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Some approximation properties of the Kantorovich
variant of the Bleimann, Butzer and Hahn operators

GRZEGORZ NOWAK

Abstract. For some classes of functions f locally integrable in the sense of Lebesgue or
Denjoy-Perron on the interval [0; c0), the Kantorovich type modification of the Bleimann,
Butzer and Hahn operators is considered. The rate of pointwise convergence of these
operators at the Lebesgue or Lebesgue-Denjoy points of f is estimated.

Keywords: Bleimann, Butzer and Hahn operator, Lebesgue-Denjoy point, rate of con-
vergence

Classification: 41A25

1. Introduction

In 1980 Bleimann, Butzer and Hahn [5] introduced a sequence of positive linear
operators By, f defined on the space R(][0;00)) of real functions on the infinite
interval I = [0; 00) by

Buf(x) =Y pnk (lj—x> f (n—k];—k) (x eI, neN),
k=0

i (75) - (e

The approximation properties of those operators have been extensively studied in
the literature [1], [2], [3], [5], [6], [7], [8], [9], [10], [11], [14]. For function f locally
integrable in the Lebesgue or Denjoy-Perron sense, the n-th Kantorovich variant
of the L, f operators is defined as follows

where

n T (k+1)/(n+1—k) Ft)
Mpf(z) = (n+2) I;)pn,k <1 - x) /k/(n+2_k) (e dt (zel, neN).

U. Abel and M. Ivan [3] found the rate of convergence by estimating | My, f(z) —
f(z)| in terms of the modulus of the continuity of f, where f is assumed to be
bounded and continuous on [0; 00).
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The aim of this paper is to examine the rate of the convergence of operators
M, f, mainly, at those points x € I at which

h

lim = [ (f(z+) — f(z))dt = 0.

h—0h Jo

The general estimate is expressed in terms of the quantity

h
wa(6: f) = sup %A(ﬂw+ﬂ—ﬂwmt (6>0).

0<|h|<6

Clearly, if f is locally integrable in the Denjoy-Perron sense on I then

51—i>%1+ wg(0; f) =0 for almost every x.

In view of this property, we deduce that for some classes of functions,

lim M, f(z) = f(z) almost everywhere.

n—oo

Moreover, using some other properties of w,,(d; f) we present a few estimates of the
rate of the norm and pointwise convergence of My, f in terms of the weighted mod-
uli of continuity. Throughout the paper, the symbol K (-), K;(:), (j = 1,2,...)
will mean some positive constants, not necessarily the same at each occurrence,
depending only on the parameters indicated in parentheses.

2. Auxiliary estimates

As well-known, for every « € I and all integers n > 1,
& T
1 =1
) E%pmk<l+x) ,

x k x
(2) TPn,k—1 (1+.’L’> = n_k+1pn7k (H——I') (ke {1,2,,71})

Forge N, se N, z € I and n € N we define

(n B " 1 T
Qoo _Z (n—k+q).. (n—k—i—l)pnk(l—i—x)’

k=0

7% (k—s+1) x
_k—O n—k—i—q (n—k—i—l)pn’k 1+z/)°
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Lemma 1. Forqe N, s € Ng, n € N, z € [0;00) and g > s we have

(n) 25(1+x)4™*
(3) 0,5 (@) < W

(In the case where = 0 and s = 0, the symbol z* is equal to one).

PROOF: In view of (1) and (2) we have
(n) D T 1 — T
n p— _ —_—
Ql,o(x) T ];_lpn,k—l <1+$> + nrl kE_Opn,k <1+$>

oz 1 T T
T n+1ln+41 n—i—lpn’n 1+

1+z
n+1’
Next, using (2), we have
n
(n) B 1 n—+1 T
Iquo(x)_]g(n—k+q+1)...(n—k+2)n—k+1p"’k 1+z

n

By 1 VRN
k_O(n—k+q+1)...(n—k+2)pn’k 1+ g \1+z/)

Therefore
(n+1)QM, (@) < (@ + Q! (@).

Consequently, (3) follows for all ¢ € N and s = 0 by induction.
For s > 1, (2) gives us

(n) () n...n+1-s) r \" (n)
Qq+1,s+1(f17) =2Qqs(7) - 7! 1+2) ° < 2Qq, (x)-
Consequently, (3) follows for all ¢ € N and s € Ny by induction. O

Remark 1. It is easy to see that for ¢ € N, s1,...54 € N, n € N, z € [0; 00)
n

1 x "
) Z (n—k+51)...(n—k+5q)p”vk (1—|—:c) < Q!Q;o)(x)-

k=0

Forie N, ge N, neN, z € [0;00) we will use the notation

(n) 7k—|—1—i
Ui @) = T T

S(gn)(a:) = Z a](;fl) (x)... a](;f; (7)pp, < z > .
k=0

(0<k<n),

14+z
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Lemma 2. Letz €I, n€eN,qgeN, g > 2. Then

6) S = g (02 - D8 + 20+ 0287 @) - B @),

where

n 9c(n—i—1)2 n n T
R = o el @ (7).

PROOF: Simple calculations, (2) and identity a,(cn_)l J(x) = a](;? 11(2), give us

n = n Y n
® a5 =52 + X alde)- ol (137 + B

where

Using the obvious equality

k _k—gq+1l ¢ D) (n)
n—k+1l n-k+g n—l—l( ()+1+x)<ak7q+1(x)+l+x)’

we have

S0 (@) = 2 (Séil () + (1 + 2)55 ()

n+1
+(1+x) Za,) (@ )pmk(lix)
S Y ) o) () ) - @)
k=0

Applying (6), we obtain

S (x) = - i - <xs§ " (@) + a(1 +2)Ss" (@)

+(1+2) (2557 (@) - S\ (@) - B (@)

+ (14 2)? (287 (@) - 5§ (@) - B (@) ) - R (@)

So (5) is now evident.
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Lemma 3. Let g € N,z € I, n € N. Then

(n) 2g—2 1 g1 x
M [s8@)] < K@ato+ 1772 (et 40t ().

PROOF: In view of (1) and (2),

ol (5]

1+

The obvious identity

n
x x
25" (@) = 557 @) + 2 Y oY @pan() + 2 - Dpna()
k=0
and (3) lead to
(n) - 1 x
n
= 1
’*92 (“’)’ zn+ )k; (n—k+1)(n—k+2) ™k <1+x>
x
o (1)
z(1 + )2 x
< — .
ol +$($+1)npn,n(l+x>
Inequality (7) follows now immediately from the estimate
(n) } _ 9q-1 q q-1 il
R @) =207t (0 +1)7 + (@ + 177 pun (1”)
and (5) by induction. O

Let the symbol Hz_:lo be defined as one.

Lemma 4. Let n € N, z € I, k € Ng, k < n. Given any numbers r,q € N,
s € Ny, we have

s j—1
af (@) = > (Kj(a,rm2) + B (g, rn,w)af, (@) [T ol (@)
) §=0 i=0
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where

K. = N
i(g,m,n, @) il:%n+1—(q+i—r)(:z:+1’ (4 € No),

(¢ —r)(z +1)?
m+1)—(g—r)(z+1)’
(g, n,x) = Ko(g,r,n, 2)Kj_1(q,m,n,2), (j €N),
n+1l+(g—r)(x+1)
m+1)—(g—7r)(z+1)’
fj(q,r,n,:v) = fo(q,r,n,:v)fj_l(q,r,n,x), (j eN).

Ko(g,r,n,x) =
K

Kolg,r,n,z) =

PRrOOF: It is easy to see that

o)) = aff)@) + L (o)) + 1) (l)@) 44 1))
Hence,
a(”)(x)_ (q—r)(x+1)2 n—l—l—(q—r)(x—i—l) a(n)(x)
o 7 ntl—(g—r)(@+1)  (n+1)—(¢—r)(z+1)
+ q-" al )(x) a(n)( ).
n+1—(qg—7r)(z+1) ka kr

Using (9) and the method of induction one can easily verify that for all s € Ny
(8) is true. O

Lemma 5. Letr € N, s1,...5 € NyneN, z € I. Then

(n x
Zak51 ).(I)pn,k <1+x)
1

2r—2 r—1 <
< Kz(z+1) <m+n pn,n<1+x>),

with a constant K depending only on si,...5p,7.

Proor: First, we prove the estimate:

- n n n n X
> o). all) y(@all @)l @ (1

_
nl+0)/2]

< KCL‘(&C + 1)27’—1—2(1—4 ( + nr+q_2pn,n (1 _T_ -
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For r =1, by (8) we have

Z al(fl) (x)... a,(;z_l(:v)aggl (2)pn, (1 _T_ :1:) ‘

<3 (1118, @) + K5 1SS () )
=0

n
— ( X
+KsZak Ha]“ pnk(l—i—x)'
k=0

Using (3) and (4) it is easy to see that

qts

n
Sl T o mnt )

is bounded from above by K(q,s,7)(z + 1)75T1. Moreover

1
1
(n+1)3"°
1

|K;| < K(q,r,j)(z + 1)712
|K;| < K(q,r,7)(x + 1)1
K| < K(q,r,j) (@ + 1)7*

These estimates and (7) for s = [(g + 1)/2] give us (11) for r = 1. Next (11)
follows for all € N by induction. Choosing ¢ =1 in (11) we obtain (10). O

Identity (1), estimate (10) and the Schwarz inequality lead to

Lemma 6. Letr €N, s1,...5 € NyneN, x € I. Then

’“ksl : ,)()’pnk<1f_$)

< K(r,s1,...87)x(z + 1)27“ (n_r/z + nr_lpn,n (1 j_ x)) }

3. Main result

In this section we consider only the points = € [0;00) at which wz(; f) < oo
for all § > 0.
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Theorem. Let f: I — R be integrable in the Lebesgue or Denjoy-Perron sense
on every compact interval contained in I and let n € N, x € I. Given any number
q € N, we have

(13)  |Mnf(z) — f(2)| < K(q)(z + 1)%4t% <1+n3‘1/2+2 (Lf_—x)n)

where 1 = [\/n|n/2 — z|].
PRrOOF: For the sake of brevity we will write f(z + r) — f(z) = ¢z(t) and
wg (0 f) = wg (). In view of (1) we have

B n T (k+1)/(n+1-k) f(t) = f(z)
Mt =S =02 Y (75) [ N @

n z (k+1)/(n+1—k)—x 0a(t)
—(n+2)k§)pn,k<1+x> (/0 Trotr02 ™

B /k/(n+2—k)—x ©x(t) dt)
0 (142 +1)2
_ T e ‘P:c(t)
=oen () [ i
€ - ez (t)
_(”+2)p"’°<1+x>/0 Axzrr2 @
n 7 k/(n+2—k)—x 0z (t)
T+ z::(p"k 1( +x>_pn’k<1+x>>/o (1+z+1)2 dt.

Consequently by (2)

T n+l—z .
2 f (@) = J@) =atn+ Dpun (12 ) [ 722 a

n . k k/(n+2—k)—=x Sﬁx(t)
+(n+2)k2::0p"’k(1+x> <n—k+1_x>/0 TEETEA

In view of the second mean value theorem
&1
/ px(t) dt
0

k/(n+2—k)—z
‘Pm(t) < 1 >
_ 2\ g -
/o ( 1=\asa2
&2
/ px(t) dt
—|k/(n+2—k)—x|

1+az+1)2
<n—|—2—k>2
_|_ - @
n+2

)
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where 0 < & < |k/(n+2—k)—z|,—|k/(n+2—k) — x| <& <O0.
Applying the obvious inequality |fél oz (t) dt| < |h|wg(|h]), we obtain

k
n+2—k

— X

/k/(n+2—k)—:c 0z (t) dt| <3
0 ( -

1+az+1)2

)

k
— =z
We n+2—k

Therefore

« (ekderen + i i) « 2 )

< Rp(z)+3 Z T (N 2)we (v 4+ 1)A),

v=0
where A € (0;1), pu = [% 5 —xl],
(HRION

_ 3 (n+2) (2 e @) + 23 a;;g@\)
A</ (n—k12)—a| < (v DA "

T
X Pn.k 11z

Rn(x) = 2(n + 2)pp.n (ﬁ)

and

(If k <0 or k > n, then p, x(¥7) is equal to zero.)

Applying (12) we obtain
x+ 1| (n) T
1 ‘ak,l(x)D Pk <1 ¥ :v)

)

Tén)(/\; z) < (n+2) Z <2 ’a](;l)(a:)al(fz) (I)’ +
k=0

< K(q)z(1 + z)* (1 - (1%)
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and, if 1<v<p

T < 20 Zn: <2 o) @) la) @) + 23 ]a,(jl)(x)])

- I/Q)\q ’
x
Pnk l+z

k=0

k
< 4Q+1n n (n) (n g+1 (x_|_]_)q (n)
< o 2 | @1a3@)] T+ ol

x n—k+2 -

(z+ 1)q+1 (n) x+1| (n) q T
+m‘akvl(x)‘+n+1 ‘ak,z(x)‘ Pn.k .

Therefore using (12)

Qe (CRR a RRTEY SEA
T,/ (N z) < K(q)x N n +n T2 .

Collecting the results, choosing A\ = n~1/2 and estimating

T

we get (13) immediately. O

4. Special cases

Let Dy (I) be the class of all functions integrable in the Denjoy-Perron sense on
every compact interval contained in I. Clearly, if f € Dy (I), then the function

Fla) = /0 ") ar

is ACG* on every [a;b] C I and F'(x) = f(z) almost everywhere [13]. Conse-
quently,

li 0;f) =0 a.e. 1.

6_1)161+wx( ) a.e. on

Suppose that f € D (I) and that

Ifl= sup (

0<vr<oo

/:ﬂ f@) dtD < 00.

The operators My, f are well-defined for all n € N.
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As is known [12], for any € > 0 there is a dg > 0 such that

we(0; f) <e+|f(x) + 5—10(1 +29)|f]| for all § > 0.

This inequality and the fact that limgs .oy wz(; f) = 0 ensure that the right-hand
side of the estimate (13) (with arbitrary ¢ > 3) converges almost everywhere to
Zero as n — oo.
Let m € Ng. Denote by Ly, (I) the class of all measurable functions f on I
such that
|/ (@)

=S —— <
[ £l SUP T pam <

It is easy to see that the operators M, [ are well-defined for every function f €
Ly, (I). Moreover, for any 6 > 0, the inequality

wo (8 1) < {24+ (1+2M) 2™ + 2752 | £,
(see [12]) assures the convergence of the sum

[vnlg —=]
1 kE+1
> Gy w< 7 ;f>

k=0

with an arbitrary ¢ > 2m + 2. Consequently, if = is a Lebesgue point of f, i.e.
if wg(0; f) — 0 as 6 — 0+, then the right-hand side of the inequality (13) (with
q > 2m + 2) converges to zero as n — 0.

Further, for continuous f € Ly, (I), let us introduce the weighted modulus of
continuity

w(@ f)m = sup [|f(-+h) = F()llm (6> 0).
|h|<8

Then Theorem (with ¢ = 2m + 3) and inequality
we(r8; £) < {1+ 20)*™ + 2(r = 1)9)*™ }rw(8 N, (€1, 6> 0, 7 €N)

(see [12]) give us
Corollary 1. If f € Ly,(I) is continuous on I then, for all n € N,

M f =l < Ko (= )m

Clearly, if f is such that f(z)(1+2>™)~1 = o(1) as z — oo, then w(5; f)m — 0
as 6 — 0+. Hence in this case ||[Myf — f||m as n — oco.
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