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Diophantine equation =T =Y
for four prime divisors of y — 1

7ZDENEK POLICKY
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qg—1
cients is discussed and integer solutions are sought. This equation is solved completely

just for four prime divisors of y — 1.

Abstract. In this paper the special diophantine equation = y with integer coeffi-

Keywords: diophantine equation, Fermat and Mersenne primes, Catalan conjecture

Classification: Primary 11D72; Secondary 11D45

1. Preliminaries

The theory of finite groups leads to some diophantine equations. There are
some of them in which the variables are restricted to be prime. The techniques
used vary from elementary properties of divisibility theory in integers leading to
some more sophisticated results which can find applications in Galois theory. The
diophantine equation qqn%ll = y which is solved in this paper is a special type of
the equation

1) CoL

where ¢ is a power of a prime, y > 1, n > 2, m > 2. This equation was studied
in many articles. In his paper [12] W. Ljunggren found solutions of (1) for m = 2
and Ljunggren with T. Nagell found in [13] the only solutions
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if 3|n or 4|n. French mathematicians Y. Bugeaud, M. Mignotte, and Y. Roy
reached important progress in solving (1) in [5], [6] when ¢ is a power of such

prime p that p|(y — 1) or when m is a prime and every prime divisor of ¢ also
divides (y — 1).

Supported by the Grant Agency of the Czech Republic (Methods of Theory of Numbers,
201/04/381).
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This work was motivated by the paper of Iranian mathematicians A. and
B. Khosravi [9] who solved this diophantine equation for at most three prime
divisors of y — 1.

The main aim of this text is to develop their work and find solutions of q;__ll =y

for four prime divisors of y — 1. Now we denote y = a®b?c7d® + 1 where a, b, ¢, d
are different primes and «, 3,7, > 1 are integers.
At first we mention some lemmas that we use in this paper.

Lemma 1.1. Let p, q be distinct primes and r,s > 1. Then the only solution of
the equation p" —¢° =1 is 32 — 23 = 1.

Lemma 1.2. Let p, q be distinct primes and r,s > 1. With the exception of the
relation 2392 — 2x13* = —1 a solution of the equation p" — 2¢° = +1 exists only
for exponents r = s = 2.

Remark 1.3. Lemma 1.1 is a special type of Catalan conjecture which was
completely proved by P. Mihailescu (see Bilu [2]). The second lemma was proved
by P. Crescenzo in [6].

The following lemma as well as Lemma 1.1 are due to E. Gerono (see Dickson
[3, p. 744]).

Lemma 1.4. If 2™ —1 is a power of a prime, hence 2™ — 1 = p* where k,m € N
and p is a prime, then k = 1 and m is prime. (Thus p is a Mersenne number.)

The following propositions and Lemmas 1.5-1.9 are useful for the proof of the
Main Theorem 2.1.

Lemma 1.5. If r > 1, s > 1 and % has only three prime factors, then

r=3,s=1.

PRrOOF (by A. Schinzel): By Bang’s theorem generalized by Zsigmondy (see Dick-
son [3, pp. 385-386]) for every integer n > 1, n # 6, 2" — 1 has a primitive prime
factor, i.e. a prime factor that does not divide 2™ —1 for any m < n. Let r = 2im,

where m is odd and consider two cases, m = 1 and m > 1.
If m =1, then % has prime factors belonging to exponents 2141 and

29(2s +1) (0 < j <1+ 1) except the exponent 6 if 2k + 1 = 3. Thus, we obtain
l 4+ 3 > 3 prime factors if 2s +1 > 3 and [ 4 2 prime factors if 2s + 1 = 3, hence
we have at least 4 prime factors, when [ = 1, 2s + 1 = 3. In the exceptional case

r = 2,s = 1 the number %122_;11 =3 x 5 X 7 x 13 has nevertheless 4 prime factors.
If m > 1, then % has prime factors belonging to exponents i+l oltly,

21125+ 1), 2'm(2s + 1), 2T m(2s + 1) different from 6. Thus T(ﬁif)_l has at
27—1

least 4 prime factors, unless [ =0, m=2s+1,ie.r=3,s=1. [l
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Proposition 1.6. Let p be a prime, r > 4. Thenr =5, p = 5 is the only solution
of the equation

(2) 227”—5 _ 27”—2 + 1 — p2
in integers.

PROOF: Let us consider (2) in the form 2"72(2"73 — 1) = (p — 1)(p + 1) and
denote by K, L the greatest odd factors of p + 1 and p — 1 respectively. Since
(p—1,p+ 1) = 2 we consider two subcases:

(1)
p—1=2""°L

*

*) p+1=2K.
Then K = 2""4L + 1 and since LK = 273 — 1, we have 2" 4L2 + L =
273 —1 = 27~% = 1AL which implies that L? < 2, hence L = 1 and
K = 2773 — 1. Then we deduce from (x) that 273 + 2 = 2(2"73 — 1).
Hence r = 5 and p = 5, as asserted.

p—1=2K

p+1=2""3L.
Then K = 2" %L —1. The condition LK = 2"~3—1 implies that 2" ~4L% —
L =273 —1 and consequently we have 27~% = LLz__12- However, since we

suppose that r > 4, we necessarily have L > L? — 1, a contradiction. [

Lemma 1.7. Let p, q be odd primes, s > 1. Then there does not exist a solution
of the equation

(3) W —2p°+1—¢>=0
in integers.

PROOF: Let us consider (3) in the form 2p®(p® — 1) = (¢ — 1)(¢ + 1). Then we
distinguish two possibilities according to p*® divides ¢ — 1 or p*® divides ¢ + 1.

At first, assume that p®| (¢ — 1); then clearly 2p®| (¢ — 1) and we denote g —
1 = 2p®u where v € N. Then we get from (3) 2p°(p® — 1) = 2p°u(q + 1) and
consequently p*—1 = u(g+1). Hence g+1 < p®—1 < 2p®u = g—1, a contradiction.

Now assume that p®| (¢ + 1). By exactly the same arguments as above, we
deduce that there exists a natural number u such that ¢ + 1 = 2p°u. Since we
consider (3) in the form p* — 1 = (¢ — 1)u, it follows that ¢ — 1 < p® — 1 and
combining this inequality with another inequality ¢+1 > 2p® we get 2p® < ¢+1 <
p® + 2 and hence p*® < 2, a contradiction. O
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Proposition 1.8. Let p, g be odd primes, r > 2, s > 1. Then there does not
exist a solution of the equation

(4) 22T—3p28 _ 2T—1p8 _|_ 1 _ q2 — 0
in integers.

PROOF: Assume that there exists a solution of (4) and denote X = 2"2p®. Then
we obtain from (4) the quadratic equation 2X2 —2X +1 — ¢2 = 0. A solution
exists only if the discriminant is the square of a natural number, D = 4(2¢% — 1),
hence 2¢> — 1 = s, s € N and if we write it as a congruence we have s =
—1(mod g). Since —1 is a quadratic residue mod ¢ if and only if ¢ = 1(mod 4), we
denote ¢ = 1 + 4k, k € N. Thus, immediately 2¢® — 1 = 32k? 4+ 16k + 1 and it
follows from (4) that 2¢2 — 1 = 2"p%(2"2p® — 1) + 1. Further, we get equation
16k(2k + 1) = 2"p*(2"~2p® — 1). One can easily verify the statement for r = 3.
The case r = 2 follows from Lemma 1.7. Hence assuming that r» > 4 we have

(5) k(2k+1) = 2" 4p5 (2"~ 2p% — 1).

Since k and 2k + 1 are relatively prime then clearly 27—* | k.

Now assume that p|k. Then p° |k and there would be such a number Y € N
that k = 2" ~4p®Y". Tt follows immediately from (5) that 2" ~4p3Y (2" 3p°Y +1) =
27 ~4ps(2"2p* — 1) and consequently Y (2" 73p°Y + 1) = 2"2p% — 1. Firstly,
assume that Y > 2. Then we have Y (2" 3p°Y +1) > 2(2"2p* +1) > 2" 2p* — 1
which leads to a contradiction. If Y = 1 then we get 2" 3ps +1=2""2p5 -1 =
2 = 2" 73p® which is a contradiction. Thus p®|(2k + 1) and there would be such
an odd natural number L that pL = 2k + 1.

Denote M = 2"3; then we get from (5) that p*L? — L = p*2M? — M and
consequently p*(L? — 2M?) = L — M. Clearly L? — 2M? # 0 and we want to
show that L2 — 2M2 # +1. Firstly, assume that L2 —2M2 = —1. Then L2 +1 =
2M? = 22775, Since r > 4 we have 4|22~ and we get L? + 1 = 0(mod 4) which
is impossible. Secondly, if L2 — 2M?2 = 1 then L2 — 1 = 2275 and consequently
we have (L —1)(L+1) = 22775, Since (L —1, L+ 1) = 2, it follows that L —1 = 2,
L+1=4and 2a—5 = 3, so that & = 4 and consequently p® = 1, a contradiction.

If |L? —2M?| > 1 then there exists such a prime h that & | (L? —2M?) and also
h|(L—M). Thus his odd and h | (L2 — M?) — M?. Hence h | M, a contradiction.

O

Proposition 1.9. Let p, ¢ be odd primes, r > 2,t > 1 and assume that s(n—1)/2
is odd where n > 5. If q|(p® + 1) then there does not exist a solution of the
equation

(6) ps(n—l)/2 + 1 — 27”qt

in integers.
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PROOF: Denote p*("~1)/2=s _  _ps 11 = Aand (n—1)/2 = y. Since we
suppose that ¢ | (p® + 1), p*™ = 1(mod q) holds for m even and p*™ = —1(mod q)
holds for m odd. Therefore A = y(mod ¢) and since it follows from (6) that ¢ | A
then clearly ¢|y and consequently we have y = ¢z, z € N and (6) in the form
psqz +1= 27”qt.

Now assume that p*@“% + 1 = 27¢t, where u,w > 3 are odd. Then we have
P 41 = (p§1" 4 1)(ppe (W) — psat(w=2) 1 1) = 27¢!. Denote B =
psqu(w_l) — psqu(w_z) + ...+ 1. If ¢| B then we observe by similar arguments as
above that ¢ | w, hence w = qu’, w’ € N and consequently we have such a natural
number v that p5¢° +1 = 274

Denote C = qu%1 and we want to show that ¢ does not divide p% + 1.
Assume to the contrary that ¢% | (p°+1). Then C' = —1(mod ¢?) and consequently
C9 = —1(mod ¢?) and it follows that ¢ > 2. Since p* = —1(mod 2"), we have C =
—1(mod 2") and we consider (6) as C1+1 = (C+1)(C4~t-C972 ...~ C+1) =
27¢t. Since t > 2 and since C' = —1(mod ¢?), we have C9~1 —(C972 .. —C+1=
g(mod ¢?) and consequently C9~t — C972 ... — C 4+ 1 = q. One knows that
cr—c*l=c*1(C-1)>C(C—1)>6for x> 2. Hence C4~1 —C972 .. —
C+1l=q> 6[12;1 + 1 =3¢ — 2 > g which contradicts our assumption. It follows
that ¢2 does not divide p® + 1 and we obtain equation p® + 1 = 27¢.

If now we denote E = p®, then £ = 2"¢ — 1 and we have

quzq: D) (@2rg) (~1)779 + 272 — 1.
)@ q

J=2

One can see that (g) ¢ = 0(mod ¢?) holds for 2 < j < q. Then we have B9+ 1 =
27¢?(mod 2"¢®). If v = 1 in """ then we get B+ 1=2"¢%. If v > 1 then by
using p*7" +1 = 27 ¢ we get (Eq)qv71+1 = (Eq+1)(EqU71_1—Eqv71_2+ ot =
27¢" and since E? + 1 = 2"¢?(mod 2"¢3), we have E? 4+ 1 = 27¢? for arbitrary
natural number v.

Combining E 4+ 1 = 2"¢ with (E + 1)(E?" 1 — E92 4+ ... +1) = 27¢% we
get F971 — F9=2 4+ 41 = q. Since E* — E*~! > 6 for > 2 by using
similar arguments as above we have ¢ > 6% +1=3¢—2=12>q whichis a
contradiction. Hence the solution of (6) does not exist. (]

2. Main theorem

Theorem 2.1. Let g be a power of a prime, b, ¢, d be primes, n > 3, odd and
#{p, p prime Ap|(y—1)} =4. Then all solutions of the equation

(7)
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are listed in two following tables.
n y conditions

219 2x3x5x17+1

2v | 9 205 (29 4+ 1) x (227 + 1) x | (2 + 1), (22 4+ 1), (2% + 1)
(2% +1)+1 are Fermat primes

23 |5 2 x32x5x13+1

2% 15 29 % (29 +1)x (222 + 1)+ | 22 +1 = d is a Fermat prime
1 and 22 +1 = bP¢7

2% | 3 29 x (24 1) +1 29+ 1 =bPed?

2 |2p+1|2%x(2?—1)x(2P4+1)+1 |2 — 1 = d is a Mersenne
prime and 2 +1 =3¢, pis a
prime

20 | 4k+3, [ 22 x 33 x 19 x 73+ 1

k>1

Table 1: Solutions of the equation (¢ —1)/(¢ — 1) = y when ¢ = 2.

PROOF: Let y — 1 = A. It follows from (7) that

-1 _a@ -1 @V -1y

q—1 q—1 q—1

Since (¢("~1/2 —1,¢=1/2 1 1)|2 and since (¢ — 1) | (¢~1/2 — 1), it follows
that (q(”_l)/2 + 1) | A. Since ¢ is a power of a prime, denote ¢ = a®, we consider
three equations a(n=1)/2 11 = b2, an=1)/2 11 = b3ev, a®(n=1/2 41 = pBergd.
Clearly, one of the primes has to be even. Denote ¢ = 2 and then we have
y = 2°bPc7d% + 1. Now we distinguish two cases.

Case ¢ = 2%
Since (22(n=1)/2 1 22(n=1)/2 4 1) — 1, we consider three subcases:
-1)/2 — 0 20(n—1)/2_1
2.1 200D/2 41 = L = b8

Clearly, n # 3. Using Lemma 1.1 we divide the equation on the left-hand side
in 2.1 into three parts.

211 a(n—1)/2=1= a =1, n =3 which is a contradiction.
2.1.2 a(n —1)/2 = 3 and d° = 32, since we have a = 1, n = 7 = b5¢¥ = 7 which
is contradiction.
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q|n y conditions
b |5 bx20b+1) x ”27“4—1 b = 2%"" — 1 is a Mersenne
prime and b% + 1 = 2¢7d?
¥ |3 b ox2x Y 4 W+ 1=200d
b|5 bx22x ML B 41 | h41=2¢7 and B2 + 1= 2d
b |9 bx 4b + 1) x 2 x| 2c=0>+1and 2d = b* + 1
bi+1
MR
b |5 B2 x 2% x Pl 5 Bl 41 | 9¢2 = 1% 41 and 2d = b* + 1
719 7Tx25x 52 %1201 +1
¥ |5 P x22x VL 5 PHl 19 | 9¢ = b + 1 and 2d = 620 + 1
b |5 bx20b+1)x B 41 [ p+1=2""¢" and b?+1 = 2d
3|11 Ix22x112x614+1
b | 2k+1, | bx2*xecxd+1 b = 2% — 1 is a Mersenne
k is a prlmeandb"l/Qlf
prime b+1 = dand b»=1/2- 1—I— A+
b+1l=c
b3 box (b +1) +1 b4+ 1=22d

Table 2: Solutions of the equation qq"__—ll =y when q = b , b odd.

2.1.3 § =1, since 22("=1)/2 1 1 = ¢ is a Fermat prime, we have a(n —1)/2 = 2k,
E > 1 (If ¥ = 0 then the case n = 3 is impossible.)  Since
(20(n=1)/4 _ 1 9a(n=1)/4 L 1) — 1, we consider from the second equation
in 2.1 w bﬁ ga(n=1)/4 4 1 = (7, Using Lemma 1.1 similarly as
above we get three subcases of the last equation.

(a) a(n—1)/4=1= a=1,n=>5but then b” =1 is a contradiction.

b) ¥ =3%a(n-1)/4=3=a=3,n=5then b’ =lora=1,n=13
and d = 22("=1/2 4+ 1 = 65 is not a prime. In both cases we obtain
a contradiction.

(¢) v =1, we have 22("=1/4 1 1 — ¢ 5o ¢ is a Fermat prime (d is a Fermat

a(n—1)/8 _ a(n 1)/8
prime too) and @ 1)(_21 ) _ 8. Since (2"("—1)/8 _
1,20(n=1)/8 1 1) = 1, we consider equations p(g;il_)/ls_l = 1, hence

n =9 and 22("=1)/8 1 1 — b5 Thus solution of (7) is [§ = 2,n = 9,y =
2x3x5x17+1] in case o = 1.

If « = 3, b° = 32 then 20(n=1)/4 L 1 = ¢ = 65 which leads to a
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contradiction. If § = 1 then we can see that b = 2% + 1, ¢ = 22® 4+ 1
and 24 + 1 are Fermat primes and the solution of (7) is [¢ = 2%,n =
9,y =2% x (2% +1) x (22 +1) x (24> +1) +1].

—1)/2 _ 2a(n—1)/2_1 .5

2.2.1 a(n —1)/2 is even.
Since (20‘("_1)/4 —1,20(n=1)/4 4 1) = 1, we divide the equation on the right-

ga(n—1)/4_q

hand side above by the only way: =—ss—— =1 and g0(n=1)/4 4 1 — 9.
Then n = 5 and we consider three possibilities:

(a)
(b)

()

a=1=d® =3 and b?¢? = 5 which is a contradiction.

§ =1, then d = 2% + 1 is a Fermat prime and 22¢ + 1 = ¢ is
a Fermat number. Therefore, solution of (7) is [¢ = 2% n = 9,y =
2% x (2% +1) x (294 1) x (222 +1) +1].1

o =3, d° = 32, then we obtain a particular solution of [7] [¢ = 23, n =
5 =23x32x5x13+1].

2.2.2 a(n—1)/2 is odd.
Since 20(n=1)/2 £ 1 — (2 4 1)(22(=D/2=1 _  _ 921 1) = b%¢ one of the
primes has to be three, denote b = 3.

2.3

(a)

« > 3, if we consider the equations above then we have % =

b3edd. According to Lemma 1.5 there exists the only solution of this
equation & = 3, n = 7 and consequently the solution of (7) is [¢ =
2.n="7y=23x33x19x73+1].

o =1 and 21/2 _ 1 = ¢° Using Lemma 1.1 we have § = 1,
d is a Mersenne prime and (n — 1)/2 is also a prime. Let us denote
(n—1)/2 =pand (2771 —2P72 + ... —2+1) = K. Then we get
Wr1=02+1)2Pr 1t —2024  —24+1)=30. If>2=3|K
and since 2™ = 1(mod3), —22"*+1 = 1(mod3) for m € N we have
K = p(mod3). Since 3| K, 3|p and b%¢Y = 9 which is a contradiction.
If 3 =1 then we have 2P — 1 = d, 2P + 1 = 3¢7. According to [4] the
equation 2P + 1 = 3¢ has no solution for v > 1. Then the solution of
(Misflg=2,n=2p+1,y=2x 2P - 1) x (2P + 1)+ 1] if 2P — 1 = d,
22 41 =3c.

20(n=1)/2 4 1 = pferdd, 20 D)

One can see that n = 3. The solutions for o < 50 are listed in the following

table.

LUntil now we know the only couple of consecutive Fermat numbers Fy, Fi satisfying

conditions of the solution.
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o y «a y

14 2M x5 x 29 x 113+ 1 29 229 % 3 x 59 x 3033169 + 1
15 ] 28 x 32 x 11 x331+1 |37 | 237 x 3 x 1777 x 25781083 + 1
21 | 228 x 32 x 43 x 5419+ 1 | 39 | 2% x 32 x 2731 x 22366891 + 1
22| 22 x5 x 397 x 2113 +1 |41 | 2% x 3 x 83 x 8831418697 + 1
24 | 2% x 97 x 257 x 673 +1 | 44 | 2% x 17 x 353 x 2931542417 + 1
27 | 227 x 3* x 19 x 87211 + 1

Table 3: Solutions of case 2.3 for a < 50.

Case ¢ = b, b-odd.

Since (bﬁ("_l)/2 —1,p8(n=1)/2 4 1) = 2, we have nine subcases, four of them
are leading immediately to a contradiction. Therefore we consider five types:
—-1)/2 _ S pIn—1/2 1 _ Ha-—1
2.4 p=1)/2 L 1 — 20749, b=l = gal,
2.4.1 f(n—1)/2 is even.

By using (bﬁ("_l)/4 -1, pi(n=1)/4 4 1) = 2 we consider two subcases of the
equation on the right-hand side above:

(a) % =2, p8(=1)/4 L 1 — 202 Combining these two equations

we get 2072 = 268 which is a contradiction.

(b) POl — 1 o = 5, 690D/ 11 = 2971 if we use Lemma 1.1
then we easily check that the solution of equation b? +1 =291 exists
only for 3 = 1. Then b = 2®~1 —1 is a Mersenne prime and the solution

of (7)is [g=b,n =5,y =bx 2(b+1) x ZFL 4 1) if b2 + 1 = 2c7d0.
2.4.2 B(n—1)/2 is odd.

. n—1)/2_ G _ B(n—1)/2—4
Since Lt bﬁ—)/l 1_ (07D T o4l 20=1 we have pi(n=1)/2-F 4

...+ 1 = 2971 and since bP(=D/2=F L 11 = 1(mod?2), we easily
check that & = 1, n = 3. Then b° + 1 = 2¢7d° and the solution of (7) is
=00 n=3y=0%x2x b‘;;l—i—l].

2.5 pP(n=1)/2 4 1 = 249, bﬁ("b;)/f—l — ga—1.y.

Using Lemma 1.2 we consider four subcases of the first equation in 2.5.

25.1 f(n—1)/2=1= =1, n =3 which is a contradiction.

2.5.2 bP(n=1)/2 = 9392 40 = 134, then 2017 = 2233?5_—11 =240 = 2% x 15 but 15
is not a prime.

585
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2.5.3 0 =1 = b5=1/241 — 24, If B(n—1)/2 is odd then we have b5("—1)/2 41 —

(b+1)(P=1/2=1 _ 1 1) = 2d, however, b?("~1)/2 _ 41 =1(mod?2)
and hence we have b = 1 which is impossible. Thus S(n — 1)/2 is even and
(bP(n=1)/4_1)(pP(n—1)/441)

_ 9a—1
1 =2 c

we consider four subcases of equation
since (pF(n—1)/4 _ 1 pB(n—1)/4 1 1) = 9,

(a) % =7, pP=D/4 11 — 90=1 Tt follows from Lemma 1.1 that

the second equation has solution only if 3(n—1)/4 = 1 and p3(—1)/4 =
32 but in both cases we find a contradiction.

(b) % =267, pP(=1)/4 1 1 = 20=2 By the same arguments as in

the previous point, we deduce a contradiction.

(c) % =90-2 pB(n=1)/4 1 1 — 2¢7. Using Lemma 1.2 we consider

following subcases of the second equation.

(c1) B(n—1)/4=1==1,n=>5and 2272 =1 = o = 2. Then the
solution of (7) is [¢ = b,n = 5,y = b x 22 x b"'Tl X sz‘H—I—l] if we
suppose that b+ 1 = 2¢7 and b% + 1 = 2d.

(c.2) vy=1, B(n—1)/4 is even otherwise
W=D/ L1 = (b + DGPD/AL 4 1) = 2¢ which is
not possible. Since (b?(—1)/8 — 1 pB(n=1)/8 4 1) = 2 one can
verify according to Lemma 1.1 that the solution exists only for
p3(n=1)/8 L 1 = 202 Then % =1=n =9 and the
equation b8 +1 = 2%~2 is solvable only for a—2 = 1 or 3 = 1. The
first case leads to a contradiction 5% = 1 and in the second case if
we suppose that b2+1 = 2¢ and b*+1 = 2d then we get the solution
of (7) in the form [g = b,n = 9,y = bx 4(b+1) x L x Y 4 1],

(c.3) bP(=1)/4 = 2392 ¥ = 134 but then d = LX) — 28941
809 x 1217 x 1657 which is a contradiction.

(c4) Bn—1)/4=2,7y=2=b?>+1=2c¢% and b* + 1 = 2d. Firstly, we

consider f = 2,n =5, then 222 =1 = o = 2 and the solution of
(7) is [q:bz,n:5,y:b2x22xb27+1 ><b47+1+1] if b2 +1 = 2¢2
and b* + 1 = 2d holds.
Secondly, 8 = 1, n = 9 then &=L — p4+ 1 = 2072 (0 > 4).
Combining b = 2972 — 1 with b2 4+ 1 = 2¢2 yields 2205 —20-2 ¢
1 = 2. Tt follows from Proposition 1.6 that the only solution of
this equation is @ = 5 and ¢ = 5. Then the solution of (7) is
[q=7,n=9,y="7x2%x5%x1201 +1].

i N R R N
bP—1



n__
Diophantine equation qq711

= y for four prime divisors of y — 1

(d.1) pis even.
Since %41 = 2 (mod 4), we have 2~ 1¢Y = 2(mod 4), hence a = 2.
Using Lemma 1.2 we consider four possibilities of 6% +1 = 2¢7 but
three of them were solved in case (c), therefore we find solution
only if v = 1. Then we have b% +1 = 2¢, 2% + 1 = 2d and the
solution of (7) is [q = b%,n =5,y = b x 22 x bﬁT‘H X WT"H +1].
(d.2) 4 1is odd.
Since 620 41 = (B2 +1)(b?°P~2 —p20—% 4 .. 4+ 1) = 2d then clearly
b2 4+ 1 = 2 which is impossible. Hence, we consider the case 3 = 1.
If b2 +1 = 2d and b+ 1 = 2% 1¢7 holds then the solution of (7) is

lg=bn=>5y=>bx20b+1)x L 41].

254 Bn—1)/2=2=2=F=1,n=>5. Since b+ 1 = 2°71¢7 and since
b2 +1 = 2d?, we solve equation 22¢73¢27 — 2017 4 1 — @2 = 0. However,
according to Proposition 1.8 it follows that the solution does not exist in

this case.
_ Bn1))2
In this case we found at least one solution for every odd prime number b < 20.

We easily check that 3(n — 1)/2 has to be odd and n # 3. Using Lemma 1.2 we

observe that a > 2. Now we consider two subcases:

2.7.1 d does not divide (b® + 1).
Then we have % = 2¢ —1. By Lemma 1.2 we have 3 = 1 and consequently b
is a Mersenne prime. Now we consider from 2.7 two equations p(n=1)/2-1

o—b+1=dand b D/2=1 4 | Lp41=¢. According to Ljunggren

in [12] the second equation has the only solution b = 3, n = 11, ¢” = 112 for
4 > 1. Then the solution of (7)is [g = 3,n = 11,y = 3 x 22 x 112 x 61 + 1].
Now assume that v = 1. Then we check that (n — 1)/2 has to be a prime.
Regarding [4] and since d’ = 1(mod b) we may say that the solution of the

equation p(n=1)/2=1_ " _p11 = % does not exist for § > 1. Then we find
the solution of (7) in the form [¢ = b,n =2p+1,y = bx 2% x cx d+1] if we
suppose that p(n=1/2=1_  _pir1=dand b V214 | 41pt1=c

2.7.2 d divides (% + 1).

By Proposition 1.9 we see that there is no solution in this case.

B(n—1)/2 _ ga—1,6 pPn-1)/2_q

2.8  pID/2 41 = 907140, -
We check that B(n — 1)/2 is even. Since (bP(n—1/4 _ 1 pB(n—1)/4 1 1) = 2 we
consider pP("—1/4 41 = 2¢7 % = 1 from the second equation in 2.8.
Then easily n = 5 and using Lemma 1.2 we solve four subcases of the equation
above. But all these cases were already computed before in 2.5.

=2c7.

587



588

Z. Policky

Acknowledgment. The author would like to thank Andrzej Schinzel and also
the unknown referee for their careful reading of the text and their remarks.

REFERENCES

Bennett M., Rational approrimation to algebraic number of small height: The diophantine
equation |axz™ — by™| =1, J. Reine Angew. Math. 535 (2001), 1-49.

Bilu Y.F., Catalan’s Conjecture, Séminaire Bourbaki, 55eme année, 909, 2002.

Bugeaud Y., Linear forms in p-adic logarithms and the diophantine equation (™ —1)/(z —
1) = y2, Math. Proc. Cambridge Philos. Soc. 127 (1999), 373-381.

Bugeaud Y., Mignotte M., On the diophantine equation (z™ —1)/(x —1) = y? with negative
z, Proceedings of the Millennial Conference on Number Theory, Urbana-Champaign, IL,
USA, 2002, pp. 145-151.

Bugeaud Y., Mignotte M., Roy Y., Shorey T.N., On the diophantine equation (z™ —1)/(xz—
1) = y9, Math. Proc. Cambridge Philos. Soc. 127 (1999), 353-372.

Bugeaud Y., Mignotte M., Roy Y., On the diophantine equation (z"™ —1)/(z — 1) = y9,
Pacific J. Math. 193 (2000), 257-268.

Crescenzo P., A diophantine equation arises in the theory of finite groups, Advances in
Math. 17 (1975), 25-29.

Dickson L.E., History of the Theory of Numbers, vol 2, AMS Chelsea, Providence, 1999.
Khosravi A., Khosravi B., On the diophantine equation (¢ —1)/(¢ — 1) = y, Comment.
Math. Univ. Carolinae 44 (2003), no. 1, 1-7.

Kiizek M., Luca F., Somer L., 17 Lectures on Fermat Numbers: From Number Theory to
Geometry, Springer, New York, 2001.

Ligh S., Neal L., A note on Mersenne numbers, Math. Mag. 47 (1974), 231-233.
Ljunggren W., Noen Setninger om ubestemte likninger av formen (z" —1)/(z — 1) = y9,
Norsk. Mat. Tidsskr. 25 (1943), 17-20.

Nagell T., Note sur l’equation indéterminée (™ — 1)/(x — 1) = y9, Norsk. Mat. Tidsskr. 2
(1920), 75-78.

Policky Z., Exercises of division theory leading to brand new results, Proceedings of the
International Conference The Mathematics Education into the 21st Century Project; Brno,
Czech Republic, 2003, pp. 231-234.

Ribenboim P., The New Book of Prime Number Records, Springer, New York, 1996.
Saradha N., Shorey T.N., The equation (z™ —1)/(x — 1) = y? with = square, Math. Proc.
Cambridge Philos. Soc. 125 (1999), 1-19.

Shorey T.N., Ezponential diophantine equation involving product of consecutive integers
and related equations, Bambah, R.P. et al., Number theory; Birkh&user, Trends in Mathe-
matics, Basel, 2000, pp. 463—495.

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, MASARYK UNIVERSITY, JANACKOVO
NAM. 24, 662 95 BRNO, CZECH REPUBLIC

(Received January 27,2004, revised February 16,2005)



		webmaster@dml.cz
	2012-04-30T23:12:51+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




