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1LLINTRODUCTION

In the recent papers by Lachs [1] and Troup [2] some statistical propertics
of a mode of an electromagnetic field which is a superposition of thermal and
coherent radiation have been studied. We shall extend the results of the above
mentioned two papers for a mode into the field containing M modes. We shall
calculate the probability distributions P(W) of a ,,classical quantity W of
the field which can be interpreted as the integrated intensity of the field and
p(n) of the number of photons in the field. Further we shall calculate the mo-
ments of this distributions and the expressions for the coherent and thermal
fields will be obtained as limit cases. The expressions given here for M degrees
of freedom can be measured by a real photodetector with N, coherence arcas
and with resolving time T' > 7, (v, ist the coherence time). Then M = N,T|z,.
Further, the results obtained have the meaning for a laser operating in several
modes.

The density operator ¢ of the field can be written in terms of the coherent
states | {o;}> [3] in the form [4]

&= [ @) Hand> o) | d¥o). )
where @({«;}) is a weighting (.,probability‘‘) function, o, is an eigenvalue of the
annihilation operator @, of & photon in the coherent state | «;) and the integrals

are taken over the whole complex plane. The probability distribution for
the number of photons in the field is given with the aid of (1) [5—7]

. wn .
P = 3 i} |2 s b = [ D) - exp (W) ). 2

M M
where | {n;}> are the Fock states, n = Y n,. W = ¥ | «; |* and M is a number
i=

A=1
of modes in the ficld. After substitution
PW) = [ D({o}) S(W' — W) d¥{a;} (3)
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we have [8]

Py = [ POV 2 exp () aw. @)
U .
This relation may be inverted into the form [9, 10, 7
P(W) =exp W Y (1) p(n) &(W), (5)
n=0

where 6®(W) is the n-th order derivative of the Dirac ¢ — function.
We shall have for the coherent field in the state | ;>

By(o) = e — ) (6)
and for the thermal field
. loy I ]
(2 = (al{ngy>) P exp | — ——1, 7
2(0t) (melng;>) pr[ Tigny (7)

where (n;;> represents the average number of photons in the mode Ai. For
a superposition of the ecoherent and thermal fields in the mode 1 we obtain

J— 2
Do) = [ By(g) Dol — ) 2o, = (angs3) oxp [— ﬁz;j—"] (8)

2. CALCULATION OF THE PROBABILITY DISTRIBUTIONS P(W)
AND p(n)

After substitution from (8) to (3) we obtain the probability distribution
M
P(W) of W =3 |a|*in the form
A=1

- o —Bil2],, o "o
P(W )TE (w<ngad)t [ exp [——“—— ]'s(y;‘“" [2— W)dix, (9)

<
g

under the assumption that quantities | a; |* of different modes are statistically
independent. If we write oy = 7, exp 9, and f§; = s; exp 1, we can take the
integrals over {#;} in (9) and P(W) has the form

D, 4 A — [ Sllz‘ r T%
P(W') = JlI—[! < expl—-« ]f exp [—— ]

<7;;,7 I ()
T;8; [li
419(2 —71‘4—)6(1 W) i, (10)
sy | w=1

where [y(z) is the modified Bessel function of zero order. If we represent
d-function in (10) in the integral form

oo M

@m)t [ exp [i(W — 3 0%) p] dp
—n =1
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and if we take I, in the form of series we can carry out the integrations over
{r?} and we obtain
M 5
s
P(W) = (2a) ! D B
) = ) vexp[— 3 5]
- 1 " expiWu x 83 "4
B P e L)
w=o n! E npp> (1 + iudng))
| R

Let us assume for simplicity now that (n,;» = {(n,>/M where {(ny) is the
average number of photons in the whole field. If we compute the integral in
(11) with the aid of residuum theorem we have

, M-t . N
MW ) 2 exp [»VIL‘L”C’. M]I_,,,, («) VW(";) ,11) (12)

7y —
Pw) gy

Ty <y
where (n,) = Z s2 and Iy (z) is the modified Bessel function of the M-th

order.
From the relation (4) the probability distribution p(r) can be determined:

_ (n+M—1) M\ gy \ M
po =i () ()

_ Lney M] ( M. M, {ngy M? )
'e"p[ rem el Lkl Lt oy v 0

=(n+M—l)!(1 : >) (+<7Lm>
L

2L — 1)
e M (_ Me— {ngy M* -
' 9‘*‘[ /ey Ebl wah ey reweny 71y

where | F, is a confluent hypergeometric function and the relation ,Fy(a, y; 2) =
Fi(y — o, y; —2) exp z was used.

Subsmtutmg (13) in (5), expressing 6®(W) in the integral form and carrying

out summation and integration with the use of the residuum theorem the pro-

bability distribution (12) is obta,ined again.

We can easily verify tlmtf P(W)dW =1 and Z p(n) = L

If we put in (12) and (13) <nc> =0(e |f; 2= (n“> = 0 for all 1) we obtain
the expressions for the thermal field [11, 12] (cf. also Eq. (11) simplified for

this special case)

M"W" . Wi
P(W) = 3 — iy GasH ® [- @‘)—] (14)
and
n+ M—1)! M o\ {npy .
P = nw;‘lr(‘ Fag) (G o
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Putting M = 1 we obtain the equations for a mode given by Lachs [1] and
Troup [2]

o W+ i) V W<n( ) .
) - ) \ RN B B 1) LSRR
P(W) = {ny) ‘Pxp[ s 1, (~ T (16)
and
1 " Qn( 3
p(r) = (1 + {np)) '( \""'7'>') exp[— T ?"77]
N O T VA
AF s sy ) an
where W = |a; |2 = r} and (npp)> = | f; [2 = s

3. CALCULATION OF THE MOMENTS

Now we can compute the moments of the distributions (12) and (13). For the
distribution (12) it is valid

(k4 M —1)! g (ngy M (ngy M
= ST gt [ 2;;7]‘& (k+M.M ngw ) -
k4 M — 1)t (ot o

=4 (-;1"1)"‘)‘ SZ: ! ‘(—k M= <7z:;>'7)' (18)

Further, if we express ,#, in the form of series

CWEAY — (g )kt ox [‘ ngy M ] i (m + k + M)! (<"v> M )m _
\ 0]

ml (m + M —

{ngy

ME <”T>VM
= (k + M) ”” CWES 4

<n> ngy M (m Fk+ M —1)! (> M\™

{ng
and if we compute

m=0

(n,,,

ml (m + M — 1)1

d M
iy
a/nc/'” B (g o+
1 (gt [ e M| & (m +k+ M —1)! ( ne M N
RIRT ‘”‘P[ romel PR ;m;n T =1 ", ) (20)

we obtain tombining Eqs. (19) and (20)

p | <”T . ('”'7'> <7l( 4 8(1’“ P
CWEIY = [ na W 2
4 (m + gy + k& i )Jl oo - 7 s (21)
As (W = ngy + {(ny> we have for k=1

(W = (gt M "L ,+ 2ny)y <n(‘/-Mu;;ll. + (ngot. (22a)
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LAWY = (W2, — (WY = 5_”%&@, (22b)

If we put (n,» = 0 we obtain the moments of (14) and for M = 1 we obtain
the corresponding expressions for a mode. From (18) we have for {(n,> = 0
(W = (Wt M~*k + M — 1)!/(M — 1)! while for the coherent field we have
(WEy = (WH[13, 7).

Let us compute the moments of the distribution (13). If we denote b =
= (ngp>|M we have

N nk b \"(n+ M—1)
@ =¥ ey (1'17; W (=T

n=0
o [ (). e

Further we obtain

amy M 1 L me B
b - l’i‘b nr o+ I;(T‘if) (nkity 4 (T—rb’)? (nky
@b+ D)<y & nk+1 b \"(n+ M—1)
[T ,,Zl, (T + by (T{f’b) nl (M —1)!
< L {ngy
exp _iTZJ Wy (—n +1.M +1; I;Tl:?b)) (24)
and
omt, 1 B 1 L b \* -
T = T b na Loy (i)
(n + M —1)! (ngy ’ . (e
AT =) exp [—-l T b] 1F,(-—n + 1M+ 1; ) (25)

where we have utilized

d
d—zvlFl(ac. y;2) = 7;» Fo(o+ Loy 4 152).
Combining (24) and (25) we obtain
A = ((ngp)y + (ngd) ¥ +

oy L e\ A (npy | dnE>
+ {ngy (1 t " ) 5(71.,,7 + {ney {l + 2“7 6<_m> . (26)

As (n)y = (W) = (ng> + {(n> (we have the same result from (26) for k£ = 0)
we have

+ 1

. M
+ 2 ned =gy A et =
= (W) + (W2, (27a)

(n*y = (np> A ney + g

M+17
—
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LAYy = (n®y — (ndt = (ngd + <ngd + {??T?fj:?wfhlﬂvl -

= (W + (4W)®. (27b)

If we put (n;) = 0 we obtain the relations for the moments of the distri-
bution (15) and for M = 1 Eq. (26) represents Eq. (A8) of the paper by Lachs
[1]. From (27b) we can see that the quantity ((4n)?) for the whole field is
a sum of the same quantities for single modes. The first and the second terms
in (27b) correspond to the Poisson distribution, the third term represents
the photon bunching of the thermal field and the fourth term represents the
photon bunching due to interference effects.

The method given above enables us to calculate the probability distributions
P(W) and p(n) in the case that the average numbers of photons {n,;) in indi-
vidual modes are not the same. (See Eq. (11).) Nevertheless, the expressions
are more complicated in this case.

4. COHERENT FIELD AS LIMIT CASE

From (8) we can see that in the limit (n,;> — 0 we obtain the function (6)
for the coherent field. Therefore the expressions given above must converge in
the limit (np;> — 0 to the corresponding expressions for the coherent field.

If we use the asymptotic expressions for the functions I,(z) and ,F,(«, y; 2),
ie. [14]

Iy(2) = (2n2)"V%expz (28)
and (see (A5), too) o .
Fala, ys2) = . ;,;:; 27 exp z (29)

we obtain from (12)

T e
M1 exp [~ Vw ‘»-—l <ne))? M]
P(W) = lim (—W_) 2 ! <ne) =
(npd—r0 \ M) ({ne> W4 9 V— S?’g>
_ YW —Vne)) _ gow (30)
2 VZ;'S ( (ne)),

where the term 6(VW + V(nL—>)/2 l/(h;} the value of which is zero (¢n¢> > 0),
was added and from (13) we have

(> )
e [l (31)

From (18) or (21) we obtain for (ny) — 0: (W*) = (ng)* = (W)* and from (26):

p(n) =

o(nkS
@) = (ngd by + (ng) §£—> (32)
C



e, ) = {(ne)® + gy and (4n)*) = {(n). These expressions correspond
to the Poisson distribution (31).
Appendix

The function /(. y; 2) can be expressed for o 2 y,9 = 1 (a. y are integers)
in the form
(Y — 1)! (e —p)!
— i
where L~ ‘(z) is the Laguerre po]ynomxa,l
Puttlnv o =1y + B (8 = 0) we have

(e, ys2) = LyZl(—=2) exp 2. (A1)

iy iy @D R B )

zF
o hom& meTEonr o A
Le.
S 2 I Y R L R R
b B.yiz) = (7+ﬁ—*l) z z
(A3)
Now

1 d \? )
=y ;1;) it = (p k) (y +k+ 1)y + kB —1)2F (A4)

is valid and we obtain

— 1! d ,
Iy + B, V%) = ’;/ I(%iil)r'rgv (ZIE) {z'tr-1exp z} =
' — B
= o R s =
s o
= (y-— D plexpz.) —+ I e (A5)

o m! (B —m)l (y + m— 1)
For p(n) and (W*» we have, with the aid of (A5).

S MO\ )
w0 = () ()
_ Sney M M—l(‘ e M
'e"p[ Cngy + M I £ gy (g 30 “o
iy =M Nk Gt < M
BNl *(k+M—1)! e Ty |

_ (g )* 1 LAney M
R ey 1 ,Eo ml(k—m)! (m + 3 — D\ (nyy ) - (AD

and

iixpressing the moments (n*) by means of (W7) (j = 1, 2, ..., k) on the basis
of (4) [8] we can easily compute the moments (n*) for arbitrary k.
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Shrnuti
SUPERPOSICE TERMALNICH A KOHERENTNICH POLI

Jan Pefina

Vysledky obdrzené Lachsem a Troupem pro superposici jednomodového termdlniho
a koherentniho pole jsou zobecndny na pifpad superposice M modovych poli. Jsou vy-
potteny rozdéleni pravdépodobnosti P(W) integrované intenzity W a p(n) po&tu re-
gistrovanych fotoni (emitovanych fotoelektront) n a jejich momenty. Vyrazy pro kohe-
rentni a termalni pole jsou obdrzeny jako limitni piipady.
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