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1968 — ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS 
FACULTAS RERUM NATURALIUM. TOM 27 

Laboratoř optiky 
Vedoucí laboratoře: Prof. ENDr. Bedřich Havelka, doktor véd 

S U P E R P O S I T I O N OF T H E R M A L ANI) C O H E R E N T F I E L D S 

JAN PEŘINA 
(Došlo dne 15. května 1967) 

1. INTRODUCTION 

In the recent papers by Lachs [1] and Troup [2] some statistical properties 
of a mode of an electromagnetic field which is a superposition of thermal and 
coherent radiation have been studied. We shall extend the results of the above 
mentioned two papers for a mode into the field containing M modes. We shall 
calculate the probability distributions P(W) of a ,,classical" quantity W of 
the field which can be interpreted as the integrated intensity of the field and 
p(n) of the number of photons in the field. Further we shall Calculate the mo­
ments of this distributions and the expressions for the coherent and thermal 
fields will be obtained as limit cases. The expressions given here for M degrees 
of freedom can be measured by a real photodetector with N t coherence areas 
and with resolving time T ^> TC (TC ist the coherence time). Then M = N1Tjre. 
Further, the results obtained have the meaning for a laser operating in several 
modes. 

The density operator Q of the field can be written in terms of the coherent 
states | {«•;}} [3] in the form [4] 

Q = / <->(W) I W X W I d2{a;.}, (1) 

where &({txx}) is a weighting (,,probability") function, a, is an eigenvalue of the 
annihilation operator ax of a photon in the coherent state | <xx) and the integrals 
are taken over the whole complex plane. The probability distribution for 
the number of photons in the field is given with the aid of (1) [5-—7] 

p(n) -= £ <{mx} | Q | {m,}> 8mn = / &({ax}) ~ exp (~W) d*{a,}, (2) 
{mx} n\ 

M M 

where | {%}> are the Fock states, n = ]T nx, W = ]T | <xx |2 and M is a number 
A= I ;.-=] 

of modes in the field. After substitution 

P(W) = f 0({ax}) 6(W - W) d2{a,} (3) 
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we have [8] 

p(n) = f P(W) -Çp exp (— W) àW. (4) 

This relation may be inverted into the form [9, 10. 7] 

P(W) = exp W £ (—l)np(n) tt«\W)% (5) 

where <5<M)(JF) is t he w-th order derivat ive of the Dirac d — function. 
We shall have for the coherent field in t he s ta te | fix) 

*i (« i ) « « ( * ! — &) (6) 
and for the the rmal field 

®Mx) = (*<»«» -1 exp j ~ ~~^-] . (?) 

where </%^> represents the average number of photons in the mode A. Fo r 
a superposit ion of t he coherent and the rmal fields in the mode X we obtain 

*(«;.) = / #iK) *.(«! - «» d2a;. = (*<*,,»-- exp [ - ' "* ~ ^ ''] . (8) 

2. CALCULATION OF T H E P R O B A B I L I T Y D I S T R I B U T I O N S P( W) 
ANDp(w) 

After subst i tu t ion from (8) to (3) we obta in the probabi l i ty distr ibution 
M 

P(W) of W = £ | ocx |2 in t he form 

(9) P(*H = 11 (x<nTi»~l / e x p - ' " ' " v <5( £ I * r I2 - W") d 2 a , 
» = 1 L V*3M> J A'«l 

under the assumpt ion t h a t quant i t ies | o^ |2 of different modes are stat ist ically 
independent . If we write ax = rx exp i§x and fix = sx exp » ^ we can t ake the 
integrals over {§x} in (9) and P(W) has the form 

nw) - n <»„>-> «.»[--<£-•]/ «p [--<£-]. 
2 r ^ \ d( £ r$ — FT') drf, (10) 

where I0(z) is the modified Bessel function of zero order. If we represent 
^-function in (10) in the integral form 

(2*)-- / exp[ i ( JF- LrJ^Jd / i 

; Í? Í Ï 



and if we take I0 in the form of series we can carry out the integrations over 
{rf} and we obtain 

*>-Ч-i;<Æг]-P(W) = (2: 

y 1 C exyiW/j, [ ^ g| Y A m . 

• £ 0 ~nl J g t 77 IA <*«> (1 + ip<nTX» J ^ [il} 

a=i 

Let us assume for simplicity now that <nTX> = <nT)jM where <%.> is the 
average uumber of photons in the whole field. If we compute the integral in 
(11) with the aid of residuum theorem we have 

""-^(ÆУM-^-M- <nт 

(12) 

where <nc> — ]£ sl a n (^ IAf(z) *s * n e modified Bessel function of the Jf-th 
order. A==1 

From the relation (4) the probability distribution p(n) can be determined: 

(n + Jf— 1)! / . , -¥ \ - w A , <%>\~M 

f <n0>_f] / <«0>Jf- \ 

•exp I <%> J IJPI r + ' ' <%> «nT> + W -
_ (n + M— \)\ 1 M \-»i <nT>\-** 
- n\(M-l)\ \ + <nT>) \ l i _ Jf / * 

expf < n g > i f 1 W , Jf- <"*>*' 1 (13) 
• e X p l i f + < % > J ^ \ * ' * ' <nT>«nT> + M)!: ( I 3 ) 

where XFX is a confluent hypergeometric function and the relation 1T1(a, y; z) = 
— iTi(Y — a? y\ —z) e x P z w a s used. 

Substituting (13) in (5), expressing 6<n\W) in the integral form and carrying 
out summation and integration with the use of the residuum theorem the pro­
bability distribution (12) is obtained again. 

We can easily verify t h a t / P(W) dW — 1 and _ p(n) = 1. 
o «=o 

If we put in (12) and (13) <wc> = 0 (i.e. | fix |
2 = <ncx) = 0 for all A) we obtain 

the expressions for the thermal field [11, 12] (cf. also Eq. (11) simplified for 
this special case) 

MMWM~i [ WM1 
( i f - l ) ! < % > ^ e X p L ~<nT>\ 

and 
_(n + M-i)\t M y-i <nT>y 

e x p [ -

rc!(Ж-

/•ľ ' 



Putting M = 1 we obtain the equations for a mode given bv Lachs [1] and 
Troup [2] 

u d 

«-(> + <%»-(• +-šj-)"»»[-Tffe-
rr / -,. <r lC>__ \ • 

1 r \ ' ' <%>(l + <nT» / ' 

(16) 

(17) 

where W = | a ; |
2 = rj and <wc^> = | j8„ |2 = 

3. CALCULATION OF T H E MOMENTS 

Now we can compute the moments of the distributions (12) and (13). For the 
distribution (12) it is valid 

= (k + M—l)\ <n,>* 
_¥ — !)! Mk 

[ (ПcУMЛ _, /. __ . . (ncyм\ 

•(t + j f - D I <„T>* / <»c> j f \ 

(jtf-i)! T ř ^ ' ^ ' 1 i ' i M ' <»T> f (18) 

Further, if we express XFX in the form of series 

e x n l - <nc>M] y (m + k + M)\ / <nc> Jf \-
L <%> J m=o m! (m + M — 1)! \ <%,> / 

/ T p + i ч = <nт>k+1_ a v n [_ <%> ̂  1 _ (** + * + Лí) 
_f*+i. 

= (ifc + лr)--1p-<иr*> + 

and if we compute 

exn í <Пc>MЛ У m

 {m + k±M~l)Ч <»c> M ү 
P | ~"~~ÕÏ> J i o ^ m!(m + Ж - l ) ! " Г < n T ) > / 

(19) 

Ҷ Ľ , <TY*> = _ J _ L <W*> + 

õ(nc) ' <%,> 

+ <nc> J_* 6XPL <%•> Jm4„ m ! ( r « r + M - l ) T \ <H,N ) ( 2 0 ) 

we obtain Combining Eqs. (19) and (20) 

< * " > - (<>V> + < - > + ^ ) < H - + ^ ^ ^ g > . (21) 

As < W) = (%> + <wc> we have for fc = 1 

< FP> = <%,>* ̂ ± i + 2<%> <nc> - ^ - + <nc>*. (22a) 

230 



(23) 

((A wry = <W2> - <W>2 = - < % > 2 + ^ % > <Wc> • (22b) 

If we put <wc> = 0 we obtain the moments of (14) and for M = live obtain 
the corresponding expressions for a mode. From (18) we have for <nc> = 0 
(Wky = <Tf>* M-h{k + M — l)!/(Jf — 1)! while for the coherent field we have 
<TT™> = <Tf>*[13,7]. 

Let us compute the moments of the distribution (13). If we denote b = 
= (nTy\M we have 

<„»s _ y n" (J>__\" fr±__z___ 
»-o (1 + *)M U + b) n\(M — 1)1 

^[-fSM-**-^)-
Further we obtain 

- V - - T + l < # > + WTb)<n } + W <**> -
(26 + 1) <ncy ™ nk^ I b W n + _ ¥ — ! ) ! 
~62(1 + 6)2 Jlf ' ntt,"(l + 6)M~ \1 + 6/ n\ (M — 1)1 

and 

__<»'> _ L__ <„»> , ______ y _________ l____\" 
a<nv) 1 + 6 v ' ^ 6(1 + 6) Jf ,4<o (1 + 6)'" \ l + bj ' 

•4^^^[-m]^+ i' j f + i i-rf¥ij) (2B> 
where we have utilized 

A ^ a , y; z) = -*-• > , (a + 1, y + 1; z). 

Combining (24) and (25) we obtain 
<n*+1> = «n r> + <nc» <n*> + 

(24) 

+ <' ->(^<^)^<a-+<->(i+2^-)-is--- (26> 
As (n) — < Wy = <wT> + (ncy (we have the same result from (26) for k = 0) 
we have 

<%2> = <nTy + <rcc> + <nT>*-^~jj- h 2<nT> <%>—-^— + <%>2 = 

= <TF> + <W2>, (27a) 
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<(ZЫ.)*> - <„*> - <ny = <B т> + <reo> + .<^> 2 ± 2 < » ^ Є > 
JL 

- <W) + <(zlW)2>. (27b) 

If we put <nc> =-= 0 we obtain the relations for the moments of the distri­
bution (15) and for M = 1 Eq. (26) represents Eq. (A8) of the paper by Lachs 
[1]. From (27b) we can see that the quantity ((An)2) for the whole field is 
a sum of the same quantities for single modes. The first and the second terms 
in (27b) correspond to the Poisson distribution, the third term represents 
the photon bunching of the thermal field and the fourth term represents the 
photon bunching due to interference effects. 

The method given above enables us to calculate the probability distributions 
P(W) and p(n) in the case that the average numbers of photons (nTX) in indi­
vidual modes are not the same. (See Eq. (11).) Nevertheless, the expressions 
are more complicated in this case. 

4. COHERENT FIELD AS LIMIT CASE 

From (8) we can see that in the limit (nTX) -> 0 we obtain the function (6) 
for the coherent field. Therefore the expressions given above must converge in 
the limit (nTX) -> 0 to the corresponding expressions for the coherent field. 

If we use the asymptotic expressions for the functions IM(z) and jE^a, y; z), 
i.e. [14] 

IM(z) a. (27W)-1/-exp z (28) 

and (see (A5), too) 

we obtain from (12) 

lFl(x,y;z) ~ - ^ - « - r e x p s (29) 
H » l (a) 

P(W) •,im (A) 
< И т > _ . 0 \ <nc> 1 

^l-^Ф^"] 
{<n°>W)l" ^iW 

ô(У w — y<^ 
2 У<nc> 

Ò(W— <nc», (30) 

where the term (̂VW + ]/<nc>)/2 ]/<nc>, the value of which is zero (<n<?> > u ) , 
was added and from (13) we have 

p(n) = -^21 exp [—<%>]. (31) 

From (18) or (21) we obtain for (nT) -> 0: < JTA:> = (nc)
k = (W>* and from (26): 

<n*+i> = <nc> <n*> + <nc> | ^ - , (32) 

d(nc) 
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i.e. (n2) — (nc)
2 + <'%<> and ((An)2) = <?_>. These expressions correspond 

to the Poisson distribution (31). 
Appendix 

The function 1P1(a, y; z) can be expressed for a ^ y, y ^ 1 (a. y are integers) 
in the form 

. .(«. .; *) = ^ S ) ] ] - ,L L # < - ? > e x P 2 - <A1> 
where L^Zy(z) is the Laguerre polynomial. 

Putting a = y + ft (/. > 0) we have 

Wt MR • *\ {y ~ 1 ) ! V (>' ± P + k ~ __ -* /A9. 

A(. + />.r.*) - ( y + J z ^ Z *.(? + * - ! ) ! z> {A2) 

i.e. 

jc ( v + « v.,» - _ _ 1 ) ! y _ ± _ <_ ± __-____: _ ± _ ± _ _ L ) 2 t 

(A3) 
Now 

l d V " 
z». 

is valid and we obtain 

._Г ( ^ ) ' 2 * ^ " " 1 = (У + *) (У + fc + 1) • • • (ľ + * + . ~ 1) *k (A4) 

,*..<„ + /», .; z) = _ - - i ^ - ± ) !
! - . - (£ ) V " ' exp*} = 

= (y _ I)! fit exp , . j o - _ _ _ _ _ i ^ _ _ - . (A5) 

For p(n) and <W*> we have, with the aid of (A5), 

, > i /. , _ + " / i _ < - > V " 
y(") = (»-+__!}!I1 + <^y) (* + -Tr j • 

. __p 1̂—̂_________j_,_ J. -_ (<^>__. ^ (A6) 

/ rct \ _[_ <*-*>* jм-xí <j_ • 
'\{n—k)\/ (k + i¥ —1)! Ж* * \ <%/ 

=-*_(* + M - 1). <-*>- V ' /_<!_ ____t\m

 (A7) 
K ^ h M* £0m\{k — m)\{m + M —1)1 \ (nT) ) ' [ } 

Expressing the moments (nk) by means of <W?'> (j = I, 2, ...,&) on the basis 
of (4) [8] we can easily compute the moments <n*> for arbitrary k 
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S h r n u t í 

S U P E R P O S I C E T E R M Á L N Í C H A K O H E R E N T N Í C H P O L Í 

Jan Peřina 

Výsledky obdržené Lachsem a Troupem pro superposici jednomodového termálního 
a koherentního pole jsou zobecněny na případ superposice M modových polí. Jsou vy­
počteny rozdělení pravděpodobnosti P(W) integrované intenzity W a p(n) počtu re­
gistrovaných fotonů (emitovaných fotoelektronů) n a jejich momenty. Výrazy pro kohe­
rentní a termální pole jsou obdrženy jako limitní případy. 
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