(Q)| divides |@Q|, too. In particular, if |Q] is a
power of a prime p, then M (Q) is a p-group.
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