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RULED W-SURFACES IN MINKOWSKI 3-SPACE %3

R. A. ABDEL-BAKY AND H. N. ABD-ELLAH

ABSTRACT. In this paper, we study a spacelike (timelike) ruled W-surface
in Minkowski 3-space which satisfies nontrivial relation between elements of
the set {K, Ky, H, Hyr}, where (K, H) and (K1, Hy1) are the Gaussian
and mean curvatures of the first and second fundamental forms, respectively.
Finally, some examples are constructed and plotted.

1. INTRODUCTION

Let ®3 = {(z;) | z; € R, i = 1,2,3} be a 3-dimensional vector space, x = (z;)
and y = (y;) be two vectors in 3. The Lorentz scalar product of the vectors x
and y is defined by

(X,y) = —21y1 + T2y2 + T3Y3 .
The space R§ = (%3, (, >) is called a Lorentz 3-space or Minkowski 3-space. The
Lorentz vector product of the vectors x and y is defined by

X Xy = (T2y3 — T3Y2, T1Y3 — T3Y1, T2Y1 — T1Y2) -
This yields

€] Xeyg = —e3, eg X ez =e;, ez X e} = —ey,
where ey, es, e3, are the base of the space Rt5. A vector x in R is spacelike, lightlike
(isotropic) or timelike if (x,x) > 0, (x,x) = 0 or (x,x) < 0, respectively. Moreover,
for x €R} the norm is defined by ||x|| = 1/|(x,x)], then the vector x is called a
spacelike and a timelike unit vector if (x,x) = +1 and —1 respectively [I]. The
unit spheres in Minkowski 3-space R are defined by

S;={xeR}| —2i+23+23=1},
Hf={xeR}|—af+ai+23=—1,2,>0}.

It is well known that the set of all Lorentzian transformations which preserve the
Lorentzian metric form a group which is called Lorentzian group. A transformation
in this group which lies in the connected component of the identity transformation
is called a proper rotation and is denoted by A where det A = 1 [4] [10]. Using linear
algebra concepts, it is easy to see that the proper rotation preserves a fixed vector
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invariant which is called the axis of rotation with causal character in 3. Depending
on the causal character of the axis of rotation i.e., being timelike, spacelike, there
are two types of Lorentzian group of transformations generated by:

(1.1) X = A1 X, (elliptic group),
(1.2) X = A X, (hyperbolic group),
where,
1 0 0 coshu! sinhu! 0
A1 =10 cosu! —sinu! Ay = | sinhu! coshu! 0],
0 sinu'® cosu! 0 0 1

X =(x), X=(X)

Similarly, as for Euclidean 3-space E? we could define a Lorentzian screw motion
as a Lorentzian rotation around an axis with causal character together with a
translation in the direction of the axis. Using (1.1) and (1.2), we give Lorentzian
screw motion as a non-trivial one-parameter group of Lorentzian transformations
as the following :

(1.3) X =AX+T,
(1.4) X = AsX + T,

where T and T5 are translations along the axis of rotation and given by 77 =
(bul, 0, O)t and Ty = (O, 0, bul)t, b # 0, according to the axis of rotation is timelike
or spacelike, respectively.

Now we consider orbits of straight lines under the above two one-parameter
groups of Lorentzian screw motions. Let L be a straight line which meets the axis
of the screw motion orthogonally at a point p. If the screw motion is a cubic screw
motion, then we require furthermore that L also cuts the orbit of p by the screw
motion orthogonally at p. According to these conditions the orbit of L under the
screw motion is a surface with vanishing mean curvature. The transformation (1.3)
leads to the so-called helicoid of first kind which in these coordinates, has the
same equations as the ordinary right helicoid in Euclidean 3-space. While, the
transformation (1.4) leads to the so called helicoid of second and third kind [3],
depending on the type spacelike or timelike of the generators. Without loss of
generality we take X = (0, u?, 0) and X = (uz, 0, O), respectively as the direction
of L. Thus, we have three types of helicoids namely:

(1.5) first kind : X (u',u?) = (but,u? cosu',u*sinu'), b = const.,
(1.6) second kind : X (u',u?) = (u?sinhu', u? coshu', bu'),
(1.7) third kind : X (ut,u?) = (u? coshu',u? sinhu*, bu') .

The helicoid of the third kind is timelike but the other two types of helicoids
consists of spacelike and timelike pieces. A surface in the Minkowski 3-space %3 is



RULED W-SURFACES IN MINKOWSKI 3-SPACE ER? 253

called a spacelike or timelike if the induced metric on the surface is a Riemannian
or Lorentzian metric [10] [T1].

These mentioned surfaces are called Lorentzian helicoids or, more precisely, the
right Lorentzian helicoids. In equations (1.5)—(1.7), if we replace the linear function
bu' by a smooth function f (u') such that f’ never vanishes, then those surfaces
are called right Lorentzian conoid [5]. Whenever one applies a Lorentzian screw
motion to a straight line which is not orthogonal to the axis of rotation or does
not meet it, one obtains the so called general helicoidal surface [4].

In Euclidean 3-space E? the relations ¢(K, H) =0, (K7, H) =0, and aK s +
bH = const., where a, b are constants, on ruled surfaces were investigated in
[2,[9]. For surfaces with K;; = H, K1 = VK, K = const.; we refer to [, [8, @]
for the history and general results in this problem. In Minkowski 3-space R3, for
non-developable ruled surfaces the linear relations aK;;+bH +cH;+ dK = const.,
a? + b2+ c® #0and aK;; + bH + cK = const., a® + b? # 0 along each generator,
were studied in [5] and [I2], respectively.

In this paper, the Minkowski versions of the major results proved in [2, [9] are
given and additional results are obtained. Moreover, for some special cases new
examples are constructed and plotted.

2. RULED SURFACES IN MINKOWSKI 3-SPACE 13

A ruled surface M in R3 is a surface generated by a straight line moving along a
curve. The various positions of the generating lines are called the generators of the
surface. Then, as in the Euclidean case, one can introduce the standard parameters
in the ruled form:

(2.1) M: R(u',u?) = r(u') + u’e(ul),

such that

_d

- du!

and €,n € {1, —1}. In this case the base curve r(u!) is the striction curve, and the
parameter u! is the arclength of the spherical image or indicatrix e = e(u!) € S?
or HZ. Excluding e is constant or null or €' null.

Here, and following, we assume that the indices {4, j, @, 8} run over the ranges
{1, 2} unless otherwise stated. The Einstein summation convention will be used,
that is, repeated indices, with one upper index and one lower index, denoted
summation over its range.

Then, the elements of the first fundamental form g;; are given by:

2
(2:2) g =t +nw?)" ., giz=(et), gn=c.

In terms of the moving frame {e, e’, e x e’} with signs ¢, n, —en, the curve r = r(ul)
can be reconstructed from

<eve>:57 <e/7e/>:na <e,7t>207 t:rlv !

(2.3) t =cegioe —enle x €,
where A = (t, e x €’) is the distribution parameter of the ruled surface. One obtains
(2.4) Det(g;;) = g = n(e(u®)® — X?).
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The generator e = e(u!) can be reconstructed from

(2.5) e =en(—e+ rge x e€),

where k, = det(e”, €, e) is called the geodesic curvature of e(u'). Let
OR

(2:6) VIgl = [Ri x Ral = /X2 = (u2)?, Ri= 7.

The unit normal vector of the surface is given by:

1
=
Vgl
This leads to the elements of the second fundamental form h;; where

1

(2.7) n nie’ —u’e x €').

hip = m {eA(=Akg + g12) — Nu? + “g(UZ)Q} )
g
(2.8) A\
h12:—| & haa =0, +/]gl#0.
\vay;

2.1. Curvature functions. A surface M in an Euclidean 3-space E3 with positive
Gaussian curvature K possesses a positive definite second fundamental form 77 if
appropriately orientated. Therefore, the second fundamental form defines a new
Riemannian metric on M. In turn, we can consider the Gaussian curvature Ky
of the second fundamental form which is regarded as a Riemannian metric. If a
surface has non-zero Gaussian curvature everywhere, Ky can be defined formally
and it is the curvature of the Riemannian or pseudo-Riemannian manifold (M, IT)
depending on Det(h;;) > 0 or < 0, respectively.

Naturally, we can extend such a notion to surfaces in a Minkowski 3-space 3.
Thus we define the second Gaussian curvature Ky by [6]

(2.9)
1 *% + h12,1hz - hQQTM % hi21 — btz . 0 h121’2 hz%

K= 2 hiz2 — 222’1 hi1 hiz - % hi1 hiz
hazz hi2 ha2 D20 hy o

2

where h = Det(hi;), hijo = 2% and hij o = somsis |
It is well known that a minimal surface has vanishing second Gaussian curvature
but a surface with vanishing second Gaussian curvature need not be minimal.
Since Brioschi’s formulas in Euclidean and Minkowski 3-spaces are the same, we
are able to define Hy; of M by replacing the components of the first fundamental
form g¢;; by the components of the second fundamental form h;; respectively in

Brioschi’s formula. Consequently, the second mean curvature Hjy is given by [5]:

(2.10) Hyp=H - %A(ln VIE])

where A is the Laplacian with respect to the second fundamental form of M,
expressed as:

1 9 i 9 iy — (b))
(2.11) A [VIRIRY =] () = (i)~
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The Gaussian curvature K and the mean curvature H are given by [I]:

1 3
(2.12) K=¢ and H = 3¢ tr(g” hji),

respectively.
From Egs. (1.5)—(1.7) we have the following

Corollary 1. For the right Lorentzian helicoids of first, second and third kind
(Figs. @ and @, one can get:

(2.13) kg=g12=0 and \=c¢eb=const.,
and thus

b2
(2.14) K=—+———— H=H;;=K;1=0.

(b2 — £(u?)2)2

Corollary 2. For the right Lorentzian conoids of first, second and third kind (Figs.

@ and, one can obtain:

(215) Rg = g12 =0 and >‘:€f/(u1)7
and thus
_ f2 (') _ —ef"(u't) 2
BT =@ T A i
(2.16)

—6H:2H11 =3Kyrs.

3. RULED WEINGARTEN-SURFACES

In this section, we study ruled Weingarten-surfaces (W-surfaces) M of which
there exists a nontrivial functional relation between a pair {A, B}, A # B, of the
curvatures K, K;;, H and H;;. A nondevelopable ruled surface M, is called an
{A, B}-W-surface if there exist a nontrivial functional relation ¢(A, B) = 0, or,
equivalently, the corresponding Jacobian determinant is identically zero, i.e.,

d(A, B)

(3.1) ST )

=0.
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Using Equations (2.2)—(2.8) and in view of Egs. (2.9)—(2.12) one can obtain the
curvature functions K, H, K;; and H;; in the following form:

A2 1 212 2
(32) K = W y H = ﬁ{ffﬁg(u ) — E)\/ — )\()\ﬁ:g + 912)} )
K= QVF{ T eX(gi2 — 20k,) (u?)?
(3.3) +2eX°Nu® 4+ A (g12 + Akg) }
Hi = W{ 264 (u?)* 4+ eA(BAR, + 2g12) (u?)? + 3eA2 N u?
g
(3.4) + X (g12 — 3)\H9)} .

By a straightforward calculation, we get:

4N2
(35)  Ky= WU2’
K = ‘9‘3{ AN (1) + X3N) + (BN — NN u?
(3.6) + A2 (MK — A%; +2XNg12 — Adln)},
(3.7) Hy= W{%(UZ)?’ —2X (u?)? — eA(Akg + 3g12)u” — eA*N'},
H1=2\/W{—/@ )N (u?)?
+ (=M kg + 2026, + N g1a + Aghy) (u?)?
(3.8) +e(BAN? = X2N"u? + N (A kg — A2kl 42X g12 — Aglo) }
(Kr1)o = \/|97{ kg (u?)® + A1 + 2Mk,) (u?)?
(3.9) + 4NN (u?)? + 2N (5gra — Akg)u® + 22X N},
(K1) = 2/\3\/?{ 2N ki) (u?)°

+ (N2(BAk,, — 5)N kg + A(Ng12 — Agia)) (u?)*
— 203N (u?)? + (NN (4Akg — Bg12) — 3X°k,) (u?)?
(3.10) + 26 M (AN = 3N?)u? + ATkl — AN kg + AOgly — 20N 1o},



RULED W-SURFACES IN MINKOWSKI 3-SPACE ER? 257

1
(Hrr)2 = W{QEHQ(U2)5 — 3)\2/@g(u2)3 +6A2N (u?)?

(3.11) + eX3(Tg12 + /\/‘cg)u2 + 35/\4)\’} ,
where ¢; = ggﬁ.
Applying formula (3.1) when A = K and B = H, we have:
(3.12) K1Hy — KoHy =0,
then from Equations (3.5)—(3.8), we get
(3.13) Ki\Hy — KyHy = \/;T a;(u?)t, i=0,...,5, a; = a;(u'),

where
ap=—\X, a1=e(=5NNky — 2X°k) + AN g1z — 2X%g],) ,
(3.14) < az=3 X% = 2M'N" | ag=—2)\Nk, + 4Nk, — 8NN g1 +2X%g1,
as=c(2N°N" = AN?), as=c(—2)\°K, + AN'ky) .

Now we assume A # 0 and K # 0. Therefore in a neighborhood of any point with
A # 0, the vanishing of the coefficients of (u*)°, (u*)® implies X' = 0, and £, = 0.
Then the vanishing of the coefficient of (u?)? implies g}, = 0.

Hence we have the following theorem:

Theorem 1. Suppose M be any non-developable ruled surface in R$ such that
the generator is nowhere null. A necessary and sufficient condition that M be a
W-surface is that the distribution parameter and the geodesic curvature of spherical
indicatriz of the generators are constant as well the generators be inclined at
constant angle to the striction curve, which consequently is a geodesic curve.

As, it is a well known result for the general helicoidal surface [4] that the
quantities A, kg4, g12 are constants, and that vice versa. Then in view of the
expressions K and H in Eq. (3.2), we obtain the following result:

Theorem 2. Suppose M be any non-developable ruled surface in R$ such that the
generator is nowhere null. Then the following conditions are equivalent:

(i) M is a W-ruled surface,

(ii) the quantities A, kg, g12 are constants,

(iii) 2H = F \,'\Tl Ki— Iilli K1, for constants A, kg, g12,
2 2
(iv) M is a congruent to a part of a general helicoidal surface.

Corollary 3. In the particular case kg =0 or gi2 = 0, one can get the following
relation:

A2 A2
(3.15) K*=16—H", or K=16—H",
912 Ry

respectively.
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Similarly, according to (3.1), we have:
(3.16) (Kr1)1Ha — (Kr1)2Hy =0,

substituting Eqgs. (3.7)—(3.10) in (3.16), and after straightforward computations,
the following polynomial of degree 9 in the variable u? is obtained as follows:

1 ,
a;(u?) =0, i=1,...,9, a; =a;(u'),

1 —a;
(3.17) IN[gP

where

(3.18) a” = 2ky(N'kg — Aky)

(3.19) a® = 22\\'k) — 4Xkg 4+ AN kg

(3.20) a” = A[Ak,(4gi2 + 8Akg) + Ny (—4g12 — 8Arg)]

(3.21) a® = A[N(2Ag12 — A%K))) + \?(2012 + 8)ky)] ,
—N?[2eAg]5(Akg — g12) + 3)\2/£’g (Akg + 2eg12 + 3eAky)

(3.22) + N (degra — ANk — 15eXkgg12 — 8eN’ K, + BAKgg12)] |

at = -\3 [3/\/\'(6912 — 2/\11/9 + 36)\/4;) + N2(8\ky — 10912
(3.23) + 5eg12 — 3eAkg) + N (3eg12 — 2eAgi2 + 6eAk, — 75)\2,‘$g)] ,

= AN (972(7 — 152) + Akggra(l + Te) + 4N°k2(1 + ¢)
—12e(N? + X)) + 4Agi5(g12 — Akg)
(3.24) + Ak} (9912 — 9eg12 — 3eAky — BAKg)] |

a® = =N [( = Nk} (3e — 2) + 4g12)) + X? (Arg(4e — 6) — £g12(5 + 16¢))
(3.25) + X" (912(15 + X) = 3Akg(1 = N))],

a=—=2eX[(Akg — g12)Ag1a + A2ky) + N (2075 — Mg (g12 + Arig)
(3.26) —3e(\*=X\")],

(3.27) a® = AN (AN'kg + N2k}, + Mgy — 2N g12) .
Thus, we give the following theorem:

Theorem 3. Suppose M be any non-developable ruled surface in R$ such that the
generator is nowhere null. Then M is a II-W surface if and only if one of the
following cases is satisfied:

(i) A, kg, g12 are constants, A # 0,

(ii) )\/Kjg = A, 2 12 = )\912, )\'2 AN, N £0,

92 _ N 2\’
or, Zf>‘ Kg, 9127&0 912*2 2 =\

(ili) kg =g12 =0, A #0 arbztmry (mght Lorentzian conoids).
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Proof. The Egs. (3.18)—(3.27) vanish identically V u? € R, so we discuss the
following cases:

Case (i): A" = 0. The Eq. (3.18) implies xj = 0. Furthermore, one calculates in this
case

(328) (K[[)ng — (K[[)ng = 4)\%‘“5[%(”2)%7 1= 1,3,577, bZ :bi(ul),
which vanishes if and only if g}, = 0. Therefore X, £4, gi2 are constants.

Case (ii): A # 0. Let us consider a neighborhood of a point with A’ # 0. The
Eq. (3.18) implies r, = 0 or N'ky — Ak}, = 0. Let us assume for the moment that
Nkg = Ak and kg # 0. Then the Eq. (3.19) implies A\ = 2X"2, and the Eq. (3.27)
implies Agjs = 2X g12. Thus, we see that the Eqs. (3.20)—(3.26) are vanished. Using
the relations (3.18), (3.19) and (3.27), we get

N N
(329) (K[])l = —’LLQX(K[I)Q, H1 = —UQX Hg,
and thus (K[[)]_HQ — (KII)QHI =0.
Case (iii): X' # 0 and k4, = 0. In this case we have
1 ; )
(330) (K[[)lHQ — (K[[)QHl = WQ(UQ)I, ZZO,...,6, C; ZCi(Ul).

Therefore, the coefficients ¢; vanishing identically if g1 = 0 with arbitrary A. This
is the Case (iii) of the theorem. If g5 # 0, then we get the equations 2\ g12 = Agls,
2)\"2 = A\ which again leads to the Case (ii). The converse is clear, and the
theorem is proved. O

As a result of the above theorem, we have the following theorem which is
analogous to Theorem 1:

Theorem 4. Suppose M be any non-developable ruled surface in R such that
the generator is nowhere null. A necessary and sufficient condition that M be
a II-W-surface is that the distribution parameter and the geodesic curvature of
spherical indicatriz of the generators are constant as well the generators be inclined
at constant angle to the striction curve, which consequently is a geodesic curve.

For contribution of the works in [5] and [12], the following theorem can be given:

Theorem 5. For non-developable ruled surface in %5 whose generator is nowhere
null and aKr; 4+ bHyr + cH is constant along each generator, then M is congruent
to one of the right Lorentzian conoids, where 2a +3b—c # 0, a,b,c € R.

Proof. By using Eqgs. (3.7), (3.9) and (3.11), the proof of the theorem is clear, since
the above case satisfy the relations (2.15) of the (right) Lorentzian conoids. O

As a result of the above theorem the following linear relations are hold:

Corollary 4.
(i) aKyr + bHr = const. where 2a + 3b # 0,
(ii) aKr; + ¢H = const. where 2a — ¢ # 0,
(iii) bHrr + cH = const. where 3b — ¢ # 0.
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3.1. Examples. Here three examples of ruled II-W surfaces (which are not among
the Lorentzian helicoids or conoids) are constructed for the special case:

Gha _ N _ N

31 = 12 _ 97 _ )
(3.31) kg =0, 72 3 v
The solutions for A and g, are

Y4 m
1y _ 1y
(332) )\(’U, ) - 57 912(U ) - (U1)2 )

where ¢ and m are non-vanishing constants.
Using Egs. (3.31), (3.32) into Egs. (2.3) and (2.5), we can give:

Example 1. In the case of ¢ = 1 and n = —1, the curve e(u!) is
(3.33) e(u') = (sinhu!, coshu',0),

and the curve r(u') can be obtained from

1 1
“ sinh “ h
a0 xtu) = [edydet = (m [T dum [ g ).
'LLO u

1 u2
0
Example 2. In the case of ¢ = —1 and 1 = 1, the curve e(u?) is
(3.35) e(u') = (coshu!,sinhu',0),
and the curve r(u') is given as
ul h ul : h
coshu sin
(3.36) r(u') = —(m/ 3 du,m/ —5 du, llog \ul\) .
1 u 1 u
U U
Example 3. In the case of ¢ = 1 and 1 = 1, the curve e(u') is
(3.37) e(u!') = (0,cosu’,sinu'),

and the curve r(u') is given as
“ cosu “ Sinu
(3.38) r(u') = (—Elog|u1|,m/ 3 du,m/ 5 du) .
1 u 1 u
U Uo

Remarks. Note that the graphs of the surfaces, given by Examples 1, 2 and 3 are

shown in Figs. Figs. @ and Figs. respectively. And
(i) The ruled II-W surfaces which are shown in Figs. [7}, [0 and Figs.

are of type spacelike (timelike) surface if ulu? > V/cosh? u! + sinh? u! (u1u2 <

V/cosh? u! + sinh? u'), respectively.

(ii) The ruled II-W surfaces which are shown in Fig. [11] and Fig. [12] are of type
spacelike (timelike) surface if u'u? > 1 (ulu? < 1), respectively.

(iii) Although r(u!) are defined only for u' > 0 (or u! < 0), the resulting surfaces
are completely in the Minkowski 3-space Jt5.

(iv) Using Taylor series expansion for the first two components of the base curve
r(u'). Thus, we plotted these types of surfaces depending on some approximation
to Taylor’s remainder terms.
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F1G. 1: A helicoid of the 1st kind FI1G. 2: A helicoid of the 2nd kind
b=2,u' €[0,2n], u? € [—4,4] b=2,u! € [-m 7], u? €[-1,1]

FIG. 4: A canoid of the 1st kind
f(ul) = sinul, u! € [0,27], u? €
[_17 ]-]

Fi1G. 3: A helicoid of the 3rd kind
b= -2, u! €[-m, 7], u? € [-1,1]
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FI1G. 5: A canoid of the 2nd kind
ful) = coshul, ul € [-7/2,7/2],
u? € [-1,1]

Fia. 7: Spacelike ruled II-W sur-
face e = 1, n = =1, £ = 10,
m =15, u! € [1,7], u? € [1,2]

\

Fia. 9: Spacelike ruled II-W sur-
face e = -1, n = 1, £ = 10,
m =15, u! € [1,7], u? € [1,2]

F1G. 6: A canoid of the 3rd kind
ful) = cosul, u! € [-7/2,7/2],
u? € [-1,1]

Fic. 8: Timelike ruled II-W sur-
face e = 1, n = -1, £ = 10,
m =15, u! € [1,7], u? € [-1,-2]

Fic. 10: Timelike ruled II-W sur-
face e = -1, n = 1, £ = 10,
m =15, u! € [1,7], u? € [-1,-2]
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Fic. 11: Spacelike ruled II-W sur- F1a. 12: Timelike ruled II-W sur-

facee=1,n=1,4=2,m = 3, facee =1, n=1,0=2,m =3,

ul € 1,7, u? € [1,2] ul € [1,7], u? € [-1, 2]
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