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In this paper we consider a C®-differentiable paracompact manifold M. All
the objects on M will also be of class C*. Our main goal is to describe the structure
of derivations on the graded algebra of forms of order < r on M. We generalize
the results of A. Frélicher and A. Nijenhuis (see [1]) concerning derivations
on the de Riam algebra.

We start with the description of the above mentioned graded algebra. Let (M)
denote the tangent bundle of M, and let J"T(M) be its r-th jet prolongation (r = 0).
(It is worth noticing that all our results not involving the exterior differential remain
valid if we replace T(M) by arbitrary vector bundle over M.) We consider

oo}

AJ'T(M)* = @ AP(J'T(M))*, i.e. the bundle of exterior algebras associated

with the dual (TI’T(M))* of the vector bundle J'T(M). We denote by " = @ &,

p=—o©
the algebra of sections (over M) of A(J"T(M))* with the usual multiplication. @" is
obviously a commutative (in the graded sense) and associative graded algebra over
the reals. We shall call it algebra of forms of order < r on M.

There is another way of describing @". Let X(M) denote as usual the real Lie
algebra of vector fields on M. By a p-form of order < r on M we shall call any
real p-form ¢ on X(M) with values in smooth functions on M satisfying the follow-
ing property: If x, € M is a point, and if Xy, ..., X, € ¥(M) are such that ji (X;) =
= 0 for some 1 <i< p (where j;, denotes the r-th jet at the point x,), then
(p(Xy, ...r X)) (x0) = 0. It is easy to see that the vector space of p-forms of order
< ron M can be identified with ¢},. We shall use this identification in the sequel
without any further comment.
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If 0 £ 5 < r then the natural projection J'T(M)— J*T(M) induces a homo-
morphism @° — @" of graded algebras. It is obviously injective, which enables us
to consider @* as a graded subalgebra of ¢". As already mentioned, we intend to
study derivations on the algebra ¢". We recall '

Definition 1. A derivation of degree k on @° with values in @" is any real linear
mapping D : & —» &' satisfying

Q) D(®}) © B

(i) D(¢, A @) = Do, A @, + (=1)*?¢, A Do,
for any ¢, € @, 0, € 9.
In the case r = s we call D simply derivation of degree k on @".

Along the same lines as in [1] one can prove the following three lemmas:

Lemma 1. Let D be a derivation on ¢* with values in @', and let ¢, ¥ € @;. If
@/U = /U with U being an open subset of M, then there is also (D@)/U =

= (DY)/U.

Lemma 2. Any derivation D on @° with values in @ is uniquely determined by its
values on &g and @1.

Lemma 3. Any linear mapping D : &5 @ @] — @ satisfying
(i) DD, = P}, for p=0,1
(i) D(p, A @) = Do, A ¢, + (—1)*?¢, A Do, forp+qg=1, p,e9;,
@, € D
can be extended to a derivation of degree k on &° with values in ¢".

Corollary to Lemma 3. There are no non-trivial derivations on @° with values
in @ of degree k < —2.
Now we start with the study of special derivations. We introduce

Definition 2. A derivation D on ¢* with values in @ is called derivation of type iy
if it satisfies D@y = 0.

We must now slightly generalize the definition of the A-product from [1].
Let ¥V and W be real vector spaces, and let 7 : W — V be a homomorphism. Let
e APV* and Le V@ A**'W*. We define ¢ A Le AP *W* by the formula

(@RL)Y(Wy, ooy Wwpiy) =
1
= EESCES] Zsg o (LWays oooy Way s T oy ooy TWp 1))
Here wy, ..., w,,, are elements of W, the sum is taken over all permutations o
of p + k elements, and sg o denotes the sign of «. (If p = 0 we define ¢ A L = 0.)
Taking ¥ € A?V* it is a matter of computations to show that there is

(@ AWRL =(pRL) An*y + (=1)"n*0 A (Y A L),
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where n* : AV* —» AW*isinduced by =. It is completely obvious that the A-product
can be applied to vector bundles. We take J*T(M) and J'T(M) in the role of V
and W respectively. In the role of = we take the natural projection J"T(M) —
— J*T(M). Let ¢ be a section of AP(J*T(M))*, i.e. ¢ € ¥*, and let L be a section
of I*T(M) ® A**Y(J'T(M))*. Then we can define

iL(p = (PKL.

It follows from the above formula that i; is a derivation on ¢° with values in @"
of degree k, and it is obvious that iy is of type i, .

Proposition 1. Any derivation D on ¢° with values in @" of degree £k = —1
which is of type i, can be uniquely expressed in the form D = i;, where L is a section
of the bundle J*T(M) @ A**1(J"T(M))*.

Proof: Let U < M be an open subset, and let u,, ..., u, be a local basis of
J*T(M) on U. Let o!, ..., ®* be the corresponding dual basis of (JST(M))* on U.
We define L on U by the formula

L= _;lui ® Do'.

‘One can check that this definition does not depend on the choice of the basis. The
rest of the proof we leave to the reader.

Similarly as on the de Rham algebra we can define the exterior derivation d on 9.
It is a derivation with values in @" of degree 1. For its definition we shall use our
second description of ¢". Let ¢ € &}, and let Xy, ..., X,.; € ¥(M). We define do
by the usual formula

pt+1 o -
d(p(Xl’ "-9Xp+1) =iz (_'1)l lXiq’(le ey Xh erey Xp+1) +
=1

~

+ z (—l)i+j(p([Xi’ XJ]’ le ceey Xi’ erey Xj FIRERE) Xp+l)'
i<j
The reader can verify that do really belongs to &" and that d* = 0. Moreover
it is obvious that the exterior derivation d on @" restricted to the subalgebra ¢°
coincides with the exterior derivation on @°. By virtue of this fact we shall not
distinguish between these two derivations.

Definition 3. Let D be a derivation on &° with values in @" of degree k. D is
«called derivation of type d if it satisfies
Dd = (—-1)*dD.
Let us take a derivation i, on @° with values in @" of degree k — 1 and type i, .
It is easy to see that d; = [iy,d] = i;d — (—1)*"'di, is a derivation on @° with

values in @" of degree k and that this derivation is of type dy. If s = 0 we get
moreover
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Proposition 2. Any derivation D on ®° with values in @ of degree k and type d,
can be uniquely expressed in the form D = [iy, d], where i, is a derivation of
type i, as above.

Before we start with the proof of this proposition we shall describe the following
construction. Let D be any derivation on @° with values in @" of degree k. We take
any point x € M and fix arbitrary vectors wy, ..., w, from the fibre of J"T(M) over x.
Let f'be any function defined around x. We look at the mapping f — Df(wy, ..., w) €
€R. Since D is a derivation we can see that this mapping is a tangent vector of M
at x. Thus we get a section ¢(D) of T(M) ® A*(J'T(M))* defined by

(Q(D) (Wla sy Wk))f= Df(wly evey Wk)'
Proof of Proposition 2: We notice first that any derivation D, on ®° with
values in @" of type d, is uniquely determined by its values on 3. Taking any

@ € @) and any chart with coordinate functions (x!, ..., x™) we can write ¢ =

=Y fidx'. Since D, is of type d, we get

i=1

Dyp = .ZlDl(fidxi) = .Zl(lei/\dx" + fiDydx") =

(D, fihdx + (—1)¥dD,x").

Ms

i=1

We have thus shown that the values of D, on @3 determine their values on @9,
and therefore by virtue of Lemma 2 the derivation D, is completely determined.
For any ¢ € ®3 we have

dypy® = iquyd@ — (=1 i,y = do A o(D) = dop(o(D)) = (o(D)) ¢ = De.

Both D and d,p, are derivations of type d,. They coincide on @9 and thus
by the first part of the proof D = d,p,.

We introduce now the following notations:

A% = the set of all derivations on @° with values in @"

St = {DeZR; Dis of type iy}

9% = {D e &Y; Dis of type dy }.

All the above three sets have a natural structure of vector space. £} is a subspace
of #". The corresponding inclusion we denote by 1. The mapping D € % — d,py € D
defines a homomorphism o : #7 - 9. We have seen in the proof of the previous
proposition that for any function ¢ € g we have o(D) ¢ = D¢. We shall need
this formula below.

Proposition 3. The sequence (with 0 < s < r)
0I5 2 %5 950

is exact.

116



Proof: 1 is an inclusion and therefore is injective. If D e £ then o(D) = 0,
which shows that im 1 = ker 6. Now let D € %" be such that ¢(D) = 0. For any
function ¢ € &% = ¢ we have D¢ = o(D) ¢ = 0 so that De .7, and thus
ker ¢ < im 1. Finally let D € 9},. We denote by n’ the natural projection J*T(M) —
— T(M). Let us choose any injective vector bundle homomorphism n, : T(M) —
— J*T(M) such that n’ o m, = id.Then o(D) is a section of T(M) @ A*(J'T(M)*
and m,0(D) is a section of J*T(M) ® A*(J'T(M))*. Thus d, € #;. For any
0 € ®Y we get

(a(dnm(D))) @ = dn;g(D)(P = d(p(nIQ(D)) = d(p(Q(D)) = D(P'

This shows that ¢(D,) and D coincide on @3. Since they are both of type dy
we have a(D,;) = D. This finishes the proof.

Proposition 4. The exact sequence (for any r = 0)

0I5 2 & 2> 950
has a natural splitting.
Proof: The natural splitting ¢’ : 25 — %5 is the inclusion 9§ = %Y. For any
De 9 and any ¢ e &) we have namely (ao’'(D)) ¢ = (6(D)) ¢ = Dp. Again
ao’(D) and D are of type dy and thus o¢’(D) = D.

Corollary: Every derivation D € ®{ has a unique decomposition D = D; + D,
with D, being of type i, and D, of type d, .
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Souhrn

DERIVACE NA ALGEBRE DIFERENCIALNICH
FOREM VYSSTHO RADU NA VARIETE

JAROSLAV CARBOL a JIRI VANZURA

V praci se zkouma struktura prostoru derivaci algebry diferencidlnich forem
vys§§iho fadu na diferencovatelné varieté. Ziskané vysledky zobeciiuji znadmé vy-
sledky Frolichera a Nijenhuise o derivacich de Rhamovy algebry forem nultého
fadu.
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Pesziome

I[I/ICDCI)EPEHL[I/I'POBAHI/I}I HA AJITEBPE
ANOOEPEHIMNAJBHBIX ®OPM BBICHIEI'O
INIOPAAKA HA MHOTOOBPA3MU

SAPOCJIAB LIAPBOJI u» UUPXU BAHXVPA

B craTbe u3ywaercst CTpykTypa mHpoctpancTBa aupdepeHuupoBaHuil ajareGpnl
muddepeHnuatbHbIx GOpM BBHICIIETO ToOpsiaka Ha auddepeHIMpyeMOM MHOIO-
o6pa3uu. ITonyuyeHnble pe3yabTaThl 0000IIAX0T U3BECTHBIE pe3ypTaThl Ppénuxepa
u Heiltenxeiica o muddepenunpoanuax ainreOpsr mne Pama nuddepeHumaibHbIX
¢$bopmM HyneBoro mopsaxa.
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