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A bifurcation theorem for noncoercive integral functionals

FRANCESCA FARACI

Abstract. In this paper we study the existence of critical points for noncoercive func-
tionals, whose principal part has a degenerate coerciveness. A bifurcation result at zero
for the associated differential operator is established.

Keywords: critical points, noncoercive and nondifferentiable functionals, bifurcation
points

Classification: 35B32, 35B38

1. Introduction and statement of the results

This paper is motivated by a recent study of Arcoya, Boccardo and Orsina
(see [1]) on the existence of critical points of noncoercive functionals whose prin-
cipal part has a degenerate coerciveness of the kind

/ a(z,v)|Vol?, v e HE(Q)
Q
where a : 2 x R — R satisfies the following assumption

C1
—— <a(x,s) <c
T s = ) =
for almost every z € (2 and all s € R.
They deal with the existence of critical points of functionals whose model is

J(v) = %/ﬂa(z,v)|VU|2—%/Q|v|m.

This functional, which is well defined thanks to the Sobolev embeddings if m < 2*
(where 2* = ]3—]_\[2), and weakly lower semicontinuous as it follows from the De
Giorgi Theorem, is however non coercive on Hg () (see Example 3.3. of [2]). The
lack of coerciveness implies that J may not attain its infimum in Hg ().

Another difficulty arising in this problem is due to the differentiability of the
functional in a proper subspace of Hg (), that is H}(Q) N L>(9Q).
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444 F. Faraci

In order to prove existence and boundedness of minima the authors of [1] need a
suitable relationship involving m and «, since the behaviour of J may be different
depending on the assumption on m.

In the present paper we deal with the functional

Jy(v) = %/Qa(:v,v)|VU|2 —)\/QF(:E,U)

depending on a positive parameter \. We will prove the existence of critical points
of J, for small A, just assuming a suitable behaviour of the nonlinearity F' at zero
without any growth assumption at infinity. In particular, it is possible to show
that A = 0 is a bifurcation point of J} in H}(Q), that is (0,0) belongs to the
closure in R x HE () of the set

{(\u) € Rx (HHQ)NL®(Q)) : u is a nontrivial critical point of .Jy}.

Let us state the precise assumptions on the functional Jy that we will study
below.

Here and in the sequel Q is a bounded open subset of RN, N > 2. Let
a: Q2 xR — R be a Carathéodory function, differentiable in R for almost every
x € (Q, satisfying the following assumption
1

1 ————— <a(x,s) <c
() (1+|S|)2a— ( )—2
for almost every = € §2, for all s € R, where c¢1, co are positive constants and
N
2 0<
) SYSIN 2

(note that 2N 5 € ]2, [ for every N > 2).

Let f : @ x R — R be a Carathéodory function such that f(z,0) = 0 for
almost every z in  and F is defined by F(z,v) fO x,8)ds. We introduce,
for v € H (), the functional

1
Jy(v) = _/ a(a:,v)|Vv|2—/\/ F(x,v).
2 Ja Q
If f satisfies the growth condition

3) |/ (@, 8)] < es(1+]s[™7H)

with 1 < m < 2%, then it is well known that Jy is well defined in HZ(Q2) and
Gateaux differentiable in HJ(€2) N L>(Q) (but not in H{()!), with derivative
given by

<Jg(v),w>:/Qa(x,v)wvu)+/Qas(x,v)|vv|2w_A/Qf(x,v)w

for every v and w in H}(Q) N L>(RQ).
Our results are
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Theorem 1. Let us assume that there exists § > 1 such that

sup sup |f(x,s)| < +oo.
0<s<d zeQ

Moreover, suppose that there are a non-empty open set D C Q and a set B C D
of positive measure such that

(4)  limsup infze B Jo 5(5075) s _ +oo, liminf infzep [y g(x,s) s
£—0t |§| £—07T |§|

Then, there exists a \* > 0 such that for all 0 < A < \*, J) has at least a
nonnegative critical point uy in HE(2) N L>(Q) \ {0}. Moreover one has

li =
il ) =0

and the function A — Jy(u)) is negative and decreasing in |0, \*[ .

Theorem 2. Let us assume that there exists § > 1 such that

sup sup|f(z,s)] < 4o
—0<5<0 z€Q

and

(5)  limsup infoe s fo& f(w,5)ds = 400, liminf infeen fof fz,s)ds
£—0- €2 €50~ |£]2

with B and D as in Theorem 1.
Then, there exists a A* > 0 such that for all 0 < A < A\*, J) has at least a non
positive critical point vy in H(Q2) N L°(2) \ {0}. Moreover one has

i oall g @) =0
and the function A — Jy(v)) is negative and decreasing in ]0, \*| .
Theorem 3. Let us assume that there exists § > 1 such that

sup sup |f(z,s)| < +o0
|s|<6 z€Q2

and

lim sup infzep fo5 f(z,s)ds — lim sup inf,ep fog f(z,s)ds

= —|—OO,
£—0+ €12 €0 €12
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(6) it 2D S5 1(a5)ds
-0 €12
with B and D as in Theorem 1.
Then, there exists a \* > 0 such that for all 0 < X\ < \*, J, has at least
two nontrivial critical points uy and vy in H}(Q)NL>®(Q) \ {0} where uy is
nonnegative and vy is nonpositive. Moreover, one has

> —00

i fuallg ) = lim floall gy @) =0
and the functions A\ — Jy(uy) and X\ — Jy(vy) are negative and decreasing in
10, A*[ .

We notice that in our results no growth assumption on f is required.
At first we assumed (3) with 1 < m < 2*(1 — «). Under this assumption and (4)
or (5) we were able to prove (even in the case m = 2(1 — «)) the existence of a
nontrivial minimum for Jy in H{(€2) N L>(Q). The boundedness of the solution
induced us to check whether the growth assumption could be removed, by means
of a suitable truncation of the nonlinearity.

We would like to mention briefly the assumptions made in [1].

In Theorem 1.1 of [1] the authors assume (3) with 1 < m < 2(1 — «) and a
stricter assumption at zero on the nonlinearity, that is

(7) lim £:)

s—0 52

:+OO

uniformly with respect to z € Q. If 2 < m < 2*(1 — «) the authors need further
assumptions on F (see Theorem 1.2 of [1]) in order to apply a suitable Mountain
Pass Theorem for nondifferentiable functionals, namely

F F

2 = 0, hm 72 = +OO
s—0 S s——+400 S

uniformly with respect to z € Q, and f(z,s)s > rF(z,s) for some r > 2 and
all |s| > sg. We notice that our existence theorems hold under rather different
hypotheses on f if in these results we replace the nonlinearity f with Af.

Let us recall finally Theorem 1.3 of [1] where a positive parameter appears:

Theorem ([1, Theorem 1.3]). Let f satisty (3) with 2(1—a) < m < min{2,2*(1—
a)} and (7).
Then, there exists a positive A\g such that the functional Jy has at least a non
trivial critical point in H}(Q) N L% (Q) for every 0 < A < Ag.

It is easily seen that our Theorem 3 improves the above result: we are able to
find under weakened assumptions two solutions of opposite sign and to give some
more information on the energy functional.

We conclude this section with some examples.
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Example 1 (of a function satisfying Theorem 3 but not condition (7) appearing
in Theorems 1.1 and 1.3 of [1]).
Let m 6]%,2[ and

5
mls|™2s sinL—l—l)—lsm_EscosL if s#0,
st (sin o 1) = dlep Bscos b it s
0 if s=0.

We notice that, if s # 0,

fx,s) = f(s) =

1
5 = |52 (sin —+ 1)
§ Vsl

and so our condition (6) holds while the limit of the quotient as s — 0 does not
exist.

Example 2 (of a function satisfying Theorem 3, but not Theorem 1.2 of [1]).

Let r €]1,2[, m > 1, and f(z,s) = f(s) = |s|" 725+ |s|™ 2s. It is immediately
seen that f satisfies condition (6) but it does not verify assumptions (8).
Notations. In the following we will use the following functions

Ti(s) = max{—k, min{k, s}},
and the following sets
A ={x € Q:|u(z)| >k}

with £ > 0. By C,C1,Co,... we will denote various positive constants whose
values may vary from line to line.

2. Proofs

Our main tools are a recent variational principle by B. Ricceri that allows us
to prove the existence of a minimum without requiring the coerciveness of the
energy functional on the space and some regularity results that allow us to prove
the boundedness of the minimum. For the convenience of the reader, we recall
their statements:

Theorem A ([6, Theorem 2.5]). Let X be a reflexive real Banach space, and
let &, ¥ : X — R be two sequentially weakly lower semicontinuous functionals.
Assume also that V is (strongly) continuous and satisfies lim, | _ 4 o ¥(2) = +o0.
For each p > inf x ¥, put

) = inf @) ~ s, @

2el—1(]—o0,p[) p—¥(z) ’

where (—1(] — o0, p|)),, is the closure in the weak topology.
Then, for each p > infx ¥ and each A > (p), the restriction of the functional
® + AU to U1(] — oo, p[) has a global minimum.
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Lemma B ([3, Lemma 2.1]). Let w be a function in WOI’U(Q) with o < N such
that for k > kg > 0,

[ 1vup < afeiaye
Ay

wheree,c>0,0<60<1, 0% = ]\‘;J_VU Then the norm of w in L*°(Q) is bounded

by a constant depending on ¢, 8, o, N, ¢, ko, |9|.

Lemma C ([5, Lemma 5.2]). Let w be a function in WOI’U(Q) with o < N such
that for k > kg > 0,

/ [Vw|? < ck?|A[F R T,
A

where e, ¢ > 0. Then the norm of w in L°°(f2) is bounded by a constant depending
onc, o, N, ¢, kO) Hw”Ll(AkO)'

The following lemma will be useful in the sequel.

Lemma 4. If « €]0, %[ and

2N(1 — «)

©) 1= "N "2a

then, for every u € W(}’q(Q) such that a(x,u(z))|Vu(z)|> belongs to L*(Q), one

has
/Q|w|q <C (/Q a(:v,u)|Vu|2)2 (/Q(1+ |u|)q*>1

PROOF: See [1]. O

i

g

The technique used in the proof of our results is analogous to the one used in [1]:
we extend our functional to a larger space where assumptions of Theorem A are
satisfied.

PROOF OF THEOREM 1: Let us introduce the following functions

0 if s <0,

f(z,s) =4 f(x,s) if 0<s<4, d(w,s):{
f(z,9) it s>,

a(zx,0) if s<0,
a(x, s) if $>0.

Clearly f is a Carathéodory function, satisfying condition (4) and

|f(z,5)| < L= sup sup|f(z,s)]
0<5<6 EQ



A bifurcation theorem for noncoercive integral functionals 449

for every x € Q and s € R; a is differentiable in R for almost every z in €,
satisfying (1) and (2).

Let ¢ be as in Lemma 4. We notice that 1 < ¢ < 2. In W(}’q(Q) we introduce
the following functionals

1
() = §/§zd(x,u)|Vu|2 if [ a(z,u) )| Vul? < o0,
+o0 otherwise,

and

—/ F(x,u)

where F (z,u) fO x s)ds. Tt is easily seen that U is continuous in W 1),
while the weak lower semicontinuity of the same functional on W0 1(Q) is a con-
sequence of the De Giorgi Theorem ([4]). Moreover, ¥ is coercive on WO1 1(Q):

reasoning as in [1], let u € Wol’q(Q), such that ¥(u) is finite. Hence, using
Lemma 4 and Poincaré inequality, one has
q

(/Q<1+|u|>q*)1_§
v ()

*

_q( __q)
Q

The coerciveness of ¥ in Wol’q(Q) follows from %(1 - =a<l.

In a standard way it is shown that ® is weakly lower semicontinuous on
Wol’q(Q). Thus, we can apply Theorem A with X Wol’q(Q): let p >0 =
U such that ¢(p) > 0. Put Ag = mln{ 1} For every A €]0, A ,

[ SIS

/|Vu|q§ CY(u)
Q

(1=%)

IN
[ SIS

CU(u)

IN
N

CU(u)

mf Whi(Q)

the restrlctlon of J)\ =0+ AP to U™ ] 00, Al has a global minimum, say u).
We are going to prove now that u) is different from zero.
Let us prove that
P(u)

(10) lim inf = -0

Jul=0 ¥ (u)
Thanks to our assumptions we can fix a sequence {{;.} of positive numbers con-
verging to zero and two constants o, and I' with ¢ > 0 such that

i inf,cp fO J a: ,8)ds _
k—+o00 (34
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and

zeD

£
inf / Fx,s)ds > T)e|?
0

for all £ € [0,0]. Next, fix a set C C B of positive measure. It is possible to
construct a function v € H} () such that v(z) € [0,1] for all z € Q, v(z) = 1 for
all z € C, and v(z) =0 for all z € Q\ D.
Let @ > 0, and choose T such that
T|C| + FID\C v[?
% Jo IVvl?

Then, there is v € N such that £ < o and

z€B

I 9
int [ Fa,s)ds = Tl6
0
for all £k > v. For k > v, one has

O (&v) - Je (fok f(w,s)ds) d:c—i—fD\C( ()Skv(w) flz,s) ds) dx

(11) WlEev) P& Jo [Vl?

T|C| + FfD\C |v|?
% Ja V|2

From (11), clearly (10) follows. Hence, there is a sequence {wy} in Wol’q(Q)

converging to zero, such that for k large enough we have w;, € ¥=1(] — o0, 7[),
and

> Q.

U(wy) + A (wy) < 0.
Since u) is a global minimum of the restriction of ¥+ A® to U] = o0, ), it is
proved that Jy(uy) < 0.

Our next step consists in proving that uy belongs to L°°(0).
Let k > 1. Tt is easily seen that T} (u)) belongs to Wol’q(Q) and that ¥(Ty(uy)) <
p. Hence, Jy(uy) < Jy(Tj(uy)). This means that, if Aﬁ ={z e Q: |uy(zx)| >k},

[ au)VasP < 2 [ (P - Fe T)
A A

k k

<2 [ 1P )] + P D))

C\ / luy| + k| A7
Ap

IN
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1

_1 AT
CAAY T </A|u)\|q> + CMk| A
Ak

1
CAA T </X|VUA|Q> + CAE|AD.
Ak

IN
Q=

IN

Now, since %(1 —-3)=q,

VU)\|
Vuy |7 = | g
/A;' " / (CET

2 3 1-3
|Vuy| / *
< q
< (/ o) ([0t
3 1-4
( a(z,uy)|Vuy| ) </ ux|? )
A

a—l—%
|VU>\|q>

(e}
+ oasRd A / Al
AR

Let us suppose first that o < %

IN

o
Dividing both members by ( / AN [Vu >\|q) and taking the power ﬁ, we finally

obtain

Hica)
[Vuyl?

/ [Vuy|? < C/\ﬁmmﬁ(l—q%) (/
A} "

k k

q q q
+ ONZT-0) 20 |A£| 20—
1
2(1 - «)

IN

[ 1w+ oxrE a0 )
4

q q A q
+ Ol\2(1-a) k2(1-c) |Ak| 2(1—a)
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as it is easily seen applying Young inequality. Hence,

/ Vual? < OATos | A 5 (177
A

(13) A

q q A q
+ OA201-0) 20-a) | Ap|2(1-a)

Now, it is easily seen that there exists a \* < Ag such that for every k£ > 1 and
0 < A < A* one has |A2| < 1. We notice that Ag C A7 for every A < \g and

so it is enough to prove that |A{‘| < 1 for every A < A*, by the monotonicity of
Lebesgue’s measure.

One has
/|Vu>\|q< CU(uy) %( </ |Vu)\|q) >
< CU(uy)d + (/ |V“>\|q>
< O\Il(uA)% + C¥(uy)20- +Q/Q|VU>\|q
and so

q

/ Vupl? < CU(up)¥ + CU(uy) 700,

From the coerciveness of ¥ and the localization of the solutions given by The-
orem A, i.e. U(uy) < p, it follows that the set {uy : A €]0, \g[} is bounded in
Wy 4(9).

Thus, applying Poincaré inequality we have:

W(uy) < A /Q Pz, u3) < AClluall g

< ACluallLar ) < ACTAll oy < AC.

Q)
Let us suppose that there exists a sequence A, of positive numbers converging
to zero, such that |Ai‘” > 1. Hence, from the above computations, we find out
that u),, (eventually passing to a subsequence) converges in measure to zero, i.e.
for every €, > 0 there exists v € N such that for every n > v |A%"| <e.
Choosing n = 1 and € = 1 we deduce the existence of 1 such that |Ai‘”| < 1 for

every n > v1 and our claim follows.
From (13) we deduce that

/ [Vuyl? < O\ZToa) 20— |A2|2(13a) )
A

k
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We can apply then Lemma B with o = ¢, 0 = 2(1—1_0{) (that is less than 1 in
according to our assumptions) and € = m.
In particular, there exists C'; that does not depend on A such that |A)‘*| = (0 with
E*=1+ C’l)\z(l—ia), Le. [[uxl|Loo () < k*. By definition of £, for A smaller than
a suitable positive number that we still call A\*, we have k* < 4.

Let now a > %

We estimate now the right hand side of (12) in the following way:

ol

1 2
[y v s xR { [ vae)
A A A

k k

(0%
+CA31€S|A;|S</ |Vu>\|q> .
A>‘

k

Reasoning as above, in both cases o = %, a > % it is possible to find a A* < g
such that for every 0 < A < \*

1
et
1 2
Ca%AN 305 </ |Vu)\|q> <1
A)\ 2

k

Then (12) becomes

(7
[ wuslr < oxbija (/ |w|q>
A A
k

k

q q q
< CA\20-a) p2(0-) |A2| 2(1-a) 4 a/AA |VU)\|q
k

applying again Young inequality. Finally we have

q q q
(14) / |Vuy|? < CATA-4) f20-a) |A2|2(17a) i
AN

k

If a = %, (14) reads as follows

(15) /A [Vuy|9 < CAIKI|AR 9.
Ak

Ifoa> %, one has

kq*g%/ kq*g%/ Ju|” gc—i.
[Agl Jap [Agl Jap A
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Hence, from (14)

[ 19wl < oxmEm Vg ag
(16) Ay

< O)NEO- a)kQ|A>\| 1 ) _*(m_l).

We are ready to apply Lemma C to both (15), (16) with 0 = ¢, e = ¢+ § — 1
and € = ﬁ(l - qi*) respectively. (We notice that the constant given by

Lemma C depends on the norm of u)y in LI(AQ), but it is possible to estimate it
removing the dependance on uy).

In particular, there exist constants Co and C5 not depending on A such that
N
luallzeo(@) < 1+ CoA2 and [[uyl[peo(@) < 1+ Ca\zs respectively. Hence, in
both cases it is possible to find a positive value of A, still denoted by \* such that
[uall oo () < 6. It is proved that uy belongs to L>°(£2).

This implies that u) also belongs to H3 () since

2
/Q VirP £ @+ @)™ | : [V

Q (14 fuy|)2
C+ [Jurll poo () > ¥ (uy)
AC(1+ [lull oo ) ** luall oo () -

IN

IN

We claim that uy > 0. Indeed if the set B = {z € Q : u)(x) < 0} has positive
measure, then the restriction of uy to B belongs to H{(B). Moreover one has
that

) = [ atu)Vusvo+ [ s )l Vo e
B B

—/\/Bf(%%\)w:

for every w € H}(B) N L>®(Q). Choosing w = uy, we have

/ e, uy) | Vuy 2 =
B

that implies u) = 0 in H{(B), that is an absurd.

We have proved that 0 < uy(x) < 6 for almost every z € Q and every 0 < A <
A* and it is clear that Jy(uy) < 0.
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Hence, it is immediately seen that w) is a critical point of Jy:

O:jﬁ\(uA)(w): /ZL(CE,’U,)\)V’U,)\VU)—F/ELU(I,UA)|VUA|2’LU
Q Q
_A/ f(CC,’LL)\)w
Q
= /a(:z:,u)\)Vu)\Vw—F/au(a:,u)\)|Vu>\|2w
Q Q

A [ o= Ty ) w)
for every w € H}(Q) N L>(Q2). We point out that from

/Q Vs l? < (1+ s ()22 @ (uy),

it follows that limy_,q ”u)\”Hé(Q) = 0. Finally, if 0 < A1 < A2 < A*, let

1 . 1
and
my, = P(uy,) + i\I’(u ) = inf (@(U) + i\I’(v)) ;
D P T A2 ’
one has

J)\l(UJ)\l) = /\1m)\1 > )\gm)\l > /\2771)\2 = J)\z(uxz).

Hence, the function A — Jy(u)) is decreasing in ]0, A*[ and the proof is complete.
(]

PrOOF OF THEOREM 2: It is analogous to the proof of Theorem 1 with functions
fx,—0) if s<—0,

f(z,s) =< f(z,s) if —§<s<0, d(:v,s)z{
0 if §>0,

a(zx, s) if s<0,
a(x,0) if s>0.

455
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PrROOF OF THEOREM 3: It is a combination of the proofs of the previous theo-
rems. (|

Remark. It is worth noticing that in general J )\ is not coercive.
For instance, let % <a< WN_2, r <2 flz,u)=u""1if0<wu <96, alz,u) =

1
(Atuf)2e

Let us choose v € HE () such that essinfv > 0. If 7 >

then

ess 1nf v’

j)\(T’U) —/ 1L_V:L22a // f x,8)
= 7—2(12_0{) /Q (;ngm —/\/Q /0 f(z,s) ds—l—/;v f(x,s)ds
- L bl erea)

2(1-a) 2
_ T / Vel® (1 - 1) 510 — Ans’“—l/ v
2 Q (; +U)2a r Q

Since o > %, it is immediately seen that 2(1 — a) < 1 and so the left hand side of
the previous inequality goes to -co as 7 tends to +oco.

(1]
(2]

(3]
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