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An example of a nonlinear second order
elliptic system in three dimension

JOSEF DANECEK, MAREK NIKODYM

Abstract. We provide an explicit example of a nonlinear second order elliptic system of
two equations in three dimension to compare two C%7-regularity theories. We show that,
for certain range of parameters, the theory developed in Danécek, Nonlinear Differential
Equations Appl. 9 (2002), gives a stronger result than the theory introduced in Koshelev,
Lecture Notes in Mathematics, 1614, 1995. In addition, there is a range of parameters
where the first theory gives Holder continuity of solution for all v < 1, while the Koshelev
theory is not applicable at all.
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1. Introduction

In this paper we consider a second-order nonlinear elliptic system of the type

1) —Da(A¥ (Du)) =0, i=1,...,N, N>1,
in a bounded open set @ C R", n > 3. Here z = (21,...,2p), u : @ — RY,
u(z) = (ul(z),...,uN(x)), is a vector-valued function, Du = (Diu, ..., Dyu),

Dy = 0/0xq, a € {1,...,n}. Let further | - | denote the Euclidean norm in R™
and By(z) ={y e R"":|y—z |<r},m>1r >0, € R™. Throughout the
whole text, we use the summation convention over repeated indices.

The system (1) is considered under the following assumptions:

(H1) A% (p) are continuously differentiable functions in p on R™V for which
A%(0) = 0 and

A7 nN
aﬁw)SM,vpeR , M >0,
Pj
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(H2) there exists v > 0 such that, for every p, £ € RN

0A%
Op

- () €68 = vIEP,

We will consider a weak solution of Dirichlet problem for (1), with fixed bound-
ary function g € W12(Q,RY), i.e. the function u € W12(Q,RY), for which

/A?(Du)Dagai dr =0, Voe Wy (Q,RY),
(D) Q
u—ge Wol’z(Q,RN).

It is well known that, under the conditions (H1) and (H2), the Dirichlet problem
(D) has a unique solution v € W12(Q,RY) and it holds

/|Du|2d:c<< ) /|Dg|2 dz.

In this paper the regularity of the system means that the weak solutions of (1)
belong to COV(Q,RN), 0 < v < 1.

It is possible to say that the first systematic study of C'%7-regularity of the
weak solution to (D) can be found in [C2], [Gia] and [Ne], however these results
are applicable to the dimensions n = 2,3 and 4 only. Other conditions (e.g.
the Liouville condition) guaranteeing smoothness of solutions of nonlinear elliptic
systems were studied in [D1], [Ne], [Gia], and for higher order systems, in [BV].

In this paper we construct an example of a nonlinear elliptic system of type
(1) for n = 3 and N = 2 with coefficients

(2) A2 (p) = (0835005 + Biadjp barctan(u + p)) b

where «, 8 =1,2,3, ¢, j = 1,2, the numbers a > 0, b > 0, u > 0 are parameters
and ¢;; is the Kronecker §-symbol. In what follows, (Section 2 and 3), we use this
example to compare two different regularity results.

The first approach presented here is due to A.I. Koshelev, see [Ko] for detailed
information. He showed that, if M/v < K(n) (K(n) \, 1 as n — o0), then all
weak solutions of (1) are Holder continuous with an exponent (n), n > 3 such
that 0.781 > ~(n) \, 0 as n — oo.

In [D2] it was showed that if the quotient of the coefficient of boundedness
M to the coefficient of the positiveness v of the so-called ellipticity matrix A =

((’“)A‘Z?‘/Bp?) (see the conditions (H1) and (H2) of (1)) is less than or equal to an
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arbitrary constant P > 1, then, for a sufficiently big constant of positiveness v,
the gradient of a weak solution to (1) is from a Ei;?—space (BMO-space) so that
the weak solution is from the Holder space COW(Q,RN) for every v < 1. For a
more general result, see [DJS], where the C LY_regularity is proved.

It is worth noticing that, even if the results of [Ko] and [D2] are of a similar
nature, they have been proved by different techniques and they do not include
each other. Our system does not satisfy the Koshelev sufficient condition while it
fulfills the condition of [D2]. It is also necessary to remark that the result from
[D2] can be proved in a way simpler than that contained in [Ko].

For our system, we have the following fundamental result.

Proposition 1. Let the coeflicients of the system (1) be given by (2). Then the
conditions (H1) and (H2) hold with

(3) M=a {1 + (g + 319(u)) r} ) v=all—49(u)r]

where

b 1
r=—-, 19(”) = :
a 2 (u T /ﬂ)
Remark 1. As the matrix of ellipticity A is not symmetric, the weak solution of

(1) with (2) is not the minimiser of any functional.

PrOOF: In our case, the coefficients of the matrix of ellipticity A are of the
following form

DAY
L) = A5 (0) = 0 (81j00s + 5iad;aT(P) + 0t} L(D))
8pj
where
2 p1 —|—p2
T(p) = rarctan (u+p?) . L(p) = W

Now we can prove (H2) for all p, £ € RS.
AP )kl = a [IE + T)(El + )2 + Lo Ehel + )]

- . 2
> a[l6P + LOE e + ) 2a(1- b ) IeP

41+ 2

2
1+(u+\/1+u2)

>al|ll-—

€% = a (1 —49(u)r) |2
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Next, we will prove the boundedness A%ﬁ for all p € RS as follows

1427 ()] = a

01003 + 3iadigT(p) + 6iap L(p)| < a (1 + T ()| + ol L (p))

Sa<1+gr+%r> <alt+ (5 +30()r] = 0.

2. Koshelev’s approach to regularity

Following the idea of [Ko], we can decompose the ellipticity matrix A =
B _ .
(aAg/apj), a,8=1,2,3,i,j=1,2as

A=At + A = (A+AT)+%(A—AT)

1
2
where ATand A~ are symmetric and skew-symmetric parts of A, respectively.

We denote by \;(p) the eigenvalues of the matrix AT and by o;(p) the eigen-
values of the matrix

Q=ATA" —A AT — (472

Denote
ﬁ, o> A=),
o
(4) K2: A )\2
— + 40
W, o< IA(A-N)

where A = inf; ;, A\;j(p), A = sup; ,, Ai(p) and o = Sup; p, 0 (p)-
We define the function

342y 1 VI7-1
H(V)i 2_,7_2 29 ”yEI:(?, 4 )

Remark 2. Tt is well known that, under the conditions (H1) and (H2), the weak
solutions of (1) belong to Wli’cz—’_n(ﬂ, RY) (for some small 5 > 0) and, in our case
n = 3, we have Wi’f‘m — CO(+M)/2 (see [C1], [Gia] and [Ne]). We can also
consider v > 1/2 only.

Now we rewrite Koshelev’s theorem for dimension n = 3. For detailed infor-
mation see [Ko).
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Theorem A (see [Ko], p.53). Let the nonlinear system (1) satisty the conditions
(H1) and (H2). If the inequality

KH(y)<1

holds for some v € I, then the weak solution of the system (1) belongs to the
Hélder space C%7 (€, R?) where Qg CC Q is arbitrary.

For our system, we have

1
(A" )5 = (83005 + GiadiaT(0) + 3 G + 0308 )L0))
1
Q3 (p) = 70*L2®) [6ia (030lp1* — 1) (o1 +18)) + 1" (2] — 3,501 +3))].

As it is difficult to establish the exact values of the constants A, A\, o, we will
look for their interval estimates. In the following, we will assume that

(5) AeAy R, AeNayl,  o€lou.d]

where 0 < X\ < My <Ay < Aand @ > oy > 0. We define the following
constants

N +D7, oy > (A=),
K'=¢ A-N2+45 _
(Apr + )2 °
oM 1 .
2 UMZQ)\M(A_)\)a
Y (Aar = Aur)® +dow &< AN(Aar— Anp)
(A+)\M)2 ’ -2 M M

Now we can formulate

Corollary A. Let the nonlinear system (1) satisfy the conditions (H1), (H2)
and, for A, A\, and o, the interval estimates (5) hold.
(a) If the inequality
K-H(y) <1,
holds for some 7 € I, then the weak solution of (1) belongs to the Holder
space C07(Qg,R?), Qg C Q.
(b) If
Ky >3

holds, then Theorem A does not guarantee any regularity.

PROOF: Let, for A, A and o, the assumptions (5) be satisfied.
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Let _
oM 2 %/\M (K—/\)

From (5) we have A(A — A\)/2 < Ay (A= N)/2 = 0 > oy > Ay (A= N)/2 >
AMA—=X)/2 = 0> XA —))/2. Further

oM 1 1 o 9
/\?w-i-UM 1_‘_2_?15 1+>\?2 N +o

From Ky > 1/2, it follows that KH(y) > H(v)/2 > 1 and, by Theorem A, the
regularity a of weak solution is not guaranteed.
We have _ 1 L
—2 T o 9
Nam 14 x 1+ Mo

From K H(v) < 1 it follows that K H(y) < 1 and, by Theorem A, the regularity
of a weak solution is guaranteed.
Let _

o < %/\(AM—)\M).

From (5) we have A(A — A\)/2 > ANApy — A\y)/2 = 0 <7 < MApy — A\y)/2 <
AMA = N)/2 =0 < AA —))/2. Further

M (A + )2 =T A+ A2

2 - By =) +doy _ (A-N’+40 o

From Ky > 1/2, it follows that K H(y) > H(v)/2 > 1 and, by Theorem A, the
regularity of a weak solution is not guaranteed.

We have oy )
F2:(A_/\) ;|—4O'Z(A—/\) —|—24O':K2.
(Apr + )2 (A+ )
From K H(v) < 1 it follows, that K H(y) < 1 and by Theorem A the regularity
of a weak solution is guaranteed. O

Proposition 2. The numbers \, A, and o satisfy the following inequalities
a(l+2rarctanp) = Ay <A <A

—a[u (G 2000+ gy/m sl + 850 ) 1]

a {14— (arctanu— %\/772 +87n9(,u)—|—85(,u)> r] =A< A<\ =a,

0:UM§0§E:2I)23(M)
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where s(u) = (1 + p2)/[1 + (u + /1 + p2)?)2.

PRrROOF: The eigenvalues of the matrices At and Q are real because AT and Q
are symmetric. The eigenvalues of the matrix AT are A1234 =aand 56

a <1 +T(p) + %(p% +p3)L(p) £ %\/4T2(p) +4(p} +p3)T(P)L(p) + 2IpI*L2(p) ) :

Further, we can estimate the eigenvalues A5 ¢ by means of the following inequali-
ties
2|p|?
T 1+ (ut [pl»)?
8p|*
(1 + (u+ [p)?)

rarctanp < T(p) < gr, 0< r < 2rd(p),

r? < 8r%s(p)

4(pt + p3)T(p)L(p) < 8mr?9(p), 2[pl*L3(p) < .

and we get the values A and A.
If we, for simplicity, choose p = (0,0,0,0,0,0), we have the matrix A" depend-
ing on the parameters a, b, u and we get

(A+(]5))Z.ﬁ = a (0ij0ap + 0iadj3 T arctan u) .
The eigenvalues of A1 () are A1 2345 = a, A¢ = a (1 + 2rarctan ) and we have
Ap = a, Ay =a(l+2rarctanp).

The matrix Q has the eigenvalues A 234 = 0 and

2

a
X = (21l = (o} +13)2) 22(0).
Also
a’ 2 1 212\ 72
o <supai(p) = sup - (21 — (o} +p3)?) L)

2,p p 4
2.2 |p|4 2

< 2a”r®sup 5 < 20%s(u).

p (14 (u+pl?)?)

Proposition 3. We put

MZ{(T,M)E[0,oo)><[0,oo):r<#('u),

Z1(r, ) = [1 + (arctan g — h(p)) r] arctan g — 2rs(u) > 0},

437
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Mg ={(r,p,7) e M XTI

r\/[j — arctan p + 29(u) + 2h(u ]2 +1892(p

Zo(r: ) H () = 2 + [3arctan pu — h(p)] r H(FY) <le

rarctan 1
My = ; M : Zs(r,p) = -
N {(r”)e (. #) 1+%[§+2ﬁ(u)+h(u)}r>2}
where h(u) = 2\/7‘1’ + 87 () + 8s(u). Then
(a )M¢@,

(b) Mg # 0 and, for each (r,pu,v) € My, a weak solution of (1) with coeffi-
cients (2) belongs to C%7(Qg,R?), Qg C Q,

(¢) My # 0 and, for each (r, 1) € My, Koshelev’s theorem does not guarantee
any regularity.

PRrROOF: (a) The definition of the set M follows from the condition of ellipticity,
Proposition 2, and the condition (see (6))

The parameters (r, u) € M for every u > 0 and arbitrary

0<r<Wip) = arctan j } :

i { 49(u)’ 2s(p) + [h(pn) — arctan p] arctan p

(b) Taking into account that lim,co ¥(pt) = limy—oco s(p) = 0, limy, o0 h(p) =
7/2 and limy, oo W(u) = oo, we have

lim Zy(r,p)H(y) = 5——H(v), Vvel

p—00 24n

Now, for every r < W, there is pg(r) > 0 such that (r, u) € Mg for every
> Ho-
(¢) In a way similar to (b) we have

2 arctan p T

lim Z3(r,u) = lim = .
p—o0 (.10 fHoo2+ +20(p) +h(p) 247

T

For each r > 2/, there is p1(r) > 0 such that, for each p > 1, we get

Z3(T7M)>% = (Taﬂ)EMN'
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3. Another approach to regularity

Now we will study the problem of regularity from [D2] and for more general
result, see [DJS]. In the sequel, we need a slightly stronger version of (H1):

(H1*) includes condition (H1) but, moreover, we assume that the derivatives
3 : .
0AS [Op ; are uniformly continuous.

On the basis of assumption (H1*), we can define on [0, 00) a real function w
(modulus of continuity) as follows

_ 0AF(p) _ 0A7(q)
w(t)= sup  sup 5~ 5|

p,q€RN

From the assumption (H1*) and the definition of the function w, it follows that
w is continuous, nondecreasing, bounded, and w(0) = 0. We can moreover sup-
pose that the function w is concave and absolutely continuous on every compact
subinterval of (0, c0).

Theorem B ([D2]). Forevery P > 1 and L > 0, there exists vy = vg(n, P, L) > 0
such that, for every Qg C S0, every nonlinear system (1) satisfying the hypotheses
(H1*), (H2) such that v > vy, M/v < P, supyo(w(t)w'(t)) < Pv and, if every
weak solution u for which ||DuH%Q(Q’RHN)/[dist(Qo, oM™ < L, we have

(a) Du € £27(Qg,R™Y),
(b) the estimate

[Du]ﬁ2,7L(QO7RnN) <c (n, P, L, diSt(Qo, 89))

holds.

Corollary B. Let the assumptions of Theorem B be satisfied. Then
u e CO(Qg, RN) for every v < 1.

PROOF: See [C1]. O
To apply Theorem B to our system we need the following two Lemmas.

Lemma 1. For the system (1) with coefficients (2) we have

0A 0A%
Z(ﬁql) - 2(52) SGWZb(g—arC‘ﬂanMJrW(M)) . Va,p€eR5,
(9pj Bpj
sup [DAY (q)] < C(b.10) = 720 (1)

q€ERS
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where

J) = SRCRETT] PR ) TR e Vi
9+ (2u+V3+4p2)2 (14 p2) [”(ZI“F\/W)?} .

ProOF: The first inequality follows easily:
457~ 430 < aIT() = (@) +a|pL(p) - ] L(a)|

1 2v/2|p|? 2v/2|q|?
<b (arctan -+ V2lp) 5+ V2l 2) <b (E — arctan i + 619(u)).
P14 (ut[p)° 14 (u+gl?) 2
Now we estimate the second inequality. For o, 6 =1,2,3,4,j = 1, 2, the vectors

DA%ﬁ(p) = (BA%-Q/BpZ), ~v=1,2,3, k =1,2 have the following components

07 (p)
a]“/ = adja | 0557 3 1+
Dy

where w = p + |p|2. These components can be estimated as follows:

5 T 5316557 (p) + 2rp

zrp’* 60k (1 w?) — 4w(p} + p3)n]
J (1+w?)?

B
o M#f <2 <s1;p1'+p' £ s L)+ 5w pl(1 +(zf2+> - 24)\2/§w|pl3>
<2b ((2+\/5)Sgp 1J|z9| 5 +4\/_sup%)
< 4b <2 sup Vi(p) + 3Sl;p vz(p)) .
Further
3v3 \/W—
sule( ) <

9+ (2u + /3 + 4u2)
3 3/2
1 3+4
susz<p>g(suP )(Sup ) ) Cu (VT
p

1+w T+w?) = 14+ p2 1+ 2u+ /3 + 442
and together we obtain
. 047 (p)
D 5192

<1 A\ \3+4p? —p . (1+ p) (e + /3 + 4p2)3/2
- 9+ (2u+ /3 + 4p2)? (1+u2)[1+(2u+\/3+4u2)2}
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Lemma 2. We define the function & as follows:

Cvt, telo, (%)2} ,

o(t) = O 62
_ ool N2
Woo +0 + , te ( “;’O) , 00
o 02, — 2Weod — C2t " )
where C, W are the constants from Lemma 1 and 0 < § < Wy is an arbitrary

real number. Then the function w has all properties stated before Theorem B,
w(t) <@(t) for all t € (0,00) and

(7) sup[@ (1)@ (1)) < C%(b, p).-
t>0

ProOOF: We will prove only property (7). The other properties easily follow from
the definition of the function &@. From Lemma 1 and the mean value theorem, we
get for t € [0, (oo /C)?]

wity=sup  sup A (p) — A (@) < sup | sup DAY (©)|[p — df
Lj,af |p—qP<t lp—q?<t | £€RS
p,qeR"N p,qER”N i,7,0,3

<CVt=a(t)

and, for t > (Wao/C)?, the inequalities w(t) < &(t) and (7) follow easily from the
definitions of the functions w and @. g

Now we can formulate the main result

Theorem. Let Qg € © € R3 and P > 3, L > 0 be constants. There are
parameters (r, ;1) € My such that the weak solution u € W12(Q,R?) of Dirichlet
problem (D), ||Dg||L2(Q7R2)/[diSt(QO,80)]3 < L for (1) with coefficients (2) and

the parameters r, 11, belongs to C%(Qg, R?) for every v < 1.

PRrOOF: It is sufficient to verify the assumptions of Theorem B for some para-
meters (b/a, u) = (r,u) € Mpy. By Proposition 3, we have that (1, ) € My for
every (> [i.

From Proposition 1, the assumptions of Theorem B, and Lemma 2, it follows

v>uy <= a>vy+49(p)b,

iy
%SP — a> 5+ (3+4P)I(1)
v P-1

72f (1)

2
~ ~/ 2
jgg[w(t)w t)]<Pv < a> (—\/1_3 ) b + 49(p) b.

b,
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Now for each a > 1y, taking into consideration that a = b, there is @ > i such
that the preceding three inequalities on the right hand sides are satisfied for all
w > M. 0

Concluding remarks. If Theorems A and B are applicable simultaneously (M # ()
must hold), then Theorem A is giving us only C?7V-regularity (1/2 < v < (V17 —
1)/4 < 0.781, and it is necessary to recall that H(y) — oo as v — (V17 — 1)/4)
while, in the case of Theorem B, we have £2™-regularity of the gradient from
which follows C%7-regularity for all v < 1 by Corollary B. But it may be useful
to remember that in Theorem B, we need a smallness of the norm of the gradient
of a weak solution opposite to Theorem A.

Acknowledgment. The authors are indebted to Oldfich John for much valuable
advice concerning the paper.
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